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Introduction

Conjecture (Palis)

Most dynamical systems admits physical measures, they are at
most finite and the union of their basins has full Lebesgue measure.
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Introduction

Conjecture (Palis)

Most dynamical systems admits physical measures, they are at
most finite and the union of their basins has full Lebesgue measure.

@ (Sinai-Ruelle-Bowen) Hyperbolic attractors

o (Alves-Bonatti-Viana) Partially hyperbolic systems whose
central direction is “mostly contracting” or “mostly
expanding”

@ (Tsujii) Generic partially hyperbolic endomorphisms on
surfaces

It is interesting to point results for generic partially hyperbolic
attractors, including cases where the central Lyapunov exponent
is zero.
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Introduction

@ Given a f-invariant measure i, the basin of p is the set
B(p) = {x € M|lim,_yoo * =i 5f,(x) = }
e 4 is a physical measure if vol (B(p)) > 0.

@ A is an attractor if there exists an open set U C M
containing A such that f(U) C U and A = [ f"(U).

n>0
o A is partially hyperbolic if there exists constants
A <Az < Af <Ay, , C>1and a Df-invariant splitting
T<M = EZ* @ ES @ E/Y for every x € A such that:

IDfV]] < COE)"IIvIl ve EF—{0}
CO)NvI < IDfvl] < CE)IvIl v e ES - {0}
C1 ()" lIvIl < |IDf"v]] veE"—{0
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Main Result

Theorem A

Consider f : M — M diffeomorphism of class C", r > 2,

dim M = 3 and Ng partially hyperbolic attractor. Suppose that Mg
is dynamically coherent and:

(H1) Transversality between unstable leaves via stable holonomy;
(H2) Central direction neutral;

(H3’) The stable holonomy h** is of class Lipschitz.

Then f admits a finite number of physical measures supported in
N, whose union of their basins has full measure in B(N).

Ricardo Turolla Bortolotti Physical measures for certain partially hyperbolic attractors on



Definitions and Statements

Definition

We say that holds the Transversality Condition if there exist a
constant €g and functions 0, r : (0,e9) — R™ such that: For every
unstable curves 1, 72 and center-unstable manifold W5 with

d* (i, W5") < eo, i = 1,2, and d**(y1,72) > €, the curves (1)
and 7°°(y2) are 0(e)-transversal in neighborhoods of radius r(e).

— "
\YZ lnss
C1
C, wee
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Definitions and Statements

Definition
Considering the constants A_ , AT , A, of the definition of partial

hyperbolicity, we say that A has central direction neutral if
AZ <1< A and

L < 1
()\;)2 . )\;u

This condition implies that df |ge is area expanding.
It includes situations where the central Lyapunov exponent is null
and, therefore, we can’t use Pesin’s theory.
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Main Results
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Main Results

Corollary B

If f satisfies the conditions of Theorem A and:
(H3) f — F$° is continuous in the C1-topology in f.

Then the same conclusion is valid for every f in a neighbourhoud
U of fy.
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Main Results

Corollary B

If f satisfies the conditions of Theorem A and:

(H3) f — F25 is continuous in the C'-topology in fy.
Then the same conclusion is valid for every f in a neighbourhoud
U of fy.

Theorem C

There exists fy : M3 — M3 and a partially hyperbolic attractor Ng
that is robustly nonhyperbolic, robustly dynamically coherent and
satisfies the hypothesis (H1), (H2) and (H3).
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Definition (of || - ||,)

Given a finite measure v defined in a surface W and r > 0, define

714 / (B(z, r)2dmw(2)

w

the semi-norm: ||v|[3y , =
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Definition (of || - ||,)

Given a finite measure v defined in a surface W and r > 0, define

714 / (B(z, r)2dmw(2)

w

the semi-norm: ||v|[3y , =

Check that 7%u(B“(x, r)) < Kr* when r — 0% for a.e. x, we
obtain that 73°u << m® and, for every ergodic u-Gibbs p this
absolute continuity implies that p is a physical measure.
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Definition (of || - ||,)

Given a finite measure v defined in a surface W and r > 0, define

1
the semi-norm: ||v||3, , = 4/1/(8(2, r))2dmy(z)
T

w

Check that 7%u(B“(x, r)) < Kr* when r — 0% for a.e. x, we
obtain that 73°u << m® and, for every ergodic u-Gibbs p this
absolute continuity implies that p is a physical measure.

Lemma (Criteria of absolute continuity)

If lim irlnyHWqu < L, then v is absolutely continuous with respect
r—0

to mY and

CL

dv
dmcu 12
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Consider a finite number of boxes (C;, W;, VN|/,-,7rf5), w3 G — W,
such that A is covered by {m;1(W;)};, and let W be
{Wla T Wso}-

Definition (of ||| - |||/)

Define |||v||| by:

lallw,r = max_ {[[(wF )il i, }

=45°7530
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The Main Inequality

Proposition (Main Inequality)
There exist constants B > 0 and o > 1 such that for every n € N,
there exists D, > 0, r, > 0 and ¢, > 1 such that for every ergodic
u-Gibbs i and r < rp,, we have:

B
2 2 2
£l < —Z M, + Dalul

|-l — regularity (similar to L2-norm)
|-| — size (similar to L*-norm)
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The cancelation mechanism:

Transversality implies: (v, v;)w,» < Cy - [vi] - [1j] if the measures
v; and v; are absolutely continuous with respect to length on
f-transversal curves.
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The cancelation mechanism:

m # m' = ((7jfm)tt, (7 fo )bt wyr < Ko (77 (Fon )t (70} (B ) 1
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Proof of Theorem A

As a consequence of the Main Inequality, we have:

Proposition

Every ergodic u-Gibbs 1 projects into an absolutely continuous

d((mi)«p)

< K.
dmeu -

measure in W; by 7; and ‘

L2
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Proof of Theorem A

As a consequence of the Main Inequality, we have:

Proposition

Every ergodic u-Gibbs 1 projects into an absolutely continuous
d((m)e)|| - o

measure in W; by 7; and
dmecu 12

So p is a physical measure. An uniform lower bound on the
Lebesgue measure of the basin implies that there are at most finite
physical measures. Moreover, the union of the basins of the
physical measures has full Lebesgue measure.
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Proof of Corollary B

To prove Corollary B, we check that the Transversality Condition is
open when f — F2° is continuous in the Cl-topology.
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Proof of Corollary B

To prove Corollary B, we check that the Transversality Condition is
open when f — F2° is continuous in the Cl-topology.

Proposition

Suppose that f — F° is continuous in the Cl-topology, there
exists some / > 0 and €; > 0 such that: for every pair of unstable
curves 71, v2 with d**(y1,72) € [a, la] for some a > 0 and every
center-unstable manifold W5 with d**(y;, W5") < €1, the curves
71 and m%°7, are f-transversal in neighborhood of radius r.
Then it is valid the Hypothesis of Transversality.
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Proof of Corollary B

To prove Corollary B, we check that the Transversality Condition is
open when f — F2° is continuous in the Cl-topology.

Proposition

Suppose that f — F° is continuous in the Cl-topology, there
exists some / > 0 and €; > 0 such that: for every pair of unstable
curves 71, v2 with d**(y1,72) € [a, la] for some a > 0 and every
center-unstable manifold W5 with d**(y;, W5") < €1, the curves
71 and m%°7, are f-transversal in neighborhood of radius r.
Then it is valid the Hypothesis of Transversality.

Proposition above states that it is enough to guarantee the
transversality in a certain "scale”. The openess follows by the
continuity of f — dmwEfY(x).
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Attractors with Transversality
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Attractors with Transversality

This attractor is constructed deforming a hyperbolic solenoid.

@ We consider a 1-parameter family F, , deforming Fg in the
central direction changing the index of a fixed point,
wel0,1], neN.
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Attractors with Transversality

This attractor is constructed deforming a hyperbolic solenoid.

@ We consider a 1-parameter family F, , deforming Fg in the
central direction changing the index of a fixed point,
wel0,1], neN.

Proposition 1

There exists n; € N such that the Transversality Condition is valid
for F,,.n, for every u € [0,1] and every n > ny.
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Further Directions
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Further Directions

e Prove a generic condition of (non-uniform) transversality
between unstable curves via stable holonomy.
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e Prove a generic condition of (non-uniform) transversality
between unstable curves via stable holonomy.

@ Extend this analisys to higher dimensional attractors.
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Further Directions

e Prove a generic condition of (non-uniform) transversality
between unstable curves via stable holonomy.

@ Extend this analisys to higher dimensional attractors.

@ Develop the Main Inequality to prove decay of correlations
for these systems.
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Further Directions

e Prove a generic condition of (non-uniform) transversality
between unstable curves via stable holonomy.

@ Extend this analisys to higher dimensional attractors.

@ Develop the Main Inequality to prove decay of correlations
for these systems.

@ Consider a-Holder stable foliations.
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Thank you!
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