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Introduction 

... cette etude qualitative (des equations 
difj'erentielles) aura par elle-m~me un inter~t du 
premier ordre ... 

HENRI POINCARE, 1881. 

We present in this book a view of the Geometric Theory of Dynamical 
Systems, which is introductory and yet gives the reader an understanding of 
some of the basic ideas involved in two important topics: structural stability 
and genericity. 

This theory has been considered by many mathematicians starting with 
Poincare, Liapunov and Birkhoff. In recent years some of its general aims 
were established and it experienced considerable development. 

More than two decades passed between two important events: the work 
of Andronov and Pontryagin (1937) introducing the basic concept of 
structural stability and the articles of Peixoto (1958-1962) proving the density 
of stable vector fields on surfaces. It was then that Smale enriched the theory 
substantially by defining as a main objective the search for generic and stable 
properties and by obtaining results and proposing problems of great relevance 
in this context. In this same period Hartman and Grobman showed that local 
stability is a generic property. Soon after this Kupka and Smale successfully 
attacked the problem for periodic orbits. 

We intend to give the reader the flavour of this theory by means of many 
examples and by the systematic proof of the Hartman-Grobman and the 
Stable Manifold Theorems (Chapter 2), the Kupka-Smale Theorem 
(Chapter 3) and Peixoto's Theorem (Chapter 4). Several ofthe proofs we give 

vii 



Vlll Introduction 

are simpler than the original ones and are open to important generalizations. 
In Chapter 4, we also discuss basic examples of stable diffeomorphisms with 
infinitely many periodic orbits. We state general results on the structural 
stability of dynamical systems and make some brief comments on other 
topics, like bifurcation theory. In the Appendix to Chapter 4, we present the 
important concept of rotation number and apply it to describe a beautiful 
example of a flow due to Cherry. 

Prerequisites for reading this book are only a basic course on Differential 
Equations and another on Differentiable Manifolds the most relevant 
results of which are summarized in Chapter 1. In Chapter 2 little more is 
required than topics in Linear Algebra and the Implicit Function Theorem 
and Contraction Mapping Theorem in Banach Spaces. Chapter 3 is the 
least elementary but certainly not the most difficult. There we make. 
systematic use of the Transversality Theorem. Formally Chapter 4 depends 
on Chapter 3 since we make use of the Kupka-Smale Theorem in the more 
elementary special case of two-dimensional surfaces. 

Many relevant results and varied lines of research arise from the theorems 
proved here. A brief (and incomplete) account of these results is presented 
in the last part of the text. We hope that this book will give the reader an 
initial perspective on the theory and make it easier for him to approach the 
literature. 

Rio de Janeiro, September 1981. JACOB PALlS, JR. 

WELINGTON DE MELO 
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Chapter 1 

Differentiable Manifolds 
and Vector Fields 

This chapter establishes the concepts and basic facts needed for understanding 
later chapters. 

First we set out some classical results from Calculus in Rn, Ordinary 
Differential Equations and Submanifolds of Rn. Next we define vector fields 
on manifolds and we apply the local results of the Theory of Differential 
Equations in Rn to this case. We introduce the qualitative study of vector 
fields, with the concepts of a- and w-limit sets, and prove the important 
Poincare-Bendixson Theorem. 

In Section 2 we define the C' topology on the set of differentiable maps 
between manifolds. We show that the set of C' maps with the C' topology is a 
separable Baire space and that the Coo maps are dense in it. From this we 
obtain topologies with the same properties for the spaces of vector fields and 
diffeomorphisms. 

Section 3 is devoted to the Transversality Theorem, which we shall use 
frequently. 

We conclude the chapter by establishing the general aims of the Geometric 
or Qualitative Theory of Dynamical Systems. In particular we discuss the 
concepts of topological equivalence and structural stability for differential 
equations defined on submanifolds of Rn. 

§O Calculus in IRn and Differentiable Manifolds 

In this section we shall state some concepts and basic results from Calculus 
in Rn, Differential Equations and Differentiable Manifolds. The proofs ofthe 
facts set out here on Calculus in Rn can be found in [46], [48] ; on Differential 
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Equations in the much recommended introductory texts [4], [41], [116] or 
the more advanced ones [33], [35] and also [47]; on Differentiable Manifolds 
in [29], [38], [49]. 

Letf: U c ~m -+ ~"be a map defined on the open subset U of ~m. We 
say thatfis differentiable at a point p ofU if there exists a linear transformation 
T: ~m -+~" such that, for small v, f(p + v) = f(p) + T(v) + R(v) with 
limv-+oR(v)/lIvll = O. We say that the linear map T is the derivative offat p 
and write it as df(p) or sometimes dfp or D f(p). The existence of the derivative 
off at p implies, in particular, that f is continuous at p. Iff is differentiable at 
each point of U we have a map df: L(~m, ~") which to each p in U associates 
the derivative of fat p. Here L(~m, ~k) denotes the vector space of linear 
maps from ~m to ~k with the norm II TIl = sup{1I Tv II ; IIvll = I}. If df is 
continuous we say thatfis of class Cl in U.1t is well known thatfis Cl if and 
only if the partial derivatives of the coordinate functions off, a P / ax j: U -+ ~, 
exist and are continuous. The matrix of df(p) with respect to the canonical 
bases of ~m and ~" is [(ap/aXj)(p)]. Analogously we define d2f(p) as the 
derivative of df at p. Thus d2f(p) belongs to the space L(~m, L(~m, ~k», 
which is isomorphic to the space L 2(~m; ~k) of bilinear maps from ~m x ~ 
to ~k. The norm induced on L2(~m; ~k) by this isomorphism is IIBII = 
sup{IIB(u, v)lI; lIuli = IIvll = I}. We say that f is of class C2 in U if d2j: 
U -+ L 2(~m; ~k) is continuous. By induction we define d1(p) as the derivative 
at p of d'-~f. We have d'f(p) E L'(~; ~"), where L'(~m; ~k) is the space of 
r-linear maps with the norm IICII = sup{IIC(Vl,"" v,)II; IIvllI = ... = 
IIv,1I = I}. Then we say thatfis of class C' in U if d1: U -+ L'(~m; ~k) is 
continuous. Finally,fis of class coo in U if it is of class C' for all r ~ O. We 
remark thatfis of class C' if and only if all the partial derivatives up to order 
r ofthe coordinate functions off exist and are continuous. Let U, V be open 
sets in ~m and f: U -+ V a surjective map of class cr. We say that f is a 
diffeomorphism of class C' if there exists a map g: V -+ U of class C such that 
go f is the identity on U. 

0.0 Proposition. Let U c ~m be an open set and fn: U -+ ~k be a sequence of 
maps of class Cl. Suppose that J" converges pointwise to f: U -+ ~k and that 
the sequence dJ" converges uniformly to g: U -+ L(~m, ~k). Then f is of class 
C1 and df = g. D 

0.1 Proposition (Chain Rule). Let U c ~m and V c ~n be open sets. If 
f: U -+ ~n is differentiable at p E U,f(U) c V and g: V -+ ~k is differentiable 
at q = f(p), then g 0 f: U -+ ~k is differentiable at p and d(g 0 f)(p) = 
dg(f(p» 0 df(p). D 

CoroUary 1. Iff and g are both of class C, then g 0 f is of class c. D 

Corollary 2. Iff: U -+ ~ is differentiable at p E U and .:x: (-1,1) -+ U is a 
curve such that .:x(O) = p and (d/dt).:x(O) = v, then f 0 .:x is a curve which is 
differentiable at 0 and (d/dt)(f 0 .:x)(O) = df(p)v. D 
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0.2 Theorem (Inverse Function). Let f: U C ~m -+ ~m be of class C, r ~ 1. 
If df(p): ~m -+ ~m is an isomorphism, thenfis a local diffeomorphism at p E U 
of class C; that is, there exist neighbourhoods V c U of p and W c ~m of 
f(p) and a C map g: W -+ V such that g 0 f = Iv andf 0 g = Iw, where Iv 
denotes the identity map of V and I w the identity of W. 0 

0.3 Theorem (Implicit Function). Let U c ~m X ~n be an open set and 
f: U -+ ~n a C map, r ~ 1. Let Zo = (xo, Yo) E U and c = f(zo). Suppose 
that the partial derivative with respect to the second variable, D2 f(zo): 
~n -+ ~n, is an isomorphism. Then there exist open sets V C ~m containing Xo 
and W c U containing Zo such that, for each x E V, there exists a unique 
~(x) E ~n with (x, ~(x)) E Wand f(x, ~(x)) = c. The map ~: V -+ ~n, defined 
in this way, is of class C and its derivative is given by d~(x) = 
[D2f(x, ~(X))]-l 0 Dd(x, ~(x)). 0 

Remark. These theorems are also valid in Banach spaces. 

0.4 Theorem (Local Form for Immersions). Let U c ~m be open and 
f: U -+ ~m+n a C map, r ~ 1. Suppose that,for some Xo E U, the derivative 
df(xo): ~m -+ ~m+n is injective. Then there exist neighbourhoods V c U ofxo, 
W C ~n of the origin and Z c ~m+n of f(xo) and a C diffeomorphism h: 
Z -+ V x W such that h 0 f(x) = (x, O)for all x E V. 0 

0.5 Theorem (Local Form for Submersions). Let U c ~m+n be open and 
f: U -+ ~n a C map, r ~ 1. Suppose that, for some Zo E U, the derivative 
df(zo) is surjective. Then there exist neighbourhoods Z c U of Zo, W C ~n of 
C = f(zo) and V c ~m of the origin and a C diffeomorphism h: V x W -+ Z 
such thatf 0 hex, w) = w for all x E V and w E W. 0 

Let f: U c ~m -+ ~n be a C map, r ~ 1. A point x E U is regular if 
df(x) is surjective; otherwise x is a critical point. A point c E ~n is a regular 
value if every x E f-l(C) is a regular point; otherwise c is a critical value. A 
subset of ~n is residual if it contains a countable intersection of open dense 
subsets. By Baire's Theorem every residual subset of ~n is dense. 

0.6 Theorem (Sard [64]). Iff: U c ~m -+ ~n is of class coo then the set of 
regular values off is residual in ~n. 0 

We should remark here that iff-l(c) = 0 then c is a regular value. For 
the existence of a regular point x E U we need m ~ n. If m < n all the points 
of U are critical and, therefore,f(U) is "meagre" in ~n, that is ~n - feU) 
is residual. 

We are going now to state some basic results on differential equations. A 
vector field on an open set U C ~m is a map X: U -+ ~m. We shall only 
consider fields of class Cr , r ~ 1. An integral curve of X, through a point 
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P E U, is a differentiable map IX: I - U, where I is an open interval containing 
0, such that IX(O) = P and 1X'(t) = X(IX(t» for all t E I. We say that IX is a 
solution of the differential equation dx/dt = X(x) with initial condition 
x(O) = p. 

0.7 Theorem (Existence and Uniqueness of Solutions). Let X be a vector field 
of class C, r 2:: 1, on an open set U C ~m and let p E U. Then there exists an 
integral curve of X, IX: I - U, with IX(O) = p. If f3: J - U is another integral 
curve of X with f3(0) = p then lX(t) = f3(t)for all t E In J. 0 

A local flow of X at p E U is a map cp: (-13,13) X Vp - U, where Vp is a 
neighbourhood ofp in U, such that, for each q E Vp , the map CPq: (-13,13) - U, 
defined by cpq(t) = cp(t, q), is an integral curve through q; that is, cp(O, q) = q 
and (%t)cp(t, q) = X(cp(t, q» for all (t, q) E (-13,13) X Vp. 

0.8 Theorem. Let X be a vector field of class C in U, r 2:: 1. For all p E U 
there exists a local flow, cp: (-13,13) X Vp - U, which is of class c. We also 
have 

D1D2CP(t, q) = DX(cp(t, q». D2CP(t, q) 

and D2 cp(O, q) is the identity map of ~m, where D 1 and D2 denote the partial 
derivatives with respect to the first and second variables. 0 

We can also consider vector fields that depend on a parameter and the 
dependence of their solutions on the parameter. Let E be a Banach space and 
F: E x U - ~m a C map, r 2:: 1. For each e E E the map Fe: U _ ~m, 

defined by FeCp) = F(e, p), is a vector field on U of class c. The following 
theorem shows that the solutions of this field Fe depend continuously on the 
parameter e E E. 

0.9 Theorem. For every e E E and p E U there exist neighbourhoods W of e in 
E and V ofp in U and a C map cp: (-13,13) X V X W - U such that 

cp(O, q, A) = q, 

D1CP(t, q, A) = F(A, cp(t, q, A» 

for every (t, q, A) E (-13,13) X V X W. o 
Next we introduce the concept of differentiable manifold. To simplify the 

exposition we define manifolds as subsets of ~k. At the end of this section we 
discuss the abstract definition. 

Let M be a subset of Euclidean space ~k. We shall use the induced topology 
on M; that is, A c M is open if there exists an open set A' c ~k such that 
A = A' n M. We say that M c ~k is a differentiable manifold of dimension 
m if, for each point p E M, there exists a neighbourhood U c M of p and a 
homeomorphism x: U - U 0, where U 0 is an open subset of ~m, such that 
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Figure 1 

the inverse homeomorphism x - I : U 0 -+ U C IRk is an immersion of class 
C" . That is, for each u E U 0, the derivative dx-l(u): IRm -+ IRk is injective. In 
this case we say that (x, U) is a local chart around p and U is a coordinate 
neighbourhood of p. If the homeomorphisms x - I above are of class C we say 
that M is a manifold of class C . What we have called a differentiable manifold 
corresponds to one of class COO. It follows from the Local Form for Immer
sions 0.4 that, if (x, U) is a local chart around p E M, then there exist neigh
bourhoods A of p in IRk, V of x(p) and W of the origin in IRk- m and a Coo 
diffeomorphism h: A -+ V x W such that, for all q E A (] M, we have 
h(q) = (x(q), 0). In particular, a local chart is the restriction of a Coo map of 
an open subset of IRk into IRm (Figure 1). From this remark we obtain the 
following proposition. 

0.10 Proposition. Let x : U -+ IRm and y: V -+ IRm be local charts in M. IJ 
U (] V "# 0 then the change oj coordinates y 0 X-I: x(U (] V) -+ y(U (] V) 
is a Coo diffeomorphism (Figure 2). D 

Figure 2 
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We shall now define differentiable maps between manifolds. Let M m and 
N n be manifolds andf: M m ~ N n a map. We say thatfis of class C if, for 
each point p E M, there exist local charts x: U ~ IRm around p and y: V ~ IRn 
with f(U) c V such that yo f 0 x- 1: X(U) ~ y(V) is of class C. As the 
changes of coordinates are of class Coo this definition is independent of the 
choice of charts. 

Let us consider a differentiable curve ct: (-e, e) ~ Me IRk with IX(O) = p. 
It is easy to see that IX is differentiable according to the above definition if and 
only if IX is differentiable as a curve in IRk. Hence there exists a tangent vector 
(dlX/dt)(O) = IX'(O). The set of vectors tangent to all such curves IX is called the 
tangent space to M at p and denoted by TMp. Let us consider a local chart 
x: U ~ IRm, x(p) = O. It is easy to see that the image of the derivative dx- 1(O) 
coincides with T M p' Thus T M p is a vector space of dimension m. 

Letf: M ~ N be a differentiable map and v E TMp, p E M. Consider a 
differentiable curve IX: (-e, e) ~ M with IX(O) = P and IX'(O) = v. Then 
f 0 IX: (-e, e) ~ N is a differentiable curve, so we can define df(P)v = 
(d/dt)(f 0 IX)(O). This definition is independent of the curve IX. 

The map df (p): T M p ~ TN f(p) is linear and is called the derivative off at p. 
As a differentiable manifold is locally an open subset of a Euclidean space 

all the theorems from Calculus that we listed earlier extend to manifolds. 

0.11 Proposition (Chain Rule). Let f: M ~ Nand g: N ~ P be maps of class 
C between differentiable manifolds. Then g 0 f: M ~ P is of class C and 
d(g 0 f)(p) = dg(f(p» 0 df(p). 0 

A map f: M ~ N is a C diffeomorphism if it is of class C' and has an 
inverse f - 1 of the same class. In this case, for each p EM, df (p): T M p ~ 
TN f(p) is an isomorphism whose inverse is df-l(f(p». In particular, M and 
N have the same dimension. We say thatf: M ~ N is a local diffeomorphism 
at p E M if there exist neighbourhoods U(p) c M and V(f(p» c N such 
that the restriction off to U is a diffeomorphism onto V 

0.12 Proposition (Inverse Function). Iff: M ~ N is of class C', r ~ 1, and 
df (p) is an isomorphism for some p E M then f is a local diffeomorphism of class 
Cm~ 0 

Now consider a subset S of a manifold M. S is a submanifold of class C of 
M of dimension s if, for each PES, there exist open sets U c M containing p, 
V c IRs containing 0 and W c IRm- s containing 0 and a diffeomorphism of 
class Cr cp: U ~ V x W such that cp(S n U) = V x {O} (Figure 3). 

We remark that IRk is a differentiable manifold and that, if M c IRk is a 
manifold as defined above, then M is a submanifold of IRk. The submanifolds 
of M c IRk are those submanifolds of IRk that are contained in M. 
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0.13 Proposition (Local Form for Immersions). Letf: Mm -+ Nm+" be a map 
of class Cr , r ~ 1, and p E M a point for which df(p) is injective. Then there 
exist neighbourhoods U(p), V(f(p», U 0(0) in ~m and Vo(O) in ~" and cr 

diffeomorphisms cp: U -+ U 0 and 1/1: V -+ U 0 x Vo such that 1/1 ° f ° cp-l(X) = 
~~ 0 

A Cr map f: M -+ N is an immersion if df(p) is injective for all p E M. An 
injective immersion f: M -+ N is an embedding if f: M -+ f(M) c: N is a 
homeomorphism, where f(M) has the induced topology. In this case f(M) 
is a submanifold of N. Iff: M -+ N is only an injective immersion we say 
that f(M) is an immersed submanifold. The examples of Figure 4 show 
submanifolds that are immersed but not embedded. 

0.14 Proposition (Local Form for Submersions). Letf: M m +" -+ N" be a map 
of class Cr , r ~ 1, and p E M a pointfor which df(p) is surjective. There exist 
neighbourhoods U(p), V(f(p», U 0(0) in ~m and Vo(O) in~" and diffeomorphisms 
cp:U-+Uo x Voandl/l:V-+Vosuchthatl/lofocp-l(x,y)=y. 0 

A point q EN is a regular value off: Mm -+ N", wherefis a C'map with 
r ~ 1, if, for all p E M withf(p) = q, df(p) is surjective. It follows from the 
last proposition thatf-l(q) is a cr submanifold of M 0f dimension m - n. 

Figure 4 
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0.15 Proposition (Sard). Letf: M -+ N be a COO map. The set of regular values 
offis residual; in particular, it is dense in N. 

The proof of Proposition 0.15 follows from Sard's Theorem by taking local 
charts and using the fact that every open cover of a manifold admits a 
countable subcover. 0 

We remark that, if M is compact, the set ofregular values off: M -+ N 
is open and dense in N. 

Let us consider a countable cover {Un} of a manifold M by open sets. We 
say that this cover is locally finite if, for every p E M, there exists a neigh
bourhood V of p which intersects only a finite number of elements of the 
cover. A partition of unity subordinate to the cover {Un} is a countable 
collection {q>n} of nonnegative real functions of class COO such that: 

(a) for each index n the support of q>n is contained in Un; recall that the 
support of q>n is the closure of the set of points where q>n is positive; 

(b) Lnq>n(P) = 1 for all p E M. 

0.16 Proposition. Given a locally finite countable cover of M there exists a 
partition of unity subordinate to this cover. 0 

Corollary 1. Let K c: M be a closed subset. There exists a mapf: M -+ ~ of 
class coo such that f - 1(0) = K. 0 

Corollary 2. Let f: M -+ ~. be a e' map where M c: ~k is a closed manifold. 
Then there exists a e' map!: ~k -+~. such that! 1M = f. 0 

It follows from this proposition that, given open sets U and V in M with 
D c: V, there exists a Coo real-valued function q> ~ 0 with q> = 1 on U and 
q> = 0 on M - V. Such a function is called a bump function. 

We shall now define the tangent bundle TM ofa manifold M m c: ~k. Put 
TM = {(P, v) E ~k X ~k; P E M, v E TMp}. Give TM the induced topology 
as a subset of ~ x ~k; then the natural projection n: TM -+ M, n(p, v) = p, 
is continuous. Let us show that T M is a differentiable manifold and that n is 
actually of class Coo. Let x: U -+ ~mbe a local chart for M. We define the map 
Tx: n-l(U) -+ ~m X ~m by Tx(p, v) = (x(p), dx(p)v). It is easy to see that 
(Tx, n- 1(U)) is a local chart for TM and, therefore, TM c: ~k x ~k is a 
manifold. Note that the expression for n using the local charts (Tx, n-l(U)) 
is simply the natural projection of ~m x ~m on the first factor; thus n is Coo. 
It is also easy to see that, iff: M -+ N is of class e' + 1, then df: T M -+ TN, 
df(p, v) = (f(p), df(P)v), is e'. 

As we remarked earlier there is an abstract definition of manifolds which, 
a priori, is more general than the one we have just presented. For this let M 
be a Hausdorff topological space with a countable basis. A local chart in M 
is a pair (x, U), where U c: M is open and x: U -+ U 0 c: ~m is a homeo
morphism onto an open subset U 0 of ~m. We say that U is a parametrized 
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neighbourhood in M. If (x, U) and (y, V) are local charts in M, with 
Un V =F 0, the change of coordinates yo x- 1 : x(U n V) -+ y(U n V) is a 
homeomorphism. A differentiable manifold of class C, r ~ 1, is a topological 
space together with a family of local charts such that (a) the parametrized 
neighbourhoods cover M and (b) the changes of coordinates are C diffeo
morphisms. Such a family of local charts is called a C atlas for M. 

Using the local charts we can define differentiability of maps between these 
manifolds just as we did before. In particular, a curve oc: (-e, e) -+ M is 
differentiable if x 0 oc: (-e, e) -+ ~m is differentiable, where (x, U) is a local 
chart with oc( -e, e) c U. The tangent vector to oc at p = oc(O) is defined as the 
setofdifferentiablecurvesp: (-e, e)-+Msuch thatp(O) = pandd(x 0 P)(O) = 
d(x 0 oc)(O). This definition does not depend on the choice of the local chart 
(x, U). The tangent space to M at p, TMp, is the set of tangent vectors to 
differentiable curves passing through p. It follows that T M p has a natural 
m-dimensional vector space structure. If f: M -+ N is a differentiable map 
between manifolds withf(p) = q, we define df(p): TMp -+ TNq as the map 
which takes the tangent vector at p to the curve oc: ( - e, e) -+ M to the tangent 
vector at q to the curvef 0 oc: (-e, e) -+ N.1t is easy to see that this definition 
does not depend on the choice ofthe curve oc and that df(p) is a linear map. 
We say that f: M -+ N is an immersion if df(P) is injective for all p E M. An 
embedding is an injective immersion f: M -+ N which has a continuous 
inverse f -1: f(M) c N -+ M. If f: M -+ ~k is an embedding of class COO 
then f(M) c ~ is a submanifold of ~k according to the definition given 
earlier. 

The next theorem relates the abstract definition of manifold to that of 
submanifold of Euclidean space. 

0.17 Theorem (Whitney). If M is a differentiable manifold of dimension m 
there exists a proper embedding f: M -+ ~2m + 1. 0 

Let M be a differentiable manifold and ScM a submanifold. A tubular 
neighbourhood of S is a pair (V, n) where V is a neighbourhood of Sin M and 
n: V -+ S is a submersion of class Coo such that n(p) = p for pES. 

0.18 Theorem. Every submanifold ScM has a tubular neighbourhood. 0 

Lastly, every manifold of class C, r ~ 1, can be considered in a natural 
way as a manifold of class Coo. 

0.19 Theorem (Whitney). Let M be a manifold of class C', r ~ 1. Then there 
exists a C' embeddingf: M -+ ~2m+ 1 such thatf(M) is a closed Coo submanifold 
of~2m+1. 0 

By Theorem 0.17 this result is equivalent to the following: if d is a C' 
atlas on M there exists a Coo atlas .si on M such that, if (x, U) E d and 
(x, 0) E.si with UnO =F 0, then x 0 x- 1 and x 0 x- 1 are of class C. 
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§1 Vector Fields on Manifolds 

We begin here the qualitative study of differential equations. As this study has 
both local and global aspects the natural setting for it is a differentiable 
manifold. One of the first basic results which is global in character is the 
Poincare-Bendixson Theorem with which we shall close this section. 

Let M m c IRk be a differentiable manifold. A vector field of class C' on M 
is a C' map X: M -+ IRk which associates a vector X(p) E TMp to each point 
p E M. This corresponds to a C' map X: M -+ T M such that nX is the identity 
on M where n is the natural projection from TM to M. We denote by r(M) 
the set of C' vector fields on M. 

An integral curve of X E r(M) through a point p E M is a cr+ 1 map 
oc: I -+ M, where I is an interval containing 0, such that oc(O) = p and oc'(t) = 

X(oc(t)) for all tEl. The image of an integral curve is called an orbit or 
trajectory. 

If f: M -+ N is a C'+ 1 diffeomorphism and X E xr(M) then Y = j.X, 
defined by Y(q) = df(p)(X(p)) with q = f(p), is a C' vector field on N, since 
j.X = df 0 X 0 f- 1• If oc: I -+ M is an integral curve of X thenf 0 oc: I -+ N 
is an integral curve of Y. In particular,ftakes trajectories of X onto trajec
tories of Y. Thus, if x: U -+ U 0 c IRm is a local chart, then Y = x. X is a C' 
vector field in U 0; we say that Y is the expression of X in the local chart 
(x, U). By these remarks the local theorems on existence, uniqueness and 
differentiability of solutions extend to vector fields on manifolds as in the 
following proposition. 

1.1 Proposition. Let E be a Banach space and F: E x M -+ T MaC' map, 
r ?: 1, such that nF(A, p) = p, where n: TM -+ M is the natural projection. 
For every AO E E and Po E M there exist neighbourhoods W of Ao in E and V 
of Po in M, a real number e > 0 and a C' map cp: (-e, e) x V x W -+ M such 
that cp(O, p, A) = p and (%t)cp(t, p, A) = F(A, cp(t, p, A)) for all t E ( - e, e), 
p E V and A E W. Moreover, if oc: ( - e, e) -+ M is an integral curve of the vector 
field F;. = F(A, .) with oc(O) = p then oc = cp(-, p, A). 0 

1.2 Proposition. Let I, J be open intervals and let oc: I -+ M, f3: J -+ M be 
integral curves of X E r(M), r ?: 1. If oc(to) = f3(to),for some to E In J, then 
oc(t) = f3(t)for all tEl n J. Hence there exists an integral curve y: I u J -+ M 
which coincides with oc on I and with f3 on J. 

PROOF. By the local uniqueness, if OC(tl) = f3(t 1) there exists e > 0 such that 
oc(t) = f3(t) for It - t11 < e. Therefore the set I c I n J where oc coincides 
with f3 is open. As the complement of I is also open and I n J is connected we 
have I = I n J. 0 
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1.3 Proposition. Let M be a compact manifold and X E reM). There exists 
on M a global cr flow for X. That is, there exists a C map qJ: ~ x M -+ M 
such that qJ(O, p) = p and (iJ/iJt)qJ(t, p) = X(qJ(t, p». 

PROOF. Consider an arbitrary point p in M. We shall show that there exists 
an integral curve through p defined on the whole of~. Let (a, b) c ~ be the 
domain of an integral curve oc: (a, b) -+ M with 0 E (a, b) and oc(O) = p. We 
say that (a, b) is maximal if for every interval J with the same property we 
have J c (a, b). We claim that, if (a, b) is maximal, then b = + 00. If this is 
not the case consider a sequence tn -+ b, tn E (a, b). As M is compact, we may 
suppose (by passing to a subsequence) that oc(tn) converges to some q E M. 
Let qJ: (-e, e) x Yq -+ M be a local flow for X at q. Take no such that 
b - tno < e/2 and oc(tno) E Yq. Define y: (a, tno + e) -+ M by yet) = oc(t) if 
t :s; tno and yet) = qJ(t - tno ' oc(tno» if t ~ tno. It follows that y is an integral 
curve of X, which is a contradiction because (a, tno + e) ~ (a, b]. In the same 
way we may show that a = - 00 and, therefore, there exists an integral curve 
oc: ~ -+ M with oc(O) = p. By Proposition 1.2 this integral curve is unique. We 
define qJ(t, p) = oc(t).1t is clear that qJ(O, p) = p and (iJ/iJt)qJ(t, p) = X(qJ(t, p». 
We claim that qJ(t + s, p) = qJ(t, qJ(s, p» for t, s E ~ and p E M. Indeed, let 
pet) = qJ(t + s, p) and yet) = qJ(t, qJ(s, p». We see that p and yare integral 
curves of X and P(O) = yeO) = qJ(s, p), which proves the claim. Lastly we show 
that qJ is of class c. Let p E M and "': (-ep, ep) x Vp -+ M be a local flow 
for X, which is of class cr by Proposition 1.1. Also, by the uniqueness of 
solutions", is the restriction of qJ to (-ep, ep) x Vp. In particular, qJt = qJ(t,·) 
is of class cr on Vp for I t I < ep- By the compactness of M there exists e > 0 
such that qJt is of class cr on M for I t I < e. Moreover, for any t E ~, we can 
choose an integer n so that I tin I < e and deduce that qJl = qJt/n 0 ••• 0 qJt/n is 
of class c. For any to E ~ and Po E M, qJ is cr on a neighbourhood of (to, Po). 
For if It - tol < ePo and p E VPo , then qJ(t, p) = qJto 0 qJ(t - to, p) is Cr since 
qJto and qJl( -epo ' epo) x Vpo are C. That completes the proof. D 

Coronary. Let X E r(M) and let qJ: ~ x M -+ M be the flow determined by 
X. For each t E ~ the map Xt: M -+ M, Xt(p) = qJ(t, p), is a C diffeomorphism. 
Moreover, Xo = identity and X t+S = Xlo Xsfor all t, s E ~. D 

Let X E r(M) and let Xt, t E ~ be the flow of X. The orbit of X through 
p E M is the set (!)(p) = {Xt(p); t E ~}. If X(p) = 0 the orbit of p reduces to 
p. In this case we say that p is a singularity of X. Otherwise, the map oc: ~ -+ M, 
oc(t) = XI(p), is an immersion. If oc is not injective there exists ro > 0 such 
that oc(ro) = oc(O) = p and oc(t) "# p for 0 < t < ro. In this case the orbit of p 
is diffeomorphic to the circle S1 and we say that it is a closed orbit with period 
ro. If the orbit is not singular or closed it is called regular. Thus a regular 
orbit is the image of an injective immersion of the line. 

The ro-limit set of a point p E M, ro(p), is the set of those points q EM for 
which there exists a sequence tn -+ 00 with Xtn(p) -+ q. Similarly, we define 



12 1 Differentiable Manifolds and Vector Fields 

Ps 

Figure 5 

the a-limit set of p, a(p) = {q E M; Xtn(p) -+ q for some sequence tn -+ - oo}. 
We note that the a-limit of p is the w-limit of p for the vector field - X. Also, 
w(p) = w(pj if p belongs to the orbit of p. Indeed, p = Xto(p) and so, if 
Xtn(p) -+ q where tn -+ 00, then Xtn-to(P) -+ q and tn - to -+ 00. Thus we can 
define the w-limit of the orbit of p as w(p). Intuitively a(p) is where the orbit 
of p "is born" and w(p) is where it "dies". 

EXAMPLE 1. We shall consider the unit sphere S2 c 1R3 with centre at the 
origin and use the standard coordinates (x, y, z) in 1R3. We call PN = (0,0, 1) 
the north pole and Ps = (0,0, -1) the south pole of S2. We define the vector 
field X on S2 by X(x, y, z) = (-xz, - yz, x2 + y2). It is clear that X is of 
class COO and that the singularities of X are PN, Ps. As X is tangent to the 
meridians of S2 and points upwards, w(p) = PN and a(p) = Ps if P E S2 -

{PN' Ps} (Figure 5). 

EXAMPLE 2. Rational and irrational flows on the torus. Let cp: 1R2 -+ T2 C 1R3 

be given by 

cp(u, v) = «2 + cos 2nv) cos 2nu, (2 + cos 2nv) sin 2nu, sin 2nv). 

We see that cp is a local diffeomorphism and takes horizontal lines in 1R2 

to parallels of latitude in T2, vertical lines to meridians and the square 
[0, 1] x [0, 1] onto T2. Moreover, cp(u, v) = cp(u, v) if and only if u - u = m 
and v - v = n for some integers m and n. For each a E IR we consider the 
vector field in 1R2 given by X<X(u, v) = (1, a). It is easy to see that Y<X = cp.X<X 
is well defined and is a Coo vector field on T2. The orbits of ya are the images 
by cp of the orbits of X<X and these are the lines of slope a in 1R2 • We shall show 
that, for a rational, every orbit of y<x is closed and, for a irrational, every orbit 
of y<x is dense in T2. For each c E IR let~Ac denote the straight line in 1R2 

through (0, c) with slope a; Ac = {(u, c + au); U E IR}. As we have already 
observed, cp(Ac) is an orbit of Y<X. If a is rational this orbit is closed for each 
c E IR. For if a = n/m then (m, c + (n/m)m) E Ac and cp(m, c + n) = cp(O, c). 
Suppose now that a is irrational and c E IR. We claim that C = {c E IR; cp(Ac) 
= cp(Ac)} is dense in IR. It follows that UCEC Ac is dense in 1R2 and, therefore, 



§! Vector Fields on Manifolds 13 
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cp(~c) = cp(Ucec ~c) is dense in T2. To show that C is dense in ~ it is enough 
to prove that G = {rna + n; m, n E Z} is dense in ~, because C E C if and only 
if C - C E G. As G is a subgroup of the additive group ~ we know that G is 
either dense or discrete. It remains, therefore, to show that G is not discrete. 
But for each m E Z, there exists n E Z such that Um = rna + n belongs to the 
interval [0, 1]. The sequence Um has a cluster point and, as a is irrational, its 
terms are distinct. Thus G is dense. 

The vector field ya above is called the rational or irrational field on T2 
according as to whether a is rational or not. If a is rational the co-limit of any 
orbit is itself. If a is irrational, the co-limit of any orbit is the whole torus T2. 

EXAMPLE 3 (Gradient Vector Fields). Consider a manifold M m c ~k. At each 
point P EM we take in TMp the inner product (, )p induced by ~k. We 
denote the norm induced by this inner product by II lip or, simply, by II II. 
If X and Yare COO vector fields on M then the function g: M -+ ~, g(p) = 
(X(p), Y(p»p is of class coo. LetJ: M -+ ~ be a cr+ 1 map. For each p E M 
there exists a unique vector X(p) E TMp such that dJpv = (X(p), v)p for all 
v E TMp- This defines a vector field X which is of class c. It is called the 
gradient ofJand written as X = grad f We shall now indicate some basic 
properties of gradient fields. Firstly, grad J(p) = 0 if and only if dJp = O. 
Along nonsingular orbits of X = gradJ we haveJstrictly increasing because 
dJpX(p) = IIX(p)112. In particular gradJ does not have closed orbits. More
over, the co-limit of any orbit consists of singularities. For let us suppose that 
X(q) =F 0 and q E co(p) for some p EM. Let S be the intersection ofJ-l(f(q» 
with a small neighbourhood of q. We see that S is a submanifold of dimension 
m - 1 orthogonal to X = gradJ and, by the continuity ofthe flow, the orbit 
through any point near q intersects S. As q E co(p) there exists a sequence PIl 
in the orbit of p converging to q. Thus the orbit of p intersects S in more than 
one point (in fact, in infinitely many points) which is absurd sinceJis increas
ing along orbits. On the other hand, it is clear that, if the co-limit of an orbit 
of a gradient vector field contains more than one singularity, it must contain 
infinitely many. We are going to show that this can in fact occur. 
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Let f: 1R2 --+ IR be defined by 

{ 

1/(r2-1) e , 

f(r cos 0, r sin 0) = 0, 

e - 1/(r2 - 1) sin(l/(r - 1) - 0), 

ifr < 1; 

ifr = 1; 

ifr> 1. 

Let X = grad f. We have X(r cos 0, r sin 0) = 0 if and only if r = 0 or r = 1. 
We are going to show that there exists an orbit of X whose w-limit is the circle 
C with centre at the origin and radius 1. Note thatf-l(O) = C u El U E2, 
where El and E2 are the spirals (Figure 7) defined by 

El = {(r cos 0, r sin 0); r = 1 + l/(n + 0), -n < 0 < oo}, 

E2 = {(r cos 0, r sin 0); r = 1 + 1/(2n + 0), - 2n < 0 < oo}. 

Let us consider the region U = {(r cos 0, r sin 0); 1 + 1/(2n + 0) < 
r < 1 + l/(n + 0), 0 ~ O} and let I be the interval {(x, 0); 1 + 1/2n ~ x ~ 
1 + l/n}. We shall show the existence of a point Po E I whose positive orbit 
remains in the region U. Hence the w-limit of Po will be the circle C. In 
Figure 8 we draw some level curves of the function f on U. 

The intersection of the level curve through a point pEl with U is a 
compact segment whose ends are in I. The length of this segment tends to 
infinity as P approaches the ends of I. 

Let q EEl' As X(q) is orthogonal to El and points out of U (becausefis 
negative in U), we see that the negative orbit of q intersects one of the level 
curves through a point in the interior of I. So the negative orbit of q intersects 
I. Therefore, the set J = {p E I; Xlp) E U for 0 ~ t < sand X.(p) E Ed is 
nonempty. Moreover, given q EEl, there exists P E J such that the positive 
orbit of P contains q and the segment of the orbit between P and q is in.U. On 
the other hand, given q E E2 , the negative orbit of q also intersects I so that 
J i:l. 

Let Po be the infimum of J. We claim that the positive orbit of Po remains 
in U. For if this is not the case there exists a point q in the positive orbit of Po 
such that the segment of the orbit between Po and q is contained in U and 
Xt(q) if U for sufficiently small t > O. Thus q E El or q E E2 or q E 1. If 
q E El then each positive orbit through a point of J intersects El in a point 
of the segment between (1 + l/n, 0) and q. This is absurd because the negative 
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orbit through any point of EI intersects I and therefore J.1f q E E2 or q E I 
then the positive orbit of each point near Po leaves U without meeting EI 
which is absurd since Po is the infimum of J. Thus the positive orbit of Po is 
contained in U, which proves our claim. 

We remark that the vector field on S2 in Example 1 is the gradient ofthe 
height function that measures height above the plane tangent to the sphere 
S2 at Ps. Other simple examples can be obtained by considering the function 
on a surface in ~3 which measures the distance from its points to a plane. 
Some of these examples will be considered later. 

Next we shall discuss some general properties of w-limit sets. 

1.4 Proposition. Let X E xr(M) where M is a compact manifold and let P E M. 
Then 

(a) w(p) =F 0, 
(b) w(p) is closed, 
(c) w(p) is invariant by the flow of X, that is w(p) is a union of orbits of X, and 
(d) w(p) is connected. 

PROOF. Let tn -+ 00 and Pn = Xrn(P). As M is compact Pn has a convergent 
subsequence whose limit belongs to w(p). Thus w(p) =F 0. Suppose now 
that q ¢ w(p). Then it has a neighbourhood V(q) disjoint from {XrCp); t ~ T} 
for some T > O. This implies that the points of V(q) do not belong to w(p) 
and so w(p) is closed. Next suppose that q E w(p) and ij = X.(q). Take tn -+ 00 

with Xrn(P) -+ q. Then Xrn+.(p) = X.Xrn(P) converges to XsCq) = ij and so 
ij E w(p). This shows that w(p) is invariant by the flow. Suppose that w(p) is 
not connected. Then we can choose open sets VI and V2 such that w(p) c: 
VI U V2 , W(p) (') VI =F 0, w(p) (') V2 =F 0 and ~ (') V2 = 0. The orbit of 
p accumulates on points of both VI and V2 so, given T > 0, there exists t > T 
such that Xr(P) E M - (VI U V2 ) = K, say. Thus there exists a sequence 
tn -+ 00 with Xrn(p) E K. Passing to a subsequence, if necessary, we have 
Xrn(P) -+ q for some q E K. But this implies that q E w(p) c: VI U V2 which is 
absurd. 0 

Remark. Clearly the properties above are also true for the a-limit set. On the 
other hand, if the manifold were not compact we should have to restrict 
attention to an orbit contained in a compact set for positive time (or for 
negative time). Figure 9 shows an orbit of a vector field on ~2 whose w-limit 
is not connected. 

----
Figure 9 
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Figure 10 

As we have already seen, the w-limit of an orbit of an irrational flow on the 
torus T2 is the whole torus. There are more complex examples of vector 
fields on T2 with rather complicated w-limit sets as in Example 13 of Chapter 
4. Meanwhile for the sphere S2 the situation is much simpler because of the 
following topological fact: every continuous closed curve without self
intersections separates S2 into two regions that are homeomorphic to discs 
(the Jordan Curve Theorem). The structure of an w-limit set of a vector field 
on S2 is described by the Poincare-Bendixson Theorem whose proof we 
develop now through a sequence of lemmas. 

Let X E xr(S2), r ~ 1. 

1.5 Lemma. Let L C S2 be an arc transversal to X. The positive orbit through 
a point P E S2, (!) +(p), intersects L in a monotonic sequence; that is, if Pi is the 
ith intersection of (!) + (p) with L, then Pi E [Pi - 1, Pi + lJ C L. 

PROOF. Consider the piece of orbit from Pi-l to Pi together with the segment 
[Pi-l, p;] C L. These make a closed curve which bounds a disc D and, as L 
is transversal to X which points inwards into D, the positive orbit of Pi is 
contained in D. Thus Pi E [Pi-l, PH 1]. D 

Corollary. The w-limit of a trajectory y intersects L in at most one point. 

PROOF. Suppose that w(y) contains two points ql and q2 ofL. Let Pn be the 
sequence of intersections of y with L. Then there exist subsequences of Pn 
converging to ql and q2' which leads to a contradiction because of the 
monotonic property of Pn. D 

1.6 Lemma. If the w-limit set of a trajectory y does not contain singularities 
then w(y) is a closed orbit and the orbits through points close enough to a point 
P of Y have the same closed orbit as their w-limits. 

PROOF. Let q E w(y). We show that the orbit of q is closed. Take x E w(q), 
which cannot, therefore, be a singularity. Consider a segment L transversal 
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y 

Figure 11 

to X containing x. By the previous lemma the positive orbit of q intersects :E 
in a monotonic sequence qn - x. As qn E w(y) the above corollary shows that 
qn = x for all n. Thus the orbit of q is closed. By taking a transversal segment 
containing q we conclude as in Lemma 1.5 that w(y) reduces to the orbit of 
q. The proof of the second statement is immediate. D 

1.7 Lemma. Let Pl and P2 be distinct singularities of the vector field contained 
in the w-limit of a point P E S2. Then there exists at most one orbit Y c w(p) 
such that a(y) = Pl and w(y) = P2. 

PROOF. To get a contradiction suppose there exist two orbits Yl' Y2 c w(P) 
such that a(Yi) = Pl and W(Yi) = P2 for i = 1, 2. The curve C 1, consisting of 
the orbits Yh Y2 and the points Pl' P2, separates S2 into two discs, one of 
which contains P as shown in Figure 12. Let:E 1 and :E2 be segments transversal 
to X through the points ql E Yl and q2 E Y2 respectively. As Yl' Y2 C w(p) the 
positive orbit of P intersects:E1 in a point a and later intersects:E2 in a point 
b. Consider the curve C2 consisting ofthe arcs ab c (!J(p), bq2 c :E2, q2P2 c 
Y2, P2ql C Yh qla c :El and the point P2. We see that C2 separates S2 into 
two discs A and B. The positive orbit of the point b remains entirely in A 
which gives a contradiction since Yl' Y2 c w(p). D 

Figure 12 
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1.8 Theorem (Poincare-Bendixson). Let X E X'(S2) be a vector field with a 
finite number of singularities. Take P E S2 and let w(p) be the w-limit set of p. 
Then one of the following possibilities holds: 

(1) w(p) is a singularity; 
(2) w(p) is a closed orbit; 
(3) w(p) consists of singularities Pl, ... , Pn and regular orbits such that if 

y c w(p) then oc(y) = Pi and w(y) = Pj. 

PROOF. If w(p) does not contain a singularity then, by Lemma 1.6, w(p) is a 
closed orbit. If w(p) does not contain regular points then w(p) is a unique 
singularity since X only has a finite number of singularities and w(p) is 
connected. 

Suppose, then, that w(p) contains regular points and singularities. Let y 
be a regular trajectory contained in w(p). We claim that w(y) is a singularity. 
If w(y) contains some regular point q take a segment I: through q transversal 
to X. As y c w(p) the Corollary to Lemma 1.5 says that y intersects I: in only 
one point. By Lemma 1.6 y is a closed trajectory and w(p) = y. This is absurd 
because w(p) contains singularities. Thus w(y) is a singularity. Similarly oc(y) 
is a singularity. D 

In the following examples we illustrate some facts about this theorem. 

EXAMPLE. Let X be a vector field on S2 as in Figure 13. The north and south 
poles are singularities and the equator is a closed orbit. The other orbits are 
born at a pole and die at the equator. 

Let q>: S2 -+ IR be a nonnegative COO function which vanishes precisely on 
the equator of the sphere. Consider the vector field Y = q> • X. Each point 
of the equator is a singularity of Y and the w-limit set of a point p which is 
neither a pole nor on the equator is the whole of the equator. This example 
shows that the Poincare-Bendixson Theorem is not valid without the 
hypothesis of a finite number of singularities. 

Ps 

Figure 13 
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Southern hemisphere Northern hemisphere 

Figure 14 

19 

EXAMPLE. Let X be a vector field on S2 as in Figure 14. The vector field X 
has two singularities Ps and PN and one closed orbit y. The orbits in the 
northern hemisphere have PN as (X-limit and y as co-limit. In the southern 
hemisphere we have the singularity Ps which is the centre of a rose with 
infinitely many petals each bounded by an orbit which is born in Ps and dies 
in Ps. In the interior of each petal the situation is as in Figure 15. 

Figure 15 

The other orbits in the southern hemisphere have y as (X-limit and the 
edge of the rose as co-limit. Therefore the co-limit of an orbit can contain 
infinitely many regular orbits, which shows that Lemma 1.7 is not valid if 
PI = P2· 

§2 The Topology of the Space of Cr Maps 

We introduce here a natural topology on the space X'(M) of C' vector fields 
on a compact manifold M. In this topology, two vector fields X, Y E X'(M) 
will be close if the vector fields and their derivatives up to order r are close at 
all points of M. 
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Let us consider first the space C(M, ~S) of C maps, 0 :::; r < 00, defined 
on a compact manifold M. We have a natural vector space structure on 
C(M, ~S): (f + g)(p) = f(p) + g(p), (2f)(p) = 2f(p) for J, g E C(M, ~S) 
and 2 E ~. Let us take a finite cover of M by open sets VI, ... , v,. such that 
each V; is contained in the domain of a local chart (Xi' Vi) with XlVi) = B(2) 
and xlV;) = B(l), where B(l) and B(2) are the balls of radii 1 and 2 with 
centre atthe origin in ~m. Forf E C(M, ~S) we writefi = f 0 xi 1: B(2) ~ ~s. 
We define 

IIfllr = max sup{lIfi(u)lI, IIdP(u)II, ... , IIdrfi(u) II ; u E B(l)}. 
i 

2.1 Proposition. II IIr is a complete norm on C(M, ~S). 

PROOF. It is immediate that II IIr is a norm on C(M, ~S).1t remains to prove 
that every Cauchy sequence converges. LetJ,,: M ~ ~S be a Cauchy sequence 
in the norm II II r' If p E M then fn(P) is a Cauchy sequence in ~S and so 
converges. We putf(p) = lim J,,(p). In particular,J~(u) ~ P(u) for u E B(l) 
and i = 1, ... , k. On the other hand, for each u E B(l), df~(u) is a Cauchy 
sequence in L(~m, ~S) and so converges to a linear transformation Ti(U). We 
claim that the convergence df~ ~ Ti is uniform. For notice that 

IIdf~(u) - Ti(u)1I :::; IIdf~(u) - df~'(u)1I + IIdf~'(u) - Ti(u)lI. 

Given e > 0, there exists no such that, if n, n' ~ no, then IIdf~(u)
df~'(u)1I < e/2 for all u E B(l). On the other hand, for each u E B(l) there 
exists n' ~ no, which depends on u, such that IIdf~'(u) - Ti(u)1I < e/2. Thus, 
for n ~ no, we have IIdf~(u) - Ti(u)1I < dor all u E B(l). By Proposition 0.0, 
P is of class C1 and dfi = Ti. It follows thatfn ~ f in the norm II 111' With 
the same argument we can show by induction thatfis of class C andJ" ~ f 
in the norm II IIr. D 

It is easy to see that the topology defined on C(M, ~S) by the norm II IIr 
does not depend on the cover VI, ... , v,. of M. 

Next we describe some important properties of the space C(M, ~S) with 
the C topology. 

A subset of a topological space is residual if it contains a countable inter
section of open dense sets. A topological space is a Baire space if every 
residual subset is dense. As C(M, ~S) is a complete metric space we immedi
ately obtain the following proposition. 

2.2 Proposition. C(M, ~S) is a Baire space. D 

Let us show that C(M, ~S) contains a countable dense subset. For 
f E C(M, ~S) consider fi = f 0 xi 1: B(2) c ~m ~ ~s. Note that the map 
lP: B(2) ~ B(2) x ~s X L(~m, ~S) x '" x Lr(~m; ~S) = E defined by 
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j'fi(U) = (u,fiu, dfi(U), ... , d'fi(U» is continuous. Thus Jr(p) = j'fi(B(I» is a 
compact subset of E. It is easy to see that, if "If'" is a neighbourhood off in 
C(M, IRS), there exists a neighbourhood W of Jr(f) = Jr(fl) X ••. X Jr(fk) 
in E x Ex··· x E such that, if g E Cr(M, IRS) and Jrg = Jrg1 X ••. X 

Jr lew, then g E "If'". 

2.3 Proposition. C(M, IRS) is separable; that is, it has a countable base of open 
sets. 

PROOF. As Ek = Ex· .. x E is an open set in a Euclidean space, there exists 
a countable base of open sets E 1 , ••• , Ej, ... for the topology of Ek. Let 
E1, ••• , Ej , ••• be the collection of those open subsets of Ek that are finite 
unions of the Ei. Let Sj = {g E C(M, IRS); Jr(g) c Ej } for each j. It is clear 
that Sj is open in C(M, IRS). Let "If'" be a neighbourhood offin C(M, IRS) and 
W a neighbourhood of Jr(f) such that g E "If'" if Jr(g) c W. As Jr(f) is 
compact there exists a finite cover of Jr(f) by open sets Ei contained in W. 
Let E j be the union of these Ei ; it is clear that Jr(f) c E jew. Therefore, Sj 

contains f and is contained in "If'". This shows that {(g\, ... , is'j, ... } is a 
countable base for the topology of C(M, IRS). 0 

Next we show that every Cr map can be approximated in the Cr topology 
by a Coo map. 

2.4 Lemma. Let f: U c IRm -+ IRs be a C map with U an open set. Let K c U 
be compact. Given 8 > 0 there exists a Coo map g: IRm -+ IRs such that 
Ilf - gllr < 8 on K. 

PROOF. Let us consider a bump function <p: IRm -+ IR which takes the value 1 
on K and is 0 outside a neighbourhood of K contained in U. Taking h = <pf 
we have h = fin K and h = 0 outside U. As h is of class C and K is compact, 
there exists (j > 0 such that 

sup{lldih(u + v) - djh(u)ll; u E K, Ilvll < (j} < 8, 

where dj denotes the derivative of order j, for j = 1, , .. , r. Let <p,,: IRm -+ IR 
be a bump function such that <p,,(v) = 0 if Ilvll > (j and J <p,,(v) dv = 1. We 
define g: IRm -+ IRS by g(u) = J <p,,(v)h(u + v) dv = J <p,,(z - u)h(z) dz. It 
follows that 

and 
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From the second expression it follows that g is C". On the other hand, from 
the first expression we have 

Ijdig(u) - dih(u) II = II f <piv)dih(u + v) dv - f <Pd(V) dih(u) dvll 

= II f <plv)(dih(u + v) - dih(u)) dvll < e for u E K. 

As h = f on K, g satisfies the required condition. o 

2.5 Proposition. The subset of coo maps is dense in C(M, IR"). 

PROOF. Let (Xi' Ui), i = 1, ... , k be local charts with Xi(U;) = B(2) and 
M = U l-l where l-l = xil(B(l)). Take a partition of unity {<Pi: M --. IR} 
subordinate to the cover {l-l}. Letf E C(M, IRS) and e > O. By the previous 
lemma, given b > 0, there exists gi: IRm --. IRS of class Coo such that 
liP -lfllr < b on B(l), wherefi = f 0 xii. Taking b sufficiently small we 
have II<pJ - <Pigi 0 xillr < elk. Thus, g = L <Pigi 0 Xi is of class Coo and 
Ilf - gllr = IlL (<pJ - <Pilf 0 xi)llr < elk + ... + elk = e. 0 

Let us now consider a closed manifold N. By Whitney's Theorem, we may 
assume that N is a closed submanifold of IRs, for some s > O. As N is a closed 
subset of IRs, Cr(M, N) is closed in Cr(M, IRS). Therefore, C(M, N), with the 
topology induced from C(M, IRS), is a separable Baire space. 

Let N 1 C IRS!, N 2 C IRS2 be closed manifolds and f!): N 1 --. N 2 a c' map, 
r :::::; I :::::; 00. Define f!).: C(M, N 1) --. C(M, N 2) by f!).f = f!) 0 f. 

2.6 Proposition. The map f!). is continuous. 

PROOF. By Corollary 2 of Proposition 0.16 there exists a C' map, 
~: IRS! --. IRS2, such that ~ = f!) on N i. Let (Xi' U;), i = 1, ... ,k, be local 
charts in M as before. It is easy to see that, given e > 0, there exists b > 0 
such that, if Ilf 0 xi 1 - g 0 xi lllr < b on B(l), then II(~ 0 f - ~ 0 g) 0 

xi lllr < eon B(l). Therefore, if Ilf - gllr < b then we have 11f!) 0 f - f!) 0 gllr = 
II~ 0 f - ~ 0 gllr < e, which shows the continuity of f!).. 0 

Now let M and N be abstract manifolds with M compact. We can define 
a C topology on C(M, N). For this it is sufficient to embed N in a Euclidean 
space 1R2 (Theorem 0.17). The proposition above shows that this topology is 
independent of the embedding. 

2.7 Proposition. The subset of maps of class Coo is dense in C(M, N). 

PROOF. Suppose N c IRs. Let V c IRs be a tubular neighbourhood of Nand 
n: V --. N the associated projection. Let f E C(M, N); by Proposition 2.5 
we can approximatefby a Coo map g: M --. IRs. Thus, no g: M --. N is Coo 
and no g approximatesfbecause n. is continuous. 0 
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2.8 Proposition. The set Diff'(M) consisting of the C' diffeomorphisms of M 
is open in C'(M, M). 

PROOF. Letf E Diff'(M). We can suppose that M c: ~'. If p E M there exist, 
by the Inverse Function Theorem, neighbourhoods Yp of p in M and 't; 
of f in C'(M, M) such that, if g E 't; then g I Yp is a di~eomorphism. Let 
Vp1 , ••• , VpJ be a finite subcover of M and put "Y = nt= 1 't;,. If lJ is the 
Lebesgue number of this cover then d(p, q) < lJ and p #: q imply g(p) #: g(q) 
for every g E "Y. On the other hand, p = inf{d(f(p), f(q»; p, q EM and 
d(p, q) ~ lJ} is positive. By reducing "Y we can therefore suppose that if 
g E "Y then g is injective. Since g is a local diffeomorphism it is a diffeo
morphism. 0 

It follows from the previous proposition that Diff'(M) is a separable 
Baire space and that the subset of COO diffeomorphisms is dense in it. 

Finally let us consider the space X'(M) of C' vector fields on a compact 
manifold M. Supposing that M c: W we can easily see that X'(M) is a closed 
subspace of C'(M, ~'). Thus, r(M) is a separable Baire space. Let us show 
that every vector field X E X'(M) can be approximated by a COO vector field. 
In fact, X can be approximated by a COO map Y: M -+ TM. Let 1t: TM -+ M 
be the natural projection. As 1t. is continuous, 1t 0 Y is C' close to 1t 0 X = idM • 

By Proposition 2.8, qJ = 1t 0 Y is a diffeomorphism. Let Z = Y 0 qJ - 1 ; Z is a 
COO vector field since qJ is COO and 1t 0 Z = idM • Moreover Z approximates X. 
(See Exercise 15 at the end of the chapter.) 

§3 Transversality 

Let S c: N be a C' submanifold and let f: M -+ N be a Ck map where k, 
r ~ 1. We say thatfis transversal to S at a point p E M if either f(p) ¢ S or 
dfp(TMp) + TSf(p) = TNf(p); that is, if the image of TMp by dfp contains a 
subspace of TNf(p) that is complementary to TSf(p). We say thatfis trans
versal to S,f .:f. S, if it is transversal to S at each point p E M. Note that if the 
dimension of M is less than the codimension of S thenfis transversal to S if 
and only iff(M) n S = 0. 

An interesting special case happens whenf: M -+ N is a submersion; here 
fis transversal to every submanifold S c: N. We define transversality between 
two submanifolds S1> S2 c: N in the following way: S1 is transversal to S2 if 
the inclusion map i: S 1 -+ N is transversal to S 2 . 

We recall that every submanifold is locally the inverse image of a regular 
value. More precisely, if q ESc: Nft then there exist a neighbourhood Yq of q 
in N and a diffeomorphism qJ: Yq -+ ~. x ~ -. of class C' such that 
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Figure 16 

qJ(S n Vq) = IRs x {O}; thus, S n Vq = (1t2 0 qJ)-1(O) where 1t2: IRS x IRn- s -+ 

IRn- s is the natural projection. Now let f: M -+ N and let Up c M be a 
neighbourhood of p with feU p) c Vq where q = f(p). Consider the map 
1t2 0 qJ 0 fl Up as in Figure 16. 

The next proposition is immediate. 

3.1 Proposition. The map f: M -+ N is transversal to S at p E f- 1(S) if and 
only if 0 is a regular value of 1t2 0 qJ 0 flU p for some neighbourhood Up as 
~~ 0 

Corollary. Let f E Ck(M, Nn) and let SS be a C' submanifold of N with k, 
r :2:: 1. Iff is transversal to S then f - 1(S) is either empty or a Cl submanifold of 
codimension n - s, where I = minCk, r). 0 

3.2 Proposition. If M is compact and SeN is closed then those maps in 
Ck(M, N) that are transversal to S form an open subset. 

PROOF. Let f E Ck(M, N) be transversal to S. For each q E S we take a 
neighbourhood Vq and a diffeomorphism qJ q: Vq -+ IRS x IRn - s such that 
qJiS n Vq) = IRs x {O}. For each p E f-1(q) let us consider a neighbourhood 
Up such that feD p) c Vq and the derivative of Te 2 0 qJq 0 f is surjective at 
every point of Up. There exists a neighbourhood ~(f) c Ck(M, N) such 
that the same happens for 1t2 0 qJq 0 g on Up for every g E~. Let 
U PI' ••• , U Pm be a finite subcover of the compact set f - 1(S) and put U = 
U PI U ... U U Pm and "I/(f) = ~I n ... n ~m' It is clear that if g E "1/ then 
g is transversal to S at all points of U. As M - U is compact andf(M - U) n 
S = 0 we can reduce "1/ if necessary and obtain geM - U) n S = 0 for all 
g E "1/. Thus, every g E "1/ is transversal to S, which proves the proposition. 0 

We remark that, if SeN is not closed, the proposition remains true for 
closed subsets of S. That is, if S c S is closed in N, then the set of maps 
f: M -+ N that are transversal to S onf- 1(S) is open in Ck(M, N). 

Let A, M, N be manifolds and let F: A x M -+ N be a COO map. For 
A. E A we denote by F).: M -+ N the map defined by F ;.(p) = F(A., p). Let 
SeN be a Coo submanifold and let Ts c A be the set of points A. such that 
F). is transversal to S. 
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3.3 Proposition. If F: A x M -+ N is transversal to SeN then IS is residual 
in A. 

PROOF. Let 1t: A x M -+ A be the natural projection. Since F is transversal 
to S, S = F- l(S) is a submanifold of A x M and 1ts = 1t IS: S -+ A is a COO 
map. It is easy to see that F;. is transversal to S if and only if A. is a regular 
value of 1ts. The proposition now follows from Sard's Theorem. 0 

Corollary 1. Let f: M -+ IRn be of class coo and let S c IRn be a submanifold. 
The set of vectors v E IRn such thatf + v is transversal to S is residual. 

PROOF. The map F: IRn x M -+ IRn defined by F(v, p) = f(P) + v is a sub
mersion and, therefore, transversal to S. The corollary now follows immedi
ately from the proposition. 0 

Corollary 2. If M is a compact manifold then the set IS c Ck(M, IRn) of maps 
that are transversal to a closed submanifold S c IRn is open and dense. 

PROOF. The openness of Ts follows from Proposition 3.2 while the density 
comes from Corollary 1 and the density of Coo maps in Ck(M, W). 0 

We emphasize that the manifolds A, M and N in Proposition 3.3 are not 
necessarily compact. Note too that in Proposition 3.3 and Corollary 1 we 
require the maps and the submanifold S to be of class Coo. This is because we 
use Sard's Theorem in the proof. 

3.4 Theorem (Thom). Suppose that M is compact and that SeN is a closed 
submanifold. The set of maps f E Ck(M, N) that are transversal to S is open 
and dense. 

PROOF. As we have already shown the openness it remains to prove the 
density of maps transversal to S. Takef E Ck(M, N). We have to show that, 
for each p E M, there exist neighbourhoods Up of p in M and -t; of fin 
Ck(M, N) such that the set of 9 E -t; that are transversal to S on Up is open 
and dense in -t;. In fact, if U PI' ... , U Pm is a finite subcover of M and "f/(f) = 
-t;1 (') ... (') -t;m' then the set of 9 E "f/ that are transversal to S at every 
point of M is open and dense. In particular we can approximate fby a map 
transversal to S. Let us then construct these neighbourhoods Up and -t;. 
Let y: V -+ IRn be a local chart around f(p). We take a neighbourhood Up 
of p such that fCU p) c V and a neighbourhood -t; of f such that g(U p) c V 
for all 9 E -t;. The argument in the proof of Proposition 3.2 also shows that 
the set of those 9 E -t; that are transversal to S on Up is open. In proving 
density we can start from a Coo map 9 E -t; because Coo maps are dense in 
Ck(M, N). It is easy to see that, if v E IRn has small norm, there is gv E -t; near 
9 with yo gv = yo 9 + von Up and gv = 9 outside a neighbourhood of Up. 
By Corollary 1 of Proposition 3.3 there exists v E IRn of small norm with 
yo 9 + v transversal to y(S) c IRn. Thus gv is transversal to S on Up, which 
completes the proof. 0 
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Remark. In Theorem 3.4 we required S to be a COO submanifold. However, 
the result remains true for S of class C, r ;:?: 1. In fact it suffices, in the proof 
above, to take a C local chart y such that y(S) is a COO submanifold of IRn and 
then to approximate g by a map g that makes y 0 g of class Coo on Up. 

§4 Structural Stability 

The qualitative study of a differential equation consists of a geometric 
description of its orbit space. Thus it is natural to ask when do two orbit 
spaces have the same description, the same qualitative features; this means 
establishing an equivalence relation between differential equations. An 
equivalence relation that captures the geometric structure of the orbits is 
what we shall define below as topological equivalence. 

Let l:r(M) be the space of C vector fields on a compact manifold M with 
the C topology, r;:?: 1. Two vector fields X, Y E r(M) are topologically 
equivalent if there exists a homeomorphism h: M ~ M which takes orbits of 
X to orbits of Y preserving their orientation; this last condition means that 
if p E M and b > 0 there exists e > 0 such that, for 0 < t < b, hXt(p) = 
Y,.(h(P» for some 0 < t' < e. We say that h is a topological equivalence 
between X and Y. Here we have defined an equivalence relation on r(M). 
Another stronger relation is conjugacy of the flows of the vector fields. Two 
vector fields X and Yare conjugate if there exists a topological equivalence 
h that preserves the parameter t; that is, hXt(p) = Y,h(p) for all p E M and 
t E IR. 

The next proposition, whose proof is immediate, shows some of the 
qualitative features of the orbit space that must be the same for two equivalent 
vector fields. 

4.1 Proposition. Let h be a topological equivalence between X, Y E r(M). 
Then 

(a) p E M is a singularity of X if and only if h(p) is a singularity of Y, 
(b) the orbit ofpfor the vector field X, (l)x(p), is closed ifand only if(l)y(h(p» 

is closed, 
(c) the image of the OJ-limit set of(l)x(p) by h is the OJ-limit set of(l)y(h(p» and 

similarly for the !.X-limit set. 0 

Figure 17 
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Figure 18 

EXAMPLE 1. Let us consider the linear vector fields X and Y on ~2 defined by 
X(x, y) = (x, y) and Y(x, y) = (x + y, -x + y). The corresponding flows 
are Xt(x, y) = et(x, y) and Y,(x, y) = e(x cos t + Y sin t, -x sin t + Y cos t). 

We shall construct a homeomorphism h of ~2 conjugating X t and Y,. As 
o is the only singularity of X and Y we must have h(O) = O. It is easy to see 
that the unit circle Sl is transversal to X and Y. Moreover, all the trajectories 
of X and Y except 0 intersect Sl. We define h(p) = p for p E Sl.1f q E ~2 - {O} 
there exists a unique t E ~ such that Xt(q) = P E Sl. We put h(q) = Y-t(p) = 
Y-tXt(q). It is immediate that h is continuous and has continuous inverse 
on ~2 - {O}. The continuity of h and its inverse at 0 can be checked using 
the flows of X and Y. 

EXAMPLE 2. Let X and Y be linear vector fields on ~2 whose matrices with 
respect to the standard basis are 

X= ( 1 
-1 ~), 

These vector fields are not equivalent since all the orbits of Y are closed and 
this is not true for X. 

A vector field is structurally stable if the topological behaviour of its 
orbits does not change under small perturbations of the vector field. Formally 
we say that X E X'(M) is structurally stable if there exists a neighbourhood 
r of X in r(M) such that every Y E r is topologically equivalent to X. 

x 

Figure 19 
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Figure 20 

The zero vector field on any manifold is obviously unstable. On the other 
hand the linear field X(p) = P considered in Example 1 is structurally stable 
in the space of linear vector fields on ~2. In order to motivate the necessary 
conditions for structural stability that we shall introduce in later chapters 
we present next some examples of unstable vector fields. 

EXAMPLE 3. Let us consider a rational vector field on the torus T2, as in 
Example 2 of Section 1. This vector field is unstable in X'(T2). In fact all its 
orbits are closed, whereas it can be approximated by an irrational vector 
field, which does not possess closed orbits. Actually, on (compact) manifolds 
of dimension two every vector field with infinitely many closed orbits is 
unstable. This is because we can approximate it by a vector field with only a 
finite number of closed orbits, as we shall see in Chapter 4. 

EXAMPLE 4. Let n be a horizontal plane tangent to the torus T2 which is 
embedded in the usual way in ~3 so that n meets T2 in a "parallel" or 
horizontal circle as in Figure 20. Let!: T2 -+ ~ be the function which to each 
point of T2 associates its distance from n. We take X = grad f The parallel 
of T2 contained in n is composed entirely of singularities of X. Now let 
X' = grad!" where!, is distance from a plane n' obtained from n by a small 
rotation. As only four of the planes parallel to n' are tangent to T2 and each 
is only tangent at one point it follows that X' has only four singularities. 
Thus X is not equivalent to X' and so X is unstable. We shall show in Chapter 
2 that every vector field with infinitely many singularities is unstable, since 
it can be approximated by another with a finite number of singularities. 

f 

Figure 21 
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Figure 22 

EXAMPLE 5. We now describe a vector field on S2 which is unstable, even 
though it is topologically equivalent to the north pole-south pole vector field 
(Example 1 of Section 1), which is stable. Letf: IR ~ IR be a C<Xl map satisfying 
the following conditions: f(t) > 0 for t =F 0; f(t) = lit for t> 1; f(O) = 
dfldt(O) = ... = d'j'ldtr(o) = ... = O. Consider the vector field X on 1R2 
defined by X(r cos (J, r sin (J) = (rf(r) cos (J, rf(r) sin (J). The vector field X 
is radial and the origin is its only singularity, dX(O) = 0 and II X(p) II = 1 if 
Ilpll ~ 1. 

Let 1t: S2 - {PN} ~ 1R2 be the stereographic projection as shown in 
Figure 22. We define the vector field X on S2 by X(p) = d1t~;)X(1t(p)) if 
P =F PN and X(PN) = O. We see that X is a C<Xl vector field and has two 
singularities PN and Ps. Note that the identity map is a topological equiv
alence between X and the north pole-south pole vector field of Example 1, 
Section 1. Let us show that there exists a vector field C' close to X having a 
closed orbit. Let Y be the vector field on 1R2 defined by Y(r cos (J, r sin (J) = 
(rl(r) cos (J + rg(r) sin (J, - rg(r) cos (J + rl(r) sin (J), where I, g: IR ~ IR are 
C<Xl maps with graphs as in Figure 23. 

1(0) = I(a) = 0, 

I(t) = lit, if t ~ 1 

I(t) < 0, if 0 < t < a 

I(t) > 0, if t > a 

g(O) = g(t) = 0, ift ~ c 

g(t) > 0, 

g'(a) = 0, 

g(a) = b. 

if 0 < t < c 

o a c 

Figure 23 
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Figure 24 

The circle Sa with centre at the origin and radius a is a closed orbit of Y since 
Y is tangent to Sa at each of its points. Outside the disc of radius 1, Y = x. 
Thus Y defines a vector field Y on S2 which has the north and south poles as 
"attracting" singularities, and a "repelling" closed orbit y = n- 1(Sa). If we 
choose I to be C' close to f and g C close to the zero function then Y will be 
C' close to X. As X is not topologically equivalent to Y, X is not structurally 
stable in r(S2). 

We emphasize that, out of these examples, only the vector field of Example 
5 is equivalent to a stable vector field. The basic reason for the instability in 
this case is that the derivative of the vector field at the singularity Ps is 
degenerate. 

It is, in general, a delicate problem to prove the stability of a vector field. 
Many examples will be given in Chapter 4. We shall next analyse the stability 
of vector fields on S1. This is a very simple case but it offers an insight into 
the general aims of the Theory of Dynamical Systems. 

Let XO be one of the two unit vector fields on S1. Any X E r(S1) can be 
written in a unique way as X(p) = f(p)XO(p), p E S1, withf E C'(S1, IR). It 
is clear that X(p) = 0 if and only iff(p) = O. As we have already remarked, 
given any compact set K c S1 there existsf E C(S1, IR) withf- 1(0) = K. 
Thus K is the set of singularities of X = f Xo. As topological equivalence 
preserves singularities we have at least as many equivalence classes of vector 
fields as homeomorphism classes of compact subsets of S1. This shows that 
it is impossible to describe and classify the orbit structures of all the vector 
fields on S1. It is, therefore, natural to restrict ourselves to a residual subset 
of r(S1), or preferably to an open dense one. 

A singularity p of X E r(S1) is nondegenerate (or hyperbolic) if dX(p) =f. 0, 
that is df(p) =f. 0 where X = f Xo. If df(p) < 0 then p is a sink (or attracting 
Singularity) and if df(p) > 0 then p is a source (or repelling singularity). Let 
G c X'(S1) be the subset consisting of those vector fields whose singularities 
are all hyperbolic; as these singularities are isolated it follows that the number 
of them is finite (possibly zero !). We claim that G is open and dense. In fact, 
let X = f XO and let]: S1 --+ S1 X IR be defined by J(p) = (p, f(p». It is 
clear that X E G if and only if] is transversal to S1 x {O}. But the set of 
f E C'(Sl, IR) such that] is transversal to S1 x {O} is open. This set is also 
dense, since for any fthe set of v E IR such that] + vis transversal to S1 x {O} 
is residual and so we can choose v small with (f + v)XO E G. 
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If X E G and X = IXo we see from the graph of I: S1 -+ ~ that the sinks 
and sources of X must alternate round Sl. In particular, the number of 
singularities is even. From this it follows that if X, Y E G have the same 
number of singularities then X and Y are topologically conjugate. In fact, 
let a1' b1, a2, b2, ... , a., bs be the sinks and sources of X in order on S1. 
Siinilarly, let a'l' b~, az, bz, ... , a~, b~ be the sinks and sources of Y in order 
on Sl. Define h(ai) = ai and h(bi) = bi. Choose points Pi E(ai' bi), qi E 

(bi, ai+ 1) and pi E (ai, bi), qi E (bi, ai+ 1). Define h(Pi) = pi and h(qi) = qi. If 
P E (aj, bi) there exists a unique t E ~ such that X,(P) = Pi; define h(P) = 
L,(pi) = Y_,hX,(p) and proceed similarly for points of (bi> ai+ 1). It is now 
clear that h is a homeomorphism that conjugates the flows of X and Y. 

If X does not have singularities the only orbit of X is the whole of S1. If 
X = 1 XO then either 1 > 0 or 1 < 0 on Sl. If 1 > 0 the identity is a topo
logical equivalence between X and Xo. If 1 < 0 we take an orientation
reversing homeomorphism as our topological equivalence. Finally we claim 
that if X E ~r(S1) is stable then X E G. First we remark that the number of 
singularities of X is finite. This is because G is dense and so X must be 
equivalent to a vector field Y E G near X. We leave it to the reader to show 
that these singularities are hyperbolic; if not, we can perturb X in a way that 
increases the number of singularities contradicting the hypothesis that X is 
stable. Thus X E X'(S1) is stable if and only if X E G. Therefore, the struc
turally stable vector fields in X'(S1) form an open dense set and, as we have 
seen, it is possible to classify them. 

The development of the geometric theory of differential equations led 
naturally to a parallel study of diffeomorphisms. We next introduce some 
basic concepts in the study of the orbit structure of a diffeomorphism. 

Letl E Diffr(M). The orbit ofapoint p E Mis the set l!i(p) = {fn(p);n E Z}. 
When l!i(p) is finite we say that p is periodic and the least integer n > 0 such 
that f"(p) = p is called the period of p. If 1(P) = p we say thaI p is a fixed 
point. A point q belongs to the w-limit set of p, w(p), when there exists a 
sequence of integers ni -+ 00 such that f"i(p) -+ q. If x E l!i(p) then w(x) = 
w(p). Also w(p) is nonempty, closed and invariant. Invariant means that w(p) 
is a union of orbits off For p periodic w(p) = (!)(p); thus w(p) is not connected 
if the period of p is greater than one. Analogously we define the a.-limit set 
of p, a.(p), as the w-limit set of p fori - 1. The above properties of w(p) hold for 
a.(p) too. 

Equivalence of the orbit structures of two diffeomorphisms is expressed 
by conjugacy. A conjugacy between f, g E Diffr(M) is a homeomorphism 
h: M -+ M such that hoi = g 0 h. It follows that h 0 f" = gn 0 h for any 
integer n and so h(l!i Jp» = l!ig(q) if q = h(p). That is, h takes orbits of Ion to 
orbits of g and, in particular, it takes periodic points onto periodic points of 
the same period. Also h(wJ.p» = wg(q) and h(a.f(P» = a.,iq). 

EXAMPLE 6. Let us consider two linear contractions in ~,/(x) = tx and 
g(x) = !x. We shall show that/and g are conjugate. Take two points with 
coordinates a > 0, b < 0 and consider the intervals [f(a), a], [b,j(b)] and 
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[g(a), a], [b, g(b)]. Define a homeomorphism h: [f(a), a] u [b,f(b)] -. 
[g(a), a] u [b, g(b)] such that h(a) = a, h(b) = b, h(f(a» = g(a) and 
h(f(b» = g(b). For each x E ~, x of. 0, there exists an integer n such that 
f"(x) E [f(a), a] u [b,f(b)]. We put h(x) = g-nhf"(x) and h(O) = O. It is 
easy to see that h is well defined and is a conjugacy betweenJand g. On the 
other hand, the contractionsJ(x) = !x and g(x) = -!x are not conjugate. 

By this argument we can also see that two contractions of ~ are conjugate 
if and only if they both preserve or both reverse the orientation of ~. 

EXAMPLE 7. Thelineartransformationsof~2,J(x, y) = (h, 2y)andg(x, y) = 
(lx, 4y) are conjugate. We construct, as in Example 6, a conjugacy hI between 
J I ~ x {O} and g I ~ x {O} and a conjugacy h2 between J I {O} x ~ and 
gl {O} x ~. The conjugacybetweenJand g is given by h(x, y) = (hI (x), h2(y». 

EXAMPLE 8. The linear transformations X l' Yl induced at time 1 by the vector 
fields X, Y of Example 2 are not conjugate. It is sufficient to observe that Y1 

leaves invariant a family of concentric circles and X 1 does not. 

Conjugacy gives rise naturally to the concept of structural stability for 
diffeomorphisms. Thus J E Diff'(M) is structurally stable if there exists a 
neighbourhood "f/ ofJin Diffr(M) such that any g E "f/ is conjugate to f 

The identity map is obviously unstable. Also, the diffeomorphisms induced 
at time t = 1 by the vector fields X in Examples 3, 4 and 5 of this section are 
unstable. 

EXAMPLE 9. Let us take a vector field X E X'(SI) which is stable and has 
singularities. As we have already seen, X has an even number of singularities 
alternately sinks and sources aI' b 1, a2' b2, ... , as> bs • Choose points 
Pi E (ai' bi) and qi E (b;, ai+ 1)' Now consider the diffeomorphism J = XI 

Figure 25 
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Figure 26 

induced by X at time t = 1. We shall prove that / E Diff'(S1) is structurally 
stable. We know that/is a contraction on [qj-1, pJ with fixed point aj and/ 
is an expansion on [pj, qJ with fixed point bj' If g is C' close to/then g is a 
contraction in [qj-1, pJ with a single fixed point Qj close to aj. In addition, 
g is an expansion on [Pi> qJ with a single fixed point 6j near bj' We put 
h(aj) = Qi> h(bj) = 51> h(pj) = Pi> h(qj) = qi> h(f(pj» = g(Pi) and h(f(qi» = 
g(qJ We define h to be any homeomorphism from the interval [Pj,/(Pi)] to 
[pj, g(pj)] and from [qj.!(qj)] to [qj, g(qj)] and then we extend h to [aj, bJ 
and [b j - 1, aJ as in Example 6. We obtain a conjugacy between / and g, 
which shows that / is structurally stable. 

We emphasize that the stable diffeomorphisms in Diff'(S1) form an open 
dense subset. The proof of this result is much more elaborate and will be 
done in Section 4 of Chapter 4. We also remark that, in the example above, 
we started from a stable vector field in X'(S1) and showed that the diffeo
morphism it induced at time t = 1 was stable in Diff'(S1). The next example 
shows that this is not always the case. 

EXAMPLE 10. Consider the unit vector field XO on S1. Then S1 is a closed orbit 
of XO of period 2n. The diffeomorphism/ = XY induced at time t = 1 is an 
irrational rotation. The orbit (!) Jp) is dense for every point P E S1. To see 
that / is unstable we approximate / by g = X~ with t near one and t/2n 
rational. Every orbit (!)ip) is periodic and so/is not conjugate to g. 

We now show why we defined a conjugacy to be a homeomorphism rather 
than a diffeomorphism. Let us consider again the diffeomorphism / in 
Example 9. As we saw / is structurally stable: if g is C' close to / then there 
exists a homeomorphism h of S1 such that h 0/ = go h. To construct h we 
note first that, for each sink ai off, we have a sink a; of g close to ai' The same 
is true for the sources. We put h(aj) = a;. It is easy to see that we can choose 
g close to / such that a; = ai and g'(aj) ¥- f'(aJ Now suppose that h is, in 
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Figure 27 

fact, a diffeomorphism. Then we have h(ai) = ai and h'(ai)' !'(ai) = 
g'(ai)' h'(ai) which implies that !'(ai) = g'(aJ contrary to our hypothesis. 
Thus, if we required the conjugacy to be a diffeomorphism, f would not be 
stable in Diffr(Sl). Similarly we can show that no f E Diff'(M) that has a 
fixed or periodic point would be stable. This shows that we ought not to 
impose the condition of being differentiable on a conjugacy. The same idea 
applies to topological equivalence between vector fields. Although the proof 
is more complicated it is also true that no vector field with a singularity or a 
closed orbit would be stable if we required the equivalence to be differentiable. 
See Exercise 13 of Chapter 2 and also Exercise 5 of Chapter 3. 

EXERCISES 

1. Show that every c1 vector field on the sphere S2 has at least one singularity. 

2. Two vector fields X, Y E reM) commute if X'(Y,(p)) = Y,(X.(p)) for all p E M 
and s, t E IR. Show that if X, Y E Xl(S2) commute then X and Y have a singularity 
in common (E. Lima). 

3. Let X = (P, Q) be a vector field on 1R2 where P and Q are polynomials of degree 
two. Let y be a closed orbit of X and D c 1R2 the disc bounded by y. Show that X 
has a unique singularity in D. 

4. Let X E Xl(M2) and let Fe M2 be a region homeomorphic to the cylinder such 
that X,(F) c F for all t ;::: O. Suppose that X has a finite number of singularities in 
F. Show that the w-limit of the orbit of a point p E F either is a closed orbit or 
consists of singularities and regular orbits whose w- and IX-limits are singularities. 

5. Let F c M2 be a region homeomorphic to a Mobius band and let X E Xl(M2) be 
a vector field such that X,(F)C F for all t ;::: O. If X has a finite number of 
singularities in F then the w-limit of the orbit of a point p E F either is a closed 
orbit or consists of singularities and regular orbits whose w- and IX-limits are 
singularities. 
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6. Let I' be an isolated closed orbit of a vector field X E l'(M2). Show that there 
exists a neighbourhood V of I' such that, for P E V, either ex(p) = I' or w(p) = y. 

7. A closed orbit I' of X E 1'(M2) is an attractor if there exists a neighbourhood Vof 
I' such that X,(p) E V for all t ~ 0 and w(p) = I' for all P E V. Show that, if X has a 
closed orbit that is an attractor, then every vector field Y sufficiently near X also 
has a closed orbit. 

8. Let X be a C1 vector field on the projective plane. Show that, if X has a finite 
number of singularities, then the w-limit of an orbit either is a closed orbit or 
consists of singularities and regular orbits whose w- and ex-limits are singularities. 

9. Let X be a vector field on the torus T2 which generates an irrational flow X,. 
Show that, given n E N and e > 0, there exists a vector field Y with exactly n 
closed orbits such that II Y - XII, < e. 

10. A cycle of a vector field X E l'(M) is a sequence of singularities Pi>"" Pi' 
Pj+ 1 = P1 and regular orbits 1'1, ... , y} such that ex(Yi) = Pi and w(Yi) = PH l' Let 
X E 1'(82), r ~ 1, satisfy the following properties: 
(1) X has a finite number of singularities; 
(2) if P E 82 is a singularity of X then either P is a repelling singularity or the set 

of orbits I' with ex(y) = P is finite. 
Show that, for any orbit 1', 
(a) if w(y) contains more than one singularity then w(y) contains a cycle; 
(b) if P1 and P2 are singularities contained in w(y) then there exists a cycle which 

contains P1 and P2' 

I1.A. Let G c: IR" be an additive subgroup. Show that, if G is closed, then it is isomorphic 
to IRk X 71.' for some k and I with k + I ~ n. 

Hint. (a) Show that, if G is discrete, then it is isomorphic to 71.' ; that is, there exist 
vectors V1, ... , V, E IRn such that G = {Il= 1nivi; n/ E 71.}. 

(b) Show that, if G is not discrete, then it contains a line through the origin. 
(c) Let E c: IR" be the subspace of largest dimension contained in G. Let 

E1. be the orthogonal complement of E. Show that G = E ED (E1. n G) 
and that E1. n G is a discrete subgroup of E1.. 

I1.B. Let ex = (ex1' ... , ex") E IR". Let G = {lex + m; IE 71. and mE 71.n}. Suppose that the 
coordinates of ex are independent over the integers; that is, if (m, ex) = 

I7=lm/exi = 0 with m E 71." then m = O. Show that G is dense in IR". 

Hint. (a) n: IR" -+ 1R"-1 be the projection n(xi>'''' xn) = (Xl' ••• , Xn-1)' Let 
G be the closure of G. Suppose, by induction, that n(G) = 1R"-1. 

(b) Let E c: IR" be the subspace oflargest dimension contained in G. Then 
either the dimension of E is n - 1 or it is n and E contains the vector ex. 

(c) Let EI} = {x; Xk = 0 if k -# i,j}. Show that Eij n E is a straight line in 
Eij with rational slope. Deduce that E contains n - 1 linearly indepen
dent vectors with integer coordinates. The vector product of these 
vectors is a vector with integer coordinates that is perpendicular to E. 

H.C. Find an example of a vector field of class Coo on the torus T" = 81 X ••• X 81 

such that all its orbits are dense in T". 
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Figure 28 

12. Let Xi be a Coo vector field defined on a neighbourhood of a disc Di C 1R2 for 
i = 1,2. Suppose that Xi is transversal to the boundary Ci of Di and that Xl 
points out of DI while X 2 points into D2 • Show that there exists a Coo vector field 
X on S2 and embeddings hi: Di -+ S2 such that: 
(1) hl(DI ) n h2(D 2) = 0; 
(2) dh;(p)· Xi(p) = X(h;(p» for all p E Di ; 
(3) if p E hl(CI ) then the co-limit of p is contained in h2(D 2). 

13. Let XI, X 2 be Coo vector fields on manifolds M I, M 2 of the same dimension. Let 
Di c Mi be discs such that Xi is transversal to the boundary Ciof Di , i = 1,2, with 
Xl pointing out of DI and X 2 pointing into D2 • Show that there exist a Coo vector 
field X on a manifold M and embeddings hi: Mi - Di -+ M such that: 
(1) hl(MI - DI ) n h2(M 2 - D2 ) = 0; 
(2) dhi(p)· Xi(p) = X(h;(p»; 
(3) if p E hi (C I) then the ex-limit of p is contained in h2(M 2 - D2). 

14. Let X be the parallel field a/at on the cylinder Sl x [0, 1]. Let M be the quotient 
space of SI x [0, 1] by the equivalence relation that identifies SI x {O} with 
Sl x {I} by an irrational rotation R: SI x {O} -+ SI x {I}. Let n: SI x [0, 1] -+ M 
be the quotient map. Show that 
(a) there exists a manifold structure on M such that n is a local diffeomorphism 

and n.X is a Coo vector field on M; 
(b) there exists a diffeomorphism h: M -+ T2 such that if Y = h.X then Yr is an 

irrational flow. 

15. Let M, Nand P be manifolds with M and N compact. Show that 
(a) the map comp: C(M, N) x C(N, P) -+ C(M, P), comp(f, g) = go f, is 

continuous; 
(b) the map i: Diffr(M) -+ Diff'(M), i(f) = r I is continuous. 

16. Let M and N be manifolds, with M compact, and let ScM x N be a submanifold. 
Consider the set Ts = {f E C(M, N); graph(f) is transversal to S}, where 
graph(f) = {(p,j(p»; p EM}. Show that Ts is residual in C(M, N). 

17. For eachf E Cr(IR", IRm) consider the map 

If: IR" -+ IR" x IRm x L( IR", IRm) x ... x L:( IR"; IRm) 

X f-+ (x,f(x), df(x), ... , dl(x». 
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Let E be the Euclidean space IRn x IRm x L(lRn, IRm) x '" x L~(lRn; IRm). For 
each open set U c: E define the subset 

./t(U) = {f E C(lRn, IRm);j'j(lRn) c: U}. 

(a) Show that the sets ./t(U) form a base for a topology on C(lRn, IRm) (the 
Whitney topology). 

(b) Show that C(lRn, IRm) with the Whitney topology is a Baire space. 
(c) Show that the Coo maps form a dense subset in C(lRn, IRm). 
(d) Show that, if k S r, the map 

C(lRn, IRm) -+ C-k(lRn, IRn x IRm x L(lRn, IRm)x ... x L~(lRn; IRm» 

fr--.lf 

is continuous. 
(e) Let S c: IRn x IRm x L(lRn, IRm) be a submanifold. Consider the set IS = 

{f E C(lRn, IRm);/f T S}, where r ;::: 2. Show that IS is residual. 

18. Let XO E l'(SI) be a vector field without singularities. Let :EI be the set of vector 
fields X = f XO E l'(SI) such that the singularities of X are all nondegenerate 
except one at which the second derivative off is nonzero. Let :E I. I be the set of 
vector fields X = f XO such that the singularities are all nondegenerate except 
two at which the second derivative off is nonzero. Let :El, 2 be the set of vector 
fields X = f XO such that the singularities of X are nondegenerate except one at 
which the second derivative of f is zero but the third derivative is nonzero. 
(a) Show that:E I is a codimension 1 submanifold of the Banach space l'(SI) and 

that :EI is open and dense in l'(SI) - G, where G consists of the structurally 
stable vector fields as in Section 4. 

(b) Show that :E2 = :E I.I U :El, 2 is a codimension 2 submanifold of l'(SI) and 
that :E2 is open and dense in l'(SI) - (G u :E I). 

(c) Describe all the equivalence classes in a neighbourhood of a vector field in 
:E I and of one in :E2. 

Remark. Sotomayor [114] considered conditions like these in the context of 
Bifurcation Theory. 

19. (a) Show that, if g: IR -+ IR is a CI diffeomorphism that commutes withf: IR -+ IR 
given by f(x) = Ax where 0 < A. < 1, then g is linear. 

(b) Show that, if g: 1R2 -+ 1R2 is a CI diffeomorphism that commutes with a linear 
contraction whose eigenvalues are complex, then g is linear. 

(c) Show, however, that there does exist a nonlinear C l diffeomorphism that 
commutes with a linear contraction. 

20. Poincare Compact!fication. Consider the sphere S2 = {y E 1R3; Ir= I Y; = I} and 
the plane P = {y E 1R3; Y3 = I} tangent to the sphere at the north pole. Let 
Ui = {y E S2; Yi > O} and V; = {y E S2; Yi < O}. Let n3: P -+ U3, it3: P -+ V3 be 
the central projections, that is, n3(x) and it3(x) are the intersections of the line 
joining x to the origin with U 3 and V3 • Let L be a linear vector field on 1R2. Con
sider the fields Xl = (n3).L on U 3 and X 2 = (it3).L on V3. 
(a) Show that Xl and X 2 extend to a Coo vector field X, which we call n(L), on 

S2 and that the equator is invariant for X. 
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(b) Describe the orbits ofthe fields n(Li), i = 1,2,3,4, where the Li are represented, 
with respect to the standard basis, by the matrices 

( A. 0) 
o A.' e ~), 

(c) Show that, if L 1 and L 2 = AL 1 A - 1 are linear vector fields and A is a linear 
isomorphism, then n(Ll) and n(L2) are topologically equivalent. 

(d) Show that, if L is a linear vector field which has two equal eigenvalues or an 
eigenvalue with real part zero, then n(L) is not structurally stable in );OO(S2). 

Hint. Use the local charts ({Ji: Ui -+ 1R2, ({Ji: V; -+ 1R2 defined by ({J,{Y) = (YiYi' 
yJYi), tfJi(Y) = (Y/Yi' yJYi) withj < k. 

Remark. The vector fields that are structurally stable among those induced on 
the sphere S" by linear vector fields were characterized by G. Palis in [73]. 

21. An orbit y of X E r(M"), r ;;:: 1, is said to be w-recurrent if y c w(y). Let M be a 
compact manifold and y an w-recurrent orbit for X E );r(M). If/ = X t = 1 and 
x E y show that x is w-recurrent, that is x E wAx). 

Remark. The Birkhoff centre C(X) of X E );l(M) is defined as the closure of the 
set of those orbits that are both w- and IX-recurrent. The same definition works for 
/ E Diffr(M). This exercise shows that C(X) = C(f) when/is the time 1 diffeo
morphism of X. 



Chapter 2 

Local Stability 

In this chapter we shall analyse the local topological behaviour of the orbits 
of vector fields. We shall show that, for vector fields belonging to an open 
dense subset of the space r(M), we can describe the behaviour of the tra
jectories in a neighbourhood of each point of the manifold. Moreover, the 
local structure of the orbits does not change for small perturbations of the 
field. A complete classification via topological conjugacy is then provided. 

Such a local question is considered in two parts: near a regular point and 
near a singularity. The first part, much simpler, is dealt with in Section 1. The 
second part is developed in Sections 2 through 5. Section 2 is devoted to 
linear vector fields and isomorphisms for which the notion of hyperbolicity 
is introduced. In Section 3 this notion is extended to singularities of nonlinear 
vector fields and fixed points of diffeomorphisms. Local stability for a hyper
bolic singularity or a hyperbolic fixed point is proved in Section 4. Finally, 
in Section 5 we present the local topological classification. Section 6 is 
dedicated to another important result, the Stable Manifold Theorem. Much 
related to it is the A-lemma (Inclination Lemma) that is considered in Section 
7, from which we obtain several relevant applications and a new proof of the 
local stability. 

§ 1 The Tubular Flow Theorem 

Definition. Let X, Y E r(M) and p, q E M. We say that X and Yare topo
logically equivalent at p and q respectively if there exist neighbourhoods Vp 
and Wq and a homeomorphism h: v" --+ Wq, with h(p) = q, which takes orbits 
of X to orbits of Y preserving their orientation. 

39 
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Figure 1 

EXAMPLE. Consider the vector fields X and Y on S2 given in Figure 1. X and 
Yare not equivalent at PN, P'rv since each neighbourhood of P'rv contains 
closed orbits of Y but there are no closed orbits of X near P N. 

DefinitiOD. Let X E xr(M) and p E M. We say that X is locally stable at p if 
for any given neighbourhood U(P) c: M there exists a neighbourhood .AX 
of X in xr(M) such that, for each Y e.AX, X at p is topologically equivalent 
to Y at q for some q E U. 

The next theorem describes the local behaviour of the orbits in a neigh
bourhood of a regular point. 

1.1 Theorem (Tubular Flow). Let X E xr(M) and let p E M be a regular point 
of X. Let C = {(Xl, ... , Xm) E IRm; Ixil < I} and let Xc be the vector field on 
C defined by Xc(x) = (1,0, ... ,0). Then there exists a cr diffeomorphism 
h: v" -+ C,for some neighbourhood Vp of p in M, taking trajectories of X to 
trajectories of Xc· 

PROOF. Let x: U -+ U 0 c: IRm be a local chart around p with x(p) = O. Let 
x.X be the cr vector field induced by X on Uo• As X(p) =F 0 we have 
x.X(O) =F O. Let cp: [-T, T] X Vo -+ Uo be the local flow of x.X and put 
H = {co E IRm; (co, x.X(O» = O}, which is a subspace isomorphic to IRm-l. 
Let 1/1: [ - T, T] X S -+ U 0 be the restriction of cp to [-T, T] X S where 
S = H n Vo. Take a basis {eh e2' ... ' em} of IR x H ~ IRm where el = 
(1, 0, ... , 0) and e2' ... , em c: {O} x H. It follows that 

DI/I(0,0)e1 = x.X(O) 

DI/I(O,O)ej = ej' 

since 1/1(0, y) = y for all YES. 

(by the definition oflocal flow) 

j = 2, ... ,m, 

Thus, DI/I(O, 0): IR x H -+ IRm is an isomorphism. By the Inverse Function 
Theorem, 1/1 is a diffeomorphism of a neighbourhood of (0, 0) in [ - T, T] X S 
onto a neighbourhood of 0 in IRm. Therefore, if e > 0 is small enough, C. = 
{(t, x) E IR x H; It I < e} and IIxll < e and I{J: C. -+ Uo is the restriction of 



§2 Linear Vector Fields 41 

H x {- r} Hx {O} HX{T} 

Vo x {-T} 

Figure 2 

'" to C., then IP is a C' diffeomorphism onto its image which is open in U o. 
Moreover, IP takes orbits of the parallel field Xc, in C. to orbits of x. X. Let 
us consider the Coo diffeomorphismf: C -+ C.,f(y) = ey and define h- l = 
x-lIPf: C -+ M. Then h: X-lIP(C.) -+ C is a C' diffeomorphism which satisfies 
the conditions in the theorem. 0 

Remark. The diffeomorphism ii- l : C. -+ M defined by ii-l = X-lIP takes 
orbits of the unit parallel field X Cc to orbits of the field X preserving the 
parameter t. 

Corollary 1. If X, Y E r(M) and p, q E M are regular points of X and y, 
respectively, then X is equivalent to Y at p and q. 0 

Corollary 2. If X E r(M) and p E M is a regular point of X then X is locally 
stable at p. 0 

§2 Linear Vector Fields 

Let 2(\Rn) be the vector space of linear maps from \Rn to \Rn with the usual 
norm: 

IILII = sup{IILvll; Ilvll = I}. 

First we recall some basic results from linear algebra. If L E 2(\Rn) and k 
is a positive integer we write Lk for the linear map L 0 ••• 0 L. It is easy to 
show, by induction, that IILkl1 :s; IILllk. Let us consider the sequence oflinear 
maps Em = Lk=O 11k! Lk where LO means the identity map. 

2.1 Lemma. The sequence Em converges. 

PROOF. The sequence of real numbers Sm = Lk=o 11k! IILllk is a Cauchy 
sequence that converges to eiILII. On the other hand, 
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This shows that {Em} is a Cauchy sequence. As 9"(~II) is a complete metric 
space it follows that the sequence {Em} converges. 0 

Definition. The map Exp: 9"(~II) -+ 9"(~II) defined by Exp(L) = eL = 

b"'=o 1/k! Lk is called the exponential map. 

2.2 Lemma. Let (X: ~ -+ 9"(~II) be defined by (X(t) = elL. Then (X is differ
entiable and (X'(t) = L elL. 

PROOF. Let (Xm(t) = I + tL + (t2/2!)L2 + ... + (tm/m!)Lm. It is clear that (Xm 
is differentiable and 

m-l 
(X~(t) = L + tL2 + ... + (: _ 1)! L m = L(Xm-l(t). 

As (Xm-l (t) converges uniformly to elL on each bounded subset of~, it follows 
that (X~(t) -+ Le'L uniformly. Thus, (X is differentiable and (X'(t) = LeIL. 0 

2.3 Proposition. Let L be a linear vector field on ~". Then the map 
cp: ~ x ~" -+ ~" defined by cp(t, x) = elLx is the flow of the field L. 

PROOF. As the map 9"(~II) x ~" -+ ~II, (L, x) -+ Lx is bilinear and the map 
t 1-+ elL is differentiable it follows by the chain rule that cp is differentiable. 
Moreover, Not cp(t, x) = Lcp(t, x) by Lemma 2.2. As cp(O, x) = x for all 
x E ~" the proposition is proved. 0 

Let C" be the set of n-tuples of complex numbers with the usual vector 
space structure. An element of C" can be written in the form u + iv with 
u, v E ~". If a + ib E C then (a + ib)(u + iv) = (au - bv) + i(av + bu). Let 
9"(C") denote the complex vector space of linear maps from C" to C" with 
the usual norm; IILII = sup{IILvll; v E C" and Ilvll = 1}. If L E 9"(~II) we can 
define a map L: C" -+ C" by L(u + iv) = L(u) + iL(v). It is easy to see that 
i; is C-linear; that is, L E 9"(C"). Let Exp: 9"(C") -+ 9"(C") be the exponential 
map, which is defined in the same way as in the real case. Let ~: 9"(~II) -+ 

9"(C") be the map which associates to each operator L its complexification 
L defined above. The proposition below follows directly from the definitions. 

2.4 Proposition. The map~: 9"(~II) -+ 9"(C") satisfies thefollowing properties: 

(1) ~(L + T) = ~(L) + ~(T), ~«(XL) = (X~(L); 
(2) ~(LT) = ~(L)~(T); 
(3) ~(Exp L) = Exp ~(L); 
(4) II~(L)II = liLli, 

for any L, T E 9"(~II) and (X E ~. o 
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EXAMPLE. Let L E .p(1R2) and let {e l , e2} be a basis for 1R2 with respect to 

which the matrix of L has the form ( IX 13). The matrix of L = rt'(L) in 
-13 IX 

the basis {e l + ie2 , el - ie2} for 1[2 is (~ ~) where A = IX + if3 and 

and X = IX - if3. Thus, the matrix of i .. in this basis is (e
A ~). On the other \0 eA 

hand, rt'(eL)(e l + ie2) = eLel + ieLe2 = i'(el + ie2) = eA(el + ie2). As eA = 
e"(cos 13 + i sin 13) it follows that eLel = e"(cos 13 el - sin 13 e2) and eLe2 = 
e"(sin 13 el + cos 13 e2)' Therefore, the matrix of eL in the basis {e l , ez} is 

e"(_:~~: :~) 
2.5 Theorem (Real Canonical Form).]f L E .p(lRn) there exists a basis for IRn 
with respect to which the matrix of L has the form 

Al 
o 

o 

where 

Ai 
0 

1 Ai 
Ai= 

1 Ai 
i = 1, ... , r, Ai E IR 

0 
1 )'i 

and 

c.= J J (
IX, 13') 

J -f3j IXj' 

The submatrices AI" .. , Ar, Bl, ... , Bs are determined uniquely except for 
their order. 0 
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Corollary. Let L E .!l'(~II). Given 8 > 0 there exists a basis for ~" with respect 
to which the matrix of L has the form 

Al 

0 

with 

A,= 0; C 0) A· 

... ~. 'Ai 

Bi = 

0 
A, 

BI 

lXi Pi 

-Pj lXi 

8 0 

0 8 

0 

B. 

o 

8 0 lXi Pi 

o 8 -Pi IXj 

2.6 Lemma. If A, B E .!l'(~II) satisfy AB = BA then eA + B = eAeB. 

o 

PROOF. Let Sm(t) = I + tA + ... + (tm/m!)Am. As AB = BA we have 
AkB = BAk and so Sm(t)B = BSm(t). Since Sm(t) _ etA we have etAB = BetA. 
Let x E ~" and consider the curves IX, p: ~ _ ~II, lX(t) = et(A+B)x, P(t) = 
etAetBx. By Lemma 2.2 we have 1X'(t) = (A + B)et(A+B)x = (A + B)IX(t) and 
P'(t) = AetAetBx + etABetBx = AetAetBx + BetAeBx = (A + B)P(t) using 
etAB = BetA. Therefore IX and P are integral curves of the linear vector field 
A + B and satisfy the same initial condition IX(O) = P(O) = x. By the unique
ness theorem we have lX(t) = P(t) for all t. In particular, eA+Bx = ~eBx. As 
this holds for all x E ~" it follows that eA + B = eAeB. 0 

If L E .!l'(~II) then the spectrum of L, that is, the set of eigenvalues of L, is 
called the complex spectrum of L and coincides with the set of roots of the 
characteristic polynomial of L. The Jordan canonical form of the complexified 
operator L is represented by 

and the Ai are the eigenvalues of L. 
We remark that a triangular complex matrix has its diagonal entries as 

eigenvalues with multiplicity equal to the number of times they appear. 
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2.7 Proposidon. If L E 2'(~n) and A is an eigenvalue of t then eA is an eigen
value of eL with the same multiplicity. 

PROOF. Consider an m x m matrix 

where A E C. We have A = D + N where 

It is easy to see that Nm = 0 and that ND = DN. By Lemma 2.6 we have 
eA = eDe". But eN = 1+ N + N 2/2! + ... + Nm-l/(m - 1)! since N" = 0 
for k ~ m. Thus 

1 

1. 1 
eN = 

t 
o 

l/(m - 1)! ." .... t· 1 ·1 

Now 

Therefore eA is a triangular matrix with all its diagonal elements equal to eA 

and so eA is an eigenvalue of eA with multiplicity m. 
Now let L E 2'(~n). By the Real Canonical Form Theorem the matrix of 

t, with respect to a certain basis of {3 of en, has the form 

with Ai = (
Ai 0) 1 .. 

0·· ·1·· Ai 

It is easy to see that 
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for all kEN and, therefore, 

(
eA.!. 0) 

eA. = '. . 
o eA.r 

This shows that the eigenvalue~ of e~ are exactly eA!, ... , eAr where A.i, ... , A., 
are the eigenvalues of A. But eL = eL is represented with respect to the basis 
p of en by the matrix eA. which shows that eAt, ... , eAr are the eigenvalues of 
the complexification of eL • 0 

Definition. A linear vector field L E 'p(~n) is hyperbolic if the spectrum of L 
is disjoint from the imaginary axis. The number of eigenvalues of L with 
negative real part is called the index of L. 

Note that a hyperbolic linear vector field has only one singularity which is 
the origin. 

2.8 Proposition. If L E 'p(~n) is a hyperbolic vector field then there exists a 
unique decomposition (called a" splitting") of~n as a direct sum ~n = ES EB E", 
where ES and E" are invariant subspacesfor Landfor the flow defined by L such 
that the eigenvalues of LS = LIES have negative real part and the eigenvalues 
of L" = LIE" have positive real part. 

PROOF. Let ei' ... , en be a basis for ~n for which the matrix of L is in the real 
canonical form. For an appropriate order of the elements of this basis the 
matrix of L has the form 

Ai 

o 

o 

where 

(
A.. 0) 

A, ~ ~""~""";.,' with ;., < 0, 
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(
M. 0) 

B. = / M j • 
J •• 

o I M j 

and 

(
MI 0) 

D = I MI 
I .. • 

o I MI 

( 
ril PI) with MI = and ril > O. 

-PI ril 

Let ES be the subspace generated by e1 • ...• es where el • ...• es correspond 
to the invariant subspaces associated to A lo •••• As" B1, ••• , Bs'" Let EU be 
the subspace generated by es + l' ... , en' It is clear that ES and EU are invariant 
for L and that the matrix of £S, for the basis {e1, ••• , es}, is 

A1 
o 

As' 

o 
Bs" 

while the matrix of P, for the basis {es+ 1, ... , en}, is 

o 

o 

which shows the existence of the required decomposition. Uniqueness is 
immediate. 0 

Let L E .!l'(~n) be a hyperbolic vector field. If L t denotes the flow of L 
then L1 = eL and, as L does not have an eigenvalue on the imaginary axis, it 
follows from Proposition 2.7 that L1 does not have an eigenvalue on the unit 
circle Sl. This suggests the following definition. 



48 2 Local Stability 

Definition. A linear isomorphism A E GL(II,n is hyperbolic if the spectrum 
of A is disjoint from the unit circle Sl c C. In particular, the diffeomorphism 
induced at time 1 by the flow of a hyperbolic linear vector field is a hyperbolic 
isomorphism. 

2.9 Proposition. If A E GL([R") is a hyperbolic isomorphism then there exists 
a unique decomposition [R" = ES EB EU such that ES and EU are invariant for A 
and the eigenvalues of AS = A I ES and AU = A I EU are the eigenvalues of A of 
modulus less than 1 and greater than 1 respectively. 

PROOF. Similar to the proof of Proposition 2.8. o 

2.10 Proposition. If A E GL([Rn) is a hyperbolic isomorphism then there exists 
a norm 11·111 on [R" such that IIAslll < 1 and II(AU)-lll < 1, that is AS is a 
contraction and AU is an expansion. 

PROOF. Consider the canonical form for AS = AlEs, 

o 

M= 
As' 

o Bs" 

where 

A.=(:i ..... ~ ) 
I •• , 

o 1 Ai 

lAd < 1 

and 

(Xj P j 0 

-Pj (Xj 

1 0 

Bj = 0 1 (X} + P} < 1. 

1 0 (Xj P j 

0 0 1 -Pj (Xj 
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For each t E ~ consider the matrices 

(Ai 0) 
Ai(t) = t .. :-- .. 

o t Ai 
a.i PJ o 

-Pi a.i 
t 0 

BJ{t) = 0 t 

and 

o 

M(t) = 
. A.,(t) 

o B.,,(t) 

We claim that there exists {) > 0 with the following property: if e < {) and 
e lt ..• , e. is an orthonormal basis of E' and A is a linear transformation of ES 

whose matrix in this basis is M(e) then IIAII < 1. In fact, let A(t) be the linear 
transformation of ES whose matrix in the basis el' ... , es is M(t).1t is easy to 
see that IIA(O)II = max{IA;i, J(a.1 + pJ)}. Thus IIA(O)II < 1. As the com
position t 1-+ A(t) 1-+ IIA(t)1I is continuous there exists {) > 0 such that 
IIA(t)1I < 1 for 0 < t < {), which proves the claim. 

Now let {) > 0 be as above. By the Corollary to Theorem 2.5 there exists 
a basis e1, ••• , esof ES in which the matrix of AS isM(e). We define a new inner 
product on E' by (e;, ej)l = {)ij where {)ij = 1 if i = j and 0 if i #: j. Let 
11·111 be the norm associated to (, ) l' As the basis is orthonormal in the 
new metric the claim implies IIAs II1 < 1. Similarly we change the norm on 
E" so that II(A")-1111 < 1. We define a norm 11·111 on ~" by IIvll1 = 
max{IIv'1I1' IIv"lId, where v' and v" are the components of v in ES and E", 
respectively. It is clear that this norm satisfies the conditions in the 
proposition. 0 

Corollary. If L is a hyperbolic linear vector field with flow L, and ~" = ES EB E" 
is the splitting of Proposition 2.8 then L,(x) converges to the origin if x E ES 

and t --+ + 00 or ifx E Eli and t --+ - 00. 
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PRooF~ Let x E E'. It is sufficient to show that Ln(x) -+ 0 where n E '" and 
n -+ 00. In fact, if t E [0, 1] we have, by the continuity of Lt , that, given B > 0, 
there exists bt > 0 such that II Lt(y) II < B for Ilyll < bt. As [0, 1] is compact 
there exists b > 0 such that II Lt(y) II < B for Ilyll < b and all t E [0, 1]. If 
Ln(x) -+ 0 as n -+ 00 there exists no E '" such that II Ln(x) II < b if n ~ no. If 
t > no then t = n + s for some n ~ no and s E [0, 1]. Thus II Lt(x) II = 
II L. Ln(x) II < e. So it is sufficient to show that Ln(x) = Li(x) tends to O. By 
the proposition above there exists a metric on E' in which L1 is a contraction, 
that is IIL111 < 1. Then IIL~xll ~ IIL~llllxll ~ IIL111"llxll. As IIL111 n -+0 we 
have IILixl1 -+ 0 as required. The second part of the corollary is proved 
similarly. 0 

1.11 Proposition. The set H(I~") of hyperbolic isomorphisms of ~n is open and 
dense in GL(~n). 

PROOF. (a) Openness. Let A E H(~"). Let us show that there exists b > 0 such 
that, if IIA - BII < b, then B E H(~"). Let A E S1. As A is not an eigenvalue 
of A, det(A - A.J) :1= 0 where I is the identity of C". Now, det: !l'(Cn) -+ C is 
a continuous map so there exist bol > 0 and a neighbourhood Vol of A in C 
such that, if liB - A II < bol and J.l E Vol. then det(B - J.lI) :1= O. Let Vol" ... , Volm 
be a finite subcover ofthe cover {Vol; A E S1} of S1. Put b = min{bol" ... , bolm }. 

If liB - All < band J.l E S1 then J.l E VolJ for some j, and, therefore, 
det(n - J.lI) :1= O. Thus, B E H(~n) as required. 

(b) Density. Let A E GL(~n) and let A1' ... , An be its eigenvalues. It is easy 
to see that, if J.l E ~, the eigenvalues of A + J.lI are A1 + J.l, ... , An + J.l. Let 
Ai" ..• , Ai. be the eigenvalues of A which do not belong to S1. Consider the 
following numbers: 

b1 = min{I A11,···,IAni} 

b2 = min{11 - IAi,II, ... , 11 - lAd}, 

b3 = min { I (XI; (X + iP is an eigenvalue of A with (X2 + p2 = 1 and (X :1= O}. 

It is clear that b1 > 0, b2 > 0 and b3 > o. If 0 < J.l < min{blo b2 , b3 } and A 
is an eigenvalue of A then A + J.l ¢ S1 and so B = A + J.tl is hyperbolic. 
Givene > OwetakeJ.l < eandJ.l < min{b1,b2,b3} and thenBis hyperbolic and 
liB - All = 11J.tl11 < e. This shows that H(~") is dense in GL(~"). 0 

1.11 Proposition. The set Jf'(~") of hyperbolic linear vector fields on ~" is 
open and dense in !l'(~n). 

PROOF. (a) Openness. The map Exp: !l'(~") -+ GL(~n) is continuous. By 
Proposition 2.7 we have Jf'(~n) = Exp - 1(H(~n)). As H(~n) is open it follows 
that Jf'(~") is open too. 

(b) Density. Let L E !l'(~n). Let b 1 = min { I (X I ; (X + iP is an eigenvalue of 
L and (X :1= O}. Given B > 0 we take b < min{B, bd.1t is easy to see that the 
vector field T = L + M is hyperbolic and liT - LII < e. 0 
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Our next aim is to give a necessary and sufficient condition for two hyper
bolic linear vector fields to be topologically equivalent. 

2.13 Lemma. Let L be a hyperbolic linear vector field on ~n with index n. 
There exists a norm 11-11 on ~n such that, if sn- 1 = {v E ~n; II v II = l}, then the 
vector L(x) at the point x is transversal to sn-l for all x E sn-l. 

PROOF. Let us consider a basis el' ... , en of ~n for which the matrix of Lis 

o 

A= 
As,(l) 

o 
with A;(1) and Bil) as in Proposition 2.8. 

Let L be a linear vector field on ~n whose matrix in an orthonormal basis 
is 

AI(O) o 

As'(O) 

B1(O) 

o Bs"(O) 

It is easy to see that L is transversal to sn-l. Since sn-l is compact, if 8 > 0 is 
sufficiently small the field t, whose matrix in this orthonormal basis 

o 

~= 
As,(8) 

o 
is transversal to sn-l. On the other hand, by the corollary to Theorem 2.5, 
there exists a basis of ~n in which the matrix of Lis A. We define an inner 
product on ~n making this basis orthonormal and then, by the argument 
above, L is transversal to the unit sphere in this norm. 0 

2.14 Proposition. If Land T are linear vector fields on ~n of index n then there 
exists a homeomorphism h: ~n _ ~n such that hLt = T; h for all t E ~. 

PROOF. Let 11·111 and 11·112 be norms on ~n such that the spheres S1- 1 = 
{v E ~n; Ilvll l = l} and S~-l = {v E ~n; IIvl12 = l} are transversal to the 
vector fields Land T respectively. If x E ~n - {O} then, by the corollary to 
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Proposition 2.10, we have limt-+ao Lt(x) = 0 and limt-+ao IIL_t(x)11 = 00 so 
that (J')L(X) does meet Si- 1. As L is transversal to Si- 1 it follows that (J')L(X) 
meets Si- 1 in a unique point. 

Let h: Si- 1 -+ S2- 1 be any homeomorphism (for example, we can put 
h(x) = x/llxI12)' We shall extend h to ~n. Define h(O) = O. If x E ~n - {O} 
there exists a unique to E ~ such that L_tO<x) E Si- 1• Put h(x) = 7;oh(L_ to(x». 
It is easy to see that hLt = Tth for all t E ~ and that h has an inverse. It 
remains to show that h is continuous. 

Let x E ~n - {O} and let (xm) be a sequence converging to x. Take tm E ~ 

such that L-1m(xm) E Si- 1 and to E ~ such that L_to(x) E Si- 1• As the flow 
is continuous it follows that tm -+ to and L-tm(xm) -+ L_to(x). Thus h(xm) = 
7;mhL-tm(xm) converges to 7;ohL_ to(x) = h(x) which shows the continuity of 
hat x. We now show that h is continuous at the origin. From Proposition 2.10 
and the compactness of S2- 1 it follows that, given 8 > 0, there exists t. > 0 
such that II 7;(Y) II < 8 for all t > t. and all y E S2 - 1. On the other hand, as 
L(O) = 0, there exists 0 > 0 such that if Ilxll < () and L_t(x) E Si- 1 then 
t > t •. Therefore, II h(x) II < 8 if Ilxll < (), which shows the continuity of h. 
Similarly we can show that h - 1 is continuous. 0 

2.15 Proposition. Let Land T be hyperbolic linear vector fields. Then Land 
T are topologically conjugate if and only if they have the same index. 

PROOF. Suppose that Land T have the same index. Let E', E" be the stable 
subspaces of Land T, respectively. Then dim E' = dim E". By Proposition 
2.14 there exists a homeomorphism h.: E' -+ E" conjugating L" and T S ; 

that is, h.L: = T:h. for all t E R Similarly, there exists a homeomorphism 
hu: EU -+ EU' conjugating LU and TU. We define h: E' EB EU -+ ES' EB EU' by 
h(x' + XU) = hs(xS) + hu(xU). It is easy to see that h is a homeomorphism and 
conjugates L t and 7;. Conversely, let h be a topological equivalence between 
Land T. As 0 is the only singularity of Land T we must have h(O) = O. If 
x E ES we have w(x) = O. As a topological equivalence preserves the w-limit 
of orbits, we have w(h(x» = h(w(x» = O. Therefore h(x) E E" so that 
h(ES) c ES'. Similarly, h - l(Es') c E'. Hence hiE' is a homeomorphism 
between ES and E". By the Theorem oflnvariance of Domain, from Topology, 
it follows that dim E' = dim ES', which proves the proposition. 0 

We next intend to show that the eigenvalues of an operator depend 
continuously on the operator. By that we mean the following. For L E 'p(~n), 

let AI, A2"'" At be its eigenvalues with multiplicity ml' m2"'" mk' respec
tively. We consider balls BiAi) of radius 8 and center Ai> 1 ~ i ~ k, so that 
they are all pairwise disjoint. We want to show that given 8 > 0 there exists 
() > 0 such that if T E 'p(~n) and II T - L II < (), then T has precisely mi 
eigenvalues in B.(Ai) counting their multiplicities, for all 1 ~ i ~ k. 

For L E 'p(~n) let Sp(L) denote the spectrum of L, the set of its eigen
values. The lemma below shows' that Sp(L) cannot explode for a small 
perturbation of L. 
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2.16 Lemma. Let L E .P(~"). Given B > 0 there exists b > 0 such that, if 
T E .P(~") and liT - LII < b, thenfor each A.' E Sp(T) there exists A E Sp(L) 
with I A - A.' I < B. 

PROOF. If A E Sp(L) then A is an eigenvalue of the complexified operator i, 
so that IAI ::s;; lIill = IILII. Thus, if liT - LII < 1, the spectrum of T is con
tained in the interior of the disc D with centre at the origin of C and radius 
1 + IILII. Let V. be the union ofthe balls of radius B with centre the elements 
of Sp(L). If J1. E D - v., then det(i - J1.I) '" O. By continuity of the deter
minant there exist a neighbourhood ~ of J1. in C and ~II > 0 such that, if 
liT - LII < bll and j1.' E UII , then det(l' - j1.'I) '" 0, so that J1.' ¢ Sp(T). By 
the compactness of D - V. we deduce that there exists b > 0 such that, if 
liT - LII < ~ and J1. E D - v., then det(T - J1.I) '" O. As Sp(T) eDit follows 
that Sp(T) c v., which proves the lemma. 0 

If the eigenvalues of L are all distinct it follows from Lemma 2.16 that they 
change continuously with the operator. Let A be an eigenvalue of L of 
multiplicity m and let E(L, A) c C" be the kernel of (i - M)m. Then E(L, A) 
is a subspace of dimension m. Moreover, if k ~ m, the kernel of (i - Mt is 
E(L, A). 

2.17 Lemma. If A is an eigenvalue of L E .P(~") of multiplicity m then there exist 
Bo > 0 and ~ > 0 such that, if II T - L II < ~, the sum of the multiplicities of the 
eigenvalues of T contained in the ball of radius Bo and centre A is at most m. 

PROOF. To get a contradiction suppose for all B > 0 and ~ > 0 there exists 
T E .P(~") with II T - LII < ~ such that the number of eigenvalues of T, 
counted with multiplicity, in the ball of radius B and centre A is greater than 
m. Thus there exists an m' > m and a sequence of operators Lk -+ L such that 
A~, ... , Akm, are eigenvalues of Lk which converge to A. Let Ek be the kernel of 
(Lk - AkJ) 0 ••• 0 (ik - Akm, I). We may suppose that the dimension of Ek is 
mi. Let ell, ... , e~, be an orthonormal basis of Ek • As II~II = 1 and the unit 
sphere in C" is compact we can suppose (by taking a subsequence if necessary) 
that ~ -+~. The vectors el>"" em' are clearly orthonormal and so span a 
subspace E of dimension mi. As the operator (ik - AkJ) 0 ••• 0 (ik - Akm,I) 
converges to (i - M)m' we see, by continuity, that the kernel of (i - M)m' 
contains E which is absurd since it has dimension m < mi. 0 

2.18 Proposition. The eigenvalues of an operator L E .P(~") depend con
tinuously on L. 

PROOF. Let A1, ••• , Ak be the distinct eigenvalues of L with multiplicity 
n1 , ••• ,nk • By Lemma 2.16, given B > 0, there exists ~ > 0 such that, if 
II T - LII < b, then the eigenvalues of T are contained in balls of radius B 

and centre at the points Aj • It remains to. show that the sum of the multi
plicities of the eigenvalues of T contained in the ball of centre Aj is exactly 
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n]. By Lemma 2.17, taking 6 < 60 if necessary, this sum is less than or equal to 
n]. Iffor some j this sum is strictly less than n J then the sum of the multiplicities 
of all the eigenvalues of T would be strictly less than D= 1 n] = n, which is 
absurd. 0 

Coronary. If L E 'p(~n) is a hyperbolic vector field then there exists a neigh
bourhood V c 'p(~n) of L such that all T E V have the same index as L. 0 

Another corollary of this proposition is that the roots of a polynomial 
vary continuously with its coefficients. 

2.19 Proposition. A hyperbolic linear vector field is structurally stable in the 
space of linear vector fields. 

PROOF. This follows immediately from the corollary above and Proposition 
21~ 0 

2.20 Proposition. Let L be a structurally stable linear vector field. Then L is 
hyperbolic. 

PROOF. Let L be a nonhyperbolic linear vector field and <5 = min{ I(XI; (X + iP 
is an eigenvalue of L and (X :F O}. If 0 < t < <5 then L + tI and L - tI are 
hyperbolic vector fields with different indices and so cannot be topologically 
equivalent. This shows that, in any neighbourhood of L, there exist two vector 
fields that are not topologically equivalent. Thus, L is not structurally 
stable. 0 

To summarize the results above we may say that a linear vector field is 
structurally stable in the space of linear fields if and only if it is hyperbolic. 
Moreover, the structurally stable linear fields form an open dense subset of 
'p(~n). 

§3 Singularities and Hyperbolic Fixed Points 

In this section we are going to define a subset ~ c X'(M) such that every 
X E ~ has a local orbit structure that is'stable and simple enough for us to 
be able to classify it. 

The example below shows that a vector field can have an extremely 
complicated orbit structure near a singularity. 

EXAMPLE. If L is a linear vector field on ~2 with a zero eigenvalue there exists 
a one-dimensional subspace V c ~2 consisting of singularities of L. Let L 

be the vector field whose matrix in the standard basis is (0 0). In this 
o -1 

case V = {(t, 0); t E ~}. 
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-----4----~~o--~~--~--v 

Figure 3 

We shall show that arbitrarily close to L there exists an uncountable set 
vIt of vector fields such that, whenever X, Z E vIt, X is not locally equivalent 
to Z at the origin. 

Let Y be the constant vector field Y = (1, 0). Let K c: IR be a compact 
subset. It is known that there exists a bounded Coo map p: IR -+ IR that 
vanishes exactly on K. We can also suppose that the first r derivatives of p 
are bounded. Given e > 0 we choose n EN such that 11{1/n)pll, < e. Let 
Z = L + (1/n)p Y. Then we have liZ - LII, < e and the set of singularities of 
Z is K. Thus, if K and K' are two nonhomeomorphic compact sets, we deduce 
that the vector fields Z and Z', constructed as above, are not topologically 
equivalent. Hence there are at least as many equivalence classes of vector 
fields as there are homeomorphism classes of compact subsets of IR. 

Figure 4 

This example motivates the next definition. 

Definition. We say that p E M is a simple singularity of a vector field X E ~r(M) 

if DXp: TMp -+ TMp does not have zero as an eigenvalue. 

3.1 Proposition. Let X E ~r(M) and suppose that p E M is a simple singularity 
of X. Then there exist neighbourhoods %(X) c: ~'(M), Up c: M of X and p 
respectively and a continuous function p: %(X) -+ Up which to each vector 
field Y E %(X) associates the unique singularity of Y in Up. In particular, a 
simple singularity is isolated. 

PROOF. We shall use the Implicit Function Theorem for Banach spaces. As 
the problem is a local one we can suppose, by using a local chart, that 
M = IRm, p = 0 and that X is a vector field in ~'(Dm), where Dm = {x E IRm; 
Ilxll :::; 1}. We have that ~' = ~r(Dm) is a Banach space and the map 
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cp: Dm X l' ~ ~m given by cp(x, Y) = Y(x) is of class C. We have cp(O, X) = 0 
and, by hypothesis, D 1 cp(O, X) = D X (0): ~m ~ ~m is an isomorphism. By the 
Implicit Function Theorem there exist neighbourhoods U of 0 and AI of 
X and a unique function p: AI ~ U of class C such that cp(p(Y), Y) = O. 
Thus, for x E U, Y(x) = 0 if and only if x = p(Y). Moreover, as DX(O) is an 
isomorphism and the set of isomorphisms is open, we can suppose, by 
shrinking AI and U if necessary, that DY(p(Y» is an isomorphism so that 
p(Y) is a simple singularity of Y. 0 

Next we shall characterize a simple singularity of vector field X in M in 
terms of transversality. For this, let us consider the tangent bundle TM = 
{(p, v); p E M, v E TMp} and let Mo = {(P, 0); p E M} be the zero section. 
M 0 is a submanifold of T M diffeomorphic to M and a vector field X E l'(M) 
can be thought of as a C' map from M to T M which we shall denote by the 
same letter X. Therefore p is a singularity of X if and only if X(p) E Mo. 

3.2 Proposition. Let X be a C vector field (r 2:: 1) on a manifold M and let 
Po EM be a singularity of X. Then Po is a simple singularity of X if and only if 
the map p t-+ (p, X(p»from M to TM is transversal to the zero section Mo at 

Po· 

PROOF. Let x: U ~ ~m be a local chart with x(Po) = O. Let TU = 
{(p, v) E TM; p E U}. The map Tx: TU ~ ~m X ~m defined by Tx(p, v) = 
(x(p), Dxiv» is a local chart for TM. Consider the following diagram 

TU 

Y jrx 
U 

where n2 is the projection nix, y) = y. 
Put h = n2 TxX. Then X is transversal to Moat Po if and only if Po is a 

regular point of h, that is, if dh(po): T M p ~ ~m is an isomorphism. On the 
other hand, dh(po) = Dx(Po)DX(po). Thus, Dh(po) is an isomorphism if and 
only if DX(po) is an isomorphism, which proves the proposition. 0 

Let '§O c l'(M) be the set of vector fields whose singularities are all 
simple; that is, '§O = {X E l'(M); X: M ~ TM is transversal to Mo}. As a 
simple singularity is isolated and M is compact it follows that any X E ~o 

has only a finite number of singularities. 

3.3 Proposition '§O is open and dense in l'(M). 

PROOF. (a) Openness. As the set of C' maps from M to T M that are transversal 
to M 0 is open we conclude that ~o is open. 

(b) Density. Let X E l'(M). By Thorn's Transversality Theorem there 
exist maps Y: M ~ T M transversal to M 0 arbitrarily close to X. It may 
happen, however, that Y is not a vector field since we might have n(Y(p» =F p 
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for some p E M where 1t: T M -+ M denotes the map (p, v) 1-+ p. But 1tX = id M 

and, if Y is close enough to X, then qJ = 1tY is close to idM so that it is a 
diffeomorphism since the set of diffeomorphisms of M is open in C'(M, M). 
Now Z = Y qJ - 1 is a vector field on M because 1tZ = 1t Y qJ - 1 = qJqJ - 1 = 
idM • As Y is transversal to M 0 and qJ - 1 is a diffeomorphism it follows that 
Z is transversal to Mo. If Y is close to X then so is Z. 0 

EXAMPLE. In this example we shall consider a linear vector field on jR2 with a 
simple singularity and show that a nonlinear perturbation can give a vector 
field with an extremely complicated orbit structure. Consider the vector 
field given by 

L- C ~) 
Let p: jR -+ jR be a COO function such that p(O) = 0 and p(k)(O) = 0 for all 
kEN. Let X be the vector field on jR2 defined by X(x, y) = (y + p(r2)x, 
-x + p(r2)y) where r2 = x 2 + y2.1t is easy to see that X is Coo and that 

DX(O, 0) = ( 0 1\ 
-1 oj 

Thus, (0,0) is a simple singularity of X. Let K be a compact subset of jR+ 

containing O. We can choose p so that p(K) = 0 and p is never zero on I - K 
where I = ( - J, J) is an interval containing K. Given e > 0 and r > 0 we can 
choose p so that IIX - LII, < e. If ro E jR+ has p(r~) = 0 then the vector 
field X is tangent to the circle of radius ro so that this circle is a closed orbit 
for X. On the other hand, if (a, b) c jR+ is an interval such that p(t2 ) > 0 for 
t E (a, b) and p(a2) = p(b2) = 0, then the orbits of X through points of the 
annulus Db - Da = {z E jR2; a < IIzll < b} are not closed and, in fact, they 
are spirals whose co-limit set is the circle of radius b. This follows from the 
observation that «x, y), X(x, y» = r2 p{r2), so that the radial component of 
X is rp{r2) which is positive for r E (a, b). Similarly, in an interval (a, b) where 
p{a2) = p(b2) = 0 and p(t2) < 0 for t E (a, b), the orbits in the annulus 
Db - Da will have the circle of radius b as a-limit set and the circle of radius 
a as co-limit set. See Figure 5. 

p>O p<O 
Figure 5 
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This construction gives a vector field X arbitrarily close to L whose 
closed orbits intersect the x-axis precisely at the points of the compact set 
{r E IR+; r2 E K} which is homeomorphic to K. If K and K' are two non
homeomorphic compact sets and X and X' are vector fields associated to 
them by the above construction it follows that X and X' are not topologically 
equivalent. 

Definition. Let X E r(M) and let P E M be a singularity of X. We say that 
P is a hyperbolic singularity if DX P: T M P -+ T M P is a hyperbolic linear vector 
field, that is, DX P has no eigenvalue on the imaginary axis. 

Let '§1 c r(M) be the set of those vector fields whose singularities are 
all hyperbolic. It is clear that '§ 1 C '§o. 

3.4 Theorem. '§1 is open and dense in r(M). 

PROOF. As '§O is open and dense in r(M) and '§1 c '§O, it is sufficient to show 
that '§1 is open and dense in '§O. Let X E '§O and let Po, ... , Pk E M be the 
singularities of X. By Proposition 3.1 there exist neighbourhoods %(X) of 
X and U 1 , ••• , Uk of PI"'" Pk' respectively, and continuous functions 
Pj: % -+ Uj,j = 1, ... , k such that Pj(Y) is the only singularity of Y in Uj. 
We can suppose that these neighbourhoods are pairwise disjoint. If 
P E M - U~= 1 Uj then X(p) =1= 0 and, by the compactness of M - U~= 1 Uj, 
there exists () > 0 such that IIX(p)11 > () for all P E M - U Uj. Therefore, 
shrinking % if necessary, we can suppose that any Y E % does not have a 
singularity in M - U Uj. Let us suppose that X E '§1' As DXpJ is a hyperbolic 
linear vector field and such vector fields form an open set we deduce from the 
continuity of the maps Pj' shrinking % if necessary, that DYpi(Y) will be a 
hyperbolic linear vector field for all Y E %. Thus % c '§1' which proves the 
openness of '§1' 

Now suppose that X E '§O. We shall show that there exists Y E '§1 n % 
arbitrarily close to X. Note that, if u > 0 is small enough, then DX PJ + ul 
is a hyperbolic linear vector field on T M Pi for allj = 1, ... , k. It will therefore 
suffice to show that, given a neighbourhood % 1 C % of X there exists 
Y E ~ such that. Y(p) = 0 and DYpJ = DXpJ + ul. Let lJ.c Uj be a neighbour
hood of Pj and Xl: lJ -+ B(3) c [Rm be a local chart with Xl(P) = 0 where B(3) is 
the ball with radius 3 and centre at the origin. Let cp: [Rm -+ [R be a positive Coo 
function such that cp(B(l) = 1 and cp([Rm - B(2» = O. Let x{X denote the 
expression of the vector field X in the local chart xj; that is, x{X(q) = 
Dxj«Xj)-l(q»X«Xj)-l(q». Then we define Y(p) = X(p) if P E M - Uj lj 
and Y(p) = D(Xj)-l(xj(p»(xlX(x j(p» + ucp(xj(p»xj(P» if P E lj. It is easy 
to see that YisaCoovectorfield,that Y(p) = o and that DYpJ = DXPi + ul. 
Moreover, by taking u small enough we have Y E % l' which completes the 
~~ 0 

Next we shall extend these results to diffeomorphisms of a compact 
manifold M. We shall omit the proofs of the propositions and the theorem 
as they are analogous to those just given for vector fields. 
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Definition. Let p E M be a fixed point of the diffeomorphism f E Diffr(M). 
We say that p is an elementary fixed point if 1 is not an eigenvalue of 
Dfp: TMp .... TMp. 

3.S Proposition. Let f E Diffr(M) and suppose that p is an elementary fixed 
point off. There exist neighbourhoods % off in Diffr(M) and U of p and a 
continuous map p: % .... U which, to each g E %, associates the unique fixed 
point of g in U and this fixed point is elementary. In particular, an elementary 
fixed point is isolated. 0 

Let ~ denote the diagonal {(P, p) E M x M; p EM}, which is a submani
fold of M x M of dimension m. If f E Diffr(M) we consider the map 
J: M .... M x M given by J(p) = (p,f(p», whose image is the graph off. 

3.6 Proposition. Letf E Diffr(M) and let p E M be a fixed point off. Then p 
is an elementary fixed point if and only if J is transversal to ~ at p. 0 

Let Go c Diffr(M) be the set of diffeomorphisms whose fixed points are 
all elementary. Thus, f E Go if and only if J is transversal to ~. By using 
Thom's Transversality Theorem we obtain the following proposition. 

3.7 Proposition. Go is open and dense in Diffr(M). o 

Definition. Let p E M be a fixed point off E Diffr(M). We say that p is a 
hyperbolic fixed point if Dfp: TMp .... TMp is a hyperbolic isomorphism, that 
is, if Dfp has no eigenvalue of modulus 1. 

Let G 1 C Diffr(M) be the set of diffeomorphisms whose fixed points are 
all hyperbolic. 

3.8 Theorem. G1 is open and dense in Diffr(M). o 

In the next section we shall show that a diffeomorphismf E G1 is locally 
stable. 

§4 Local Stability 

In this section we shall prove a theorem due to Hartman and Grobman 
according to which a diffeomorphismfis locally conjugate to its linear part 
at a hyperbolic fixed point. Analogously, a vector field X is locally equivalent 
to its linear part at a hyperbolic singularity. As a consequence we shall have 
local stability at a hyperbolic fixed point and at a hyperbolic singularity. 
The proof we shall present is also valid in Banach spaces [25], [36], [74], 
[90]. Other generalizations and references can be found in [80]. 
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4.1 Theorem. Letf E Diff'(M) and let p E M be a hyperbolic fixed point of! 
Let A = Dfp: TMp ~ TMp. Then there exist neighbourhoods V(p) c M and 
U(O) c TMp and a homeomorphism h: U ~ V such that 

hA = fh. 

Remark. As this is a local problem we can, by using a local chart, suppose 
that f: IRm ~ IRm is a diffeomorphism with 0 as a hyperbolic fixed point. 
Before proving Theorem 4.1 we shall need a few lemmas. 

4.2 Lemma. Let E be a Banach space, suppose that L E !l'(E, E) satisfies 
II L II ::s; a < 1 and that G E !l'(E, E) is an isomorphism with II G - 111 ::s; a < 1. 
Then 

(a) I + L is an isomorphism and 11(1 + L)-ll1 ::s; 1/(1 - a), 
(b) I + G is an isomorphism and 11(1 + G)-ll1 ::s; a/(l - a). 

PROOF OF LEMMA 4.2. (a) Given y E E, define u: E ~ E by u(x) = y - L(x). 
Then u(x 1 ) - U(X2) = L(X2 - Xl). Thus, lIu(xl) - u(x2)11 ::s; allxl - x211 so 
that u is a contraction. Hence, u has a unique fixed point x E E; that is, 
x = u(x) = y - Lx. Therefore, there exists a unique x E E such that 
(L + I)x = y; that is, I + L is a bijection. Let y E E have Ilyll = 1 and take 
x E E such that (1 + L)-ly = x. As x + Lx = y, we have IIxll - allxll ::s; 1 
so that IIxll ::s; 1/(1 - a). Thus, 11(1 + L)-ll1 ::s; 1/(1 - a). 

(b) First note that! + G = G(1 + G- 1). As IIG- 111 ::s; a < 1, the first part 
of the lemma says that I + G- 1 IS invertible. Thus (1 + G)-l = 
(1 + G- 1)-lG- 1 and, therefore, 

11(1 + G)-ll1 ::s; 11(1 + G- 1)-111I1G- 111 ::s; _1_. a = _a_, 
1-a 1-a 

which proves the lemma. o 
As A = Dfo is a hyperbolic isomorphism, there exists an invariant splitting 

IRm = ES EB E" and a norm 11·11 on IRm in which 

IIAsll ::s; a < 1, where AS = AlEs: ES ~ ES, 

II(A")-ll1 ::s; a < 1, where A" = A IE": E" ~ E". 

Let C~(lRm) be the Banach space of bounded continuous maps from IRm to 
IRm with the uniform norm: lIuli = sup{lIu(x)lI; x E IRm}. As IRm = ES EB E" 
we have a decomposition C~(lRm) = C~(lRm, £") EB C~(lRm, E") where u = 
US + u" with US = 1t. 0 u and u" = 1t" 0 u obtained from the natural projections 
1ts: ES EB E" ~ ES and 1tu: ES EB EU ~ EU. 

4.3 Lemma. There exists e > 0 such that, if CPl' CP2 E C~(lRm) have Lipschitz 
constant less than or equal to e, then A + CPl and A + CP2 are conjugate. 
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PROOF. We must find a homeomorphism h: IRm -+ IRm that satisfies the 
equation 

h(A + <Pi) = (A + <P2)h. 

Let us try a solution of the form h = I + u with u E C~(lRm). Then we need 

(l + u)(A + <Pi) = (A + <P2)(l + u) 

or 

A + <Pi + u(A + <Pi) = A + Au + <P2(l + u) 

or equivalently, 

Au - u(A + <Pi) = <Pi - <P2(l + u). 

(2) 

(3) 

We shall show that there exists a unique u E cg(lRm) that satisfies equation (3). 
Consider the linear operator 

2: cg(lRm) -+ cg(lRm), 

2(u) = Au - u(A + <Pi). 

We claim that 2 is invertible and that 112- 111 ::; IIA -111/(1 - a). In fact, 
2 = A2* where 2*: cg(lRm) -+ cg(lRm) is given by 2*(u) = 
u - A - lu(A + <Pi) and A: cg(lRm) -+ cg(lRm) by A(u) = A 0 u. As A is 
invertible, we must show that 2* is invertible for then 2- 1 = 2*-lA- 1. 

We remark that cg(lRm, ES ) and cg(lRm, EU) are invariant under 2* since ES 

and EU are invariant under A-i. Thus we can write 2* = 2*s EB 2*u where 
2*s = 2* I cg(lRm, ES) and 2*u = 2* I cg(lRm, EU). It is easy to see that if e 
is small enough then A + <Pi is a homeomorphism and so the operator 
US f--+ A -luS(A + <Pi) is invertible and its inverse US f--+ AV(A + <Pl)-l is a 
contraction with norm bounded by the number a < 1 involved in the hyper
bolicity of A. By part (b) of Lemma 4.2, 2*s is invertible and 11(2*S)-111 ::; 
a/(l - a). From part (a) of Lemma 4.2 we also conclude that 2*u is invertible 
and 11(2*U)-111 ::; 1/(1 - a) = max{I/(1 - a), a/(1 - a)}. Therefore, 2 is 
invertible and 

which proves our claim. 
Now consider the map 

We have 

Jl: cg(lRm) - cg(lRm), 

IIJl(u1) - Jl(u2) II = 112- 1[<P2(l + U2) - <P2(l + Ul)] II 
::; IIA- 111(1 - a)-le ll u2 - ulll· 

If e is small enough to make ellA -111(1 - a)-l < 1 then Jl is a contraction 
and so has a unique fixed point u, say, in cg(lRm). As u E cg(lRm) is a solution 
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of (3) if and only if it is a fixed point of J1. we conclude that (3) has a unique 
solution in cg(lRm). It remains to prove that I + u is a homeomorphism. For 
this we first note that the method used above also shows that the equation 

(A + CPl)(I + v) = (I + v)(A + C(2) 

also has a unique solution v E cg(lRm). We claim that 

(I + u)(I + v) = (I + v)(I + u) = I. 
In fact, 

(I + u)(I + v)(A + C(2) = (I + u)(A + CPl)(I + v) 

= (A + C(2)(I + u)(I + v). 

On the other hand, as (I + u)(I + v) = I + v + u(I + v) with w = v + 
u(I + v) E cg(lRm) and I(A + C(2) = (A + C(2)I, the uniqueness of the 
solution of the equation (I + w)(A + C(2) = (A + C(2)(I + w) shows that 

(I + u)(I + v) = I. 

Similarly we have (I + v)(I + u) = I. This shows that I + u is a homeo
morphism which conjugates A + CPl and A + CP2 and that proves the 
lemma. 0 

4.4 Lemma. Given e > 0 there exists a neighbourhood U of 0 and an extension 
off I U to IRm of the form A + cP where cP E cg(lRm) has Lipschitz constant at 
most e. 

PROOF. Let ex: IR ~ IR be a Coo function with the following properties: 

ex(t) = 0, if t ;;:: 1; 

ex(t) = 1, ift ~ t; 
I ex'(t) I < K, 'if t E IR, K > 2. 

Let f = A + t/I with t/I(O) = 0 and Dt/I 0 = O. Let Be be a ball with centre at 
the origin and radius e such that IIDt/lxll < e/2K for x E Be. Define 
cP: IRm ~ IRm by cp(x) = ex(lIxll/e)t/I(x). It is clear that cp(x) = 0 if IIxll ;;:: e. Let 
us show that cP satisfies the conditions in the lemma. In fact, since cp(x) = t/I(x) 
for IIxll ~ e/2 we see that A + cpis an extension off IBe /2 • On the other hand, 
if Xl' X2 E Be we have 

IICP(Xl) - cp(x2)11 = lI[ex(lIxlll/e)t/I(xl) - ex(IIX2 1lfe)t/I(X2)] II 

= II [ex(IIXl II/e) - ex(lI x211/e)]t/I(x l) 

+ ex(lIx211/e)[t/I(xl) - t/I(x2)]11 

~ (Kllxl - x211/e)(e/2K)lIxlll 

+ (e/2K)lI x l - x211 ~ ellxl - x211· 

If Xl E Be and X2 rt Be we have IIcp(x l) - cp(x2)11 ~ e/2l1x l - x211 ~ 
ellx l - x211 and, if Xl' X2 rt Be, we have IICP(Xl) - cp(x2)11 = 0 ~ ellxl - x211· 
Thus, cP has Lipschitz constant at most e, which proves the lemma. 0 
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PROOF OF THEOREM 4.1. Let e > 0 be as in Lemma 4.3. Let A + cp be an 
extension off I U(O) where U(O) is a neighbourhood of 0 and cp has Lipschitz 
constant at most e. By Lemma 4.3 there exists a homeomorphism h: IRm -.. IRm 

such that hA = (A + cp)h. Thus hA = fh on a neighbourhood of 0 as 
required. D 

Remarks. (1) The conjugacy between A + CPl and A + CP2 in Lemma 4.3 is 
unique among maps having a finite distance from the identity. However, 
there are infinitely many conjugacies that do not satisfy this last condition. 
For example, consider a contraction cP: IR -.. IR with cp(O) = O. Suppose that 
cp(l) = a > 0 and cp( -1) = b < O. We pick any homeomorphism 
h: [-l,b] u [a, 1] -.. [-l,b] u [a, 1] withh( -1) = -1,h(b) = b,h(a) = a, 
h(1) = 1. We extend h to the whole real line putting h(O) = 0 and h(x) = 
cp"hcp-"(x) where n E 7L is chosen so that cp-"(x) E [ -1, b] u [a, 1]. In this 
way we find as many solutions of the equation hcp = cph as there are homeo
morphisms from [-1, b] u [a, 1] to itself. 

(2) Even if we require the conjugacy between A andfto be near the identity 
it is not unique because it depends on the extension A + cp off to the whole 
space IRm. 

Next we shall show from Theorem 4.1 that a hyperbolic linear iso
morphism is locally stable in .,2"(lRm). In fact, as we shall see in the next section, 
a hyperbolic isomorphism is globally stable in .,2"(lRm). 

4.5 Proposition. Let A be a hyperbolic isomorphism. There exists ~ > 0 such 
that, if BE .,2"(lRm) and liB - All < ~. then B is locally conjugate to A. 

PROOF. We shall look for a homeomorphism h: IRm -.. IRm that conjugates A 
and an extension of BI U, where U is a neighbourhood ofthe origin. 

Let oc: IR -.. IR be a Coo map with the properties: 

oc(t) = 1, if It I ::;; 1; 

oc(t) = 0, if It I ~ 2; 

oc(lR) c [0, 1]. 

We can write B as A + (B - A). Let cp: IRm -.. IRm be defined by cp(x) = 
oc(llxll)· (B - A)(x). Then we have cplBl = (B - A)IBl , where Bl is the ball 
with centre 0 and radius 1, and cp(x) = 0 if Ilxll ~ 2. For all x E IRm, IIDCPxl1 ::;; 
KIIB-AII + liB-Ail, where K=sup{loc'(t)l; tEIR} is greater than 1. 
Given e> 0 we take ~ < el2K so that IIDCPxl1 < e. It follows that cp has 
Lipschitz constant less than e. By Lemma 4.3 there exists a homeomorphism 
h: IRm -.. IRm such that 

hA = (A + cp)h. 

Since A + cp is an extension of B, h is a local conjugacy between A and 
B. D 
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4.6 Theorem. Let f E Diff'(M), r ~ 1, and let p E M be a hyperbolic fixed 
point off. Thenfis locally stable at p. 

PROOF. By Proposition 3.5 there exist neighbourhoods %(f) and W(p) and 
a continuous map p: %(f) ~ W which associates to each g E %(f) the 
unique fixed point of gin W, p(g), and this fixed point is hyperbolic. If we take 
a small enough neighbourhood %(f) c %(f) we shall have Dfp near 
Dgp(g) and so, by Proposition 4.5, these linear isomorphisms are locally 
conjugate. As f is locally conjugate to Dfp and g is locally conjugate to Dg p(g) 
it follows, by transitivity, thatfis locally conjugate to g. 0 

We shall now extend these results to vector fields. Let V be a neighbour
hood of 0 in IRm and let X: V ~ IRm be a C' vector field, r ~ 1. We recall that 
o is a hyperbolic singularity of X if L = DXo is a hyperbolic linear vector 
field. We shall show that, if 0 is a hyperbolic singularity of X then the orbits 
of X in a neighbourhood of 0 have the same topological behaviour as the 
orbits of the linear vector field L. For this we shall need some lemmas. 

4.7 Lemma (Gronwall's Inequality). Let u, v: [a, b] ~ IR be continuous 
nonnegative functions that,for some (X ~ 0, satisfy 

u(t) :s; a + I: u(s)v(s) ds 'V t E [a, b]. 

Then 

u(t) :s; (X exp[I: v(s) ds 1 
PROOF. Let w: [a, b] ~ IR be the map w(t) = (X + J~u(s)v(s) ds. Suppose first 
that (X > o. We have w(a) = (X and w(t) ~ (X > 0 for all t E [a, b]. As w'(t) = 
v(t)u(t) :s; v(t)w(t), we have w'(t)/w(t) :s; v(t). Integrating from a to t we obtain 

w(t)/a :s; exp[I: v(s) ds 1 
Thus 

u(t) :s; w(t) :s; (X exp[I: v(s) ds 1 
If (X = 0 the previous case implies that, for all (Xl > 0, u(t) :s; (Xl exp[J~v(s) ds]. 
Thus, u(t) = 0 and the inequality remains true. 0 

4.8 Lemma. Let Y: IRm ~ IRm be a C' vector field with Y(O) = 0 that satisfies a 
Lipschitz condition with constant K. Then the flow of Y is defined on IR x IRm 
and II Y,(x) - Y,(y) II :s; ~Itlllx - yll for all x, y E IRm. 
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PROOF. Let x E ~m. To get a contradiction suppose the maximal interval 
of the integral curve of Y through the point x is (a, b) with b < 00. Let 
qJ: (a, b) -+ ~m be the integral curve through the point x. We have 

qJ(t) = x + f~ Y(qJ(s» ds. 

Therefore, if t ~ 0, 

II qJ(t) II :s; Ilxll + f~ II Y(qJ(s» II ds :s; Ilxll + f~ KllqJ(s)11 ds. 

From Gronwall's inequality we obtain 

II qJ(t) II :s; eK1t11lxli :s; eKbllxl1 if t ~ O. 
Let tn -+ b and consider the sequence {qJ(tn)} whose terms all belong to the 
closed ball with centre 0 and radius M = eKbllxll. Since 

qJ(tn) - qJ(tm) = itn Y(qJ(s» ds, 
tm 

we have that 

IlqJ(tn) - qJ(tm) II :s; KMltn - tml· 

Thus, qJ(tn) is a Cauchy sequence and so it converges to a point y E ~n. The 
local flow of Y around y enables us to extend the integral curve qJ to the right 
of b contrary to our initial hypothesis. Thus, the flow of Y is defined on 
~ x ~m. Since 

l;(x) - l;(y) = x - y + {[Y(Y,(X» - Y(Y,(y»] ds, 

we deduce that, for t ~ 0, 

II l;(x) - l;(y)1I :s; Ilx - yll + {KII Y,(x) - Y,(y) II ds. 

From Gronwall's inequality we have 

II l;(x) - l;(y) II :s; eK1t11lx - yll if t ~ O. 

For t :s; 0 we obtain the same expression by applying this argument to the 
vector field - Y. 0 

4.9 Lemma. Let X: V -+ ~mbeaC'vectorfieldwithX(O) = O.LetL = DXo. 
Given B > 0 there exists a C' vector field Y: ~m -+ ~m with the following 
properties: 

(1) the field Y is Lipschitz with some Lipschitz constant K so that the flow 
induced by Y is defined on ~ x ~m; 

(2) Y = L outside a ball B, ; 
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(3) there exists an open set U c V containing 0 such that Y = X on U; 
(4) if Y; = Lt + qJt there exists M > 0 such that II qJ, II ~ M for all t E [ - 2, 2] 

and qJl has Lipschitz constant at most E:. Moreover, D(qJl)O = 0 or, 
equivalently, D(Y1)o = eL = L 1• 

PROOF. As L = DXo we have X = L + 1/1 where 1/1: V -+ ~m is a C' map that 
satisfies 1/1(0) = 0 and Dl/lo = O. Let IX: ~ -+ ~ be a COO map such that 
IX(~) c [0, 1], lX(t) = 1 if I t I ~ 1/2 and lX(t) = 0 if t ~ l. 

Let ip: ~m -+ ~m be defined by ip(x) = 1X(llxll)' I/I(x) if x E V and ip(x) = 0 
if x E ~m - V. Given () > 0 we can choose I > 0 so that the map ip is C' and 
has Lipschitz constant at most (). It is clear that ip = 1/1 on BII2 and ip = 0 
outside B I • Let Y: ~m -+ ~m be the vector field defined by Y = L + ip. Again 
it is clear that Y = X on B1/2' Y = L outside BI and Y satisfies (1). It remains 
to show that condition (4) holds. In fact, IIYt(x) - Y;(y) II ~ e2K lix - yll for 
t E [ - 2, 2] by Lemma 4.8. Put qJt = Y; - L,. That there exists M such that 
II qJt II < M for t E [ - 2, 2] follows from the fact that Y; and Lt are bounded on 
B(O, l) for t E [-2,2] and Y = L outside B(O, I). We also have 

qJt(x) - qJt(Y) = {[ip(y'(X» - ip(y'(y»] ds + {L(qJ.(X) - qJs(Y» ds. 

From Gronwall's inequality we now conclude that 

IIqJt(x) - qJt(Y)1I ~ 2e2K{)e211Lllllx - yll "if t E [-2,2]. 

Provided () is small enough, condition (4) will be satisfied. Finally, let us see 
that D(qJl)O = O. We want to show that given p > 0 there exists r > 0 such 
that IlqJl(X)11 ~ plixil for Ilxll ~ r. Since (Dip)o = 0, we can choose r so that 
II ip(z) II ~ '1llzll for Ilzll < r with '1 < pe-Ke-IILII. As in the expression above, 
we have 

qJl(X) = fip(Y.(X»dS + fL(qJs(X»dS. 

Using the fact that II y'(x)11 ~ eKllxl1 for 0 ~ s ~ 1, from Gronwall's inequality 
we get 

IlqJl(X)11 ~ '1eKllxlle liLIl ~ pllxll· 
This completes the proof of Lemma 4.9. o 

4.10 Theorem. Let X: V -+ ~m be a C' vector field and 0 a hyperbolic singu
larity of X. Put L = DXo' Then X is locally equivalent to L at O. 

PROOF. Let Y: ~m -+ ~m be a C' vector field as in Lemma 4.9. As Y = X on 
the neighbourhood U of 0, the identity map on U takes X -orbits to Y -orbits. 
Therefore, Y is locally equivalent to X. It remains now to prove that Y is 
locally conjugate to L. In fact we shall show that there exists a homeo
morphism of ~m that conjugates the flows Y; and Lt. 
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By Lemma 4.9, Y; = Lt + CPt and, since DYo = L, we have D(Y1)o = 
eL = L 1. Thus, the diffeomorphism Y1 = L1 + CP1 has the origin as a 
hyperbolic fixed point and CP1 has Lipschitz constant at most B. By Lemma 4.3 
there exists a unique homeomorphism h: IRm --+ IRm at a finite distance from 
the identity (that is, h = I + u with u E cg(lRm)) that satisfies hY1 = L1h. 

We define H: IRm --+ IRm by 

H = fL-thY; dt. 

It is clear that H is a continuous map and condition (4) of Lemma 4.9 ensures 
that H is at a finite distance from the identity. We now show that 

L.H = Hy' for all s E IR. 

For this it is sufficient to consider s E [0, 1]. We have 

L_.Hy' = L-.(f L_thY;dt)Y. = f L_(.+t)hY;+.dt. 

By putting u = t + s - 1 we obtain 

f. 1L_(.+t)hY;+.dt = f' L- u - 1hy;'+1 du 
o -1+. 

We put v = U + 1 in the first term and v = u in the second, use L_ 1 h Y1 = h 
and deduce that 

L_.hy' = {L_vhY"dV + fL-vhY"dV = H. 

This shows that H is a continuous map at a finite distance from the identity 
and it conjugates the flows L t and Y;. It remains to show that H is a homeo
morphism. In fact, as L1H = HY1 and L1h = hY1, the uniqueness of the 
solution of this equation shows that H = h, which proves the theorem. D 

4.11 Theorem. Let X E r(M) and let p E M be a hyperbolic singularity of X. 
Then X is locally stable at p. 

PROOF. We have seen that there exist neighbourhoods %(X) in lr(M) and 
V of p in M such that every vector field Y E %(X) has a unique hyperbolic 
singularity py in U. Moreover, for %(X) small enough, py has the same index 
as p. Thus, the linear vector fields DX p and D Ypy are topologically equivalent. 
As X is locally equivalent to DX p and Y is locally equivalent to D Ypy this 
proves the theorem. D 
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§5 Local Classification 
We have seen that the subset ~1 (M) c reM) consisting ofthose vector fields 
whose singularities are all hyperbolic is open and dense in reM). Moreover, 
these vector fields are locally stable at each point of M. We shall now describe 
the possible types of local topological behaviour for vector fields in ~1' 

Let us consider the linear fields L o, L 1, ••• , Lm on ~m which are repre
sented, with respect to the standard basis, by the matrices: 

(1 0) _(-1 
Lo = 1 ,L1 -

o '1 0 
(-0

1 
Lm = _,0 ). 

-1 

If L is a hyperbolic linear vector field on ~m then L is conjugate to L j , where i 
is the index of L. 

Let c: ~m -+ ~m be the constant vector field given by C(x) = (1,0, ... ,0). 
We may collect the results proven in previous sections into the following 
theorem. 

5.1 Theorem. Let X E ~1(M) and choose p E M. 

(a) If p is a regular point of X then X is locally equivalent at p to the constant 
vector field C at O. 

(b) If P is a singularity of X then X is locally equivalent to L j where i is the 
index ofp. 

PROOF. (a) This comes from the Tubular Flow Theorem. 
(b) Apply the Grobman-Hartman Theorem and Proposition 2.15. 0 

Now let us consider the space Diff'(M) of C' diffeomorphisms of M. We 
saw that the set G1(M) c Diff'(M) consisting of those diffeomorphisms 
whose fixed points are all hyperbolic is open and dense in Diff'(M). We shall 
now describe the possible types of topological behaviour of the orbits of a 
diffeomorphism in G 1 near its fixed points. By the theorem of Hartman and 
Grobman it is sufficient to classify the hyperbolic linear isomorphisms. 

5.2 Proposition. Let A E 'p(~m) be a hyperbolic linear isomorphism. There 
existse > 0 such that, if B E 'p(~m) satisfies IIA - BII < 8, then B is conjugate 
to A. 

PROOF. By Proposition 4.5, B is locally conjugate to A; that is, there exists a 
homeomorphism h: YeO) -+ U(O) such that hA = Bh. Let ES and E" be the 
stable and unstable subspaces of A and let ES ' and E'" be the corresponding 
subspaces for B. Let VS = YeO) n ES, V" = YeO) n E", Us' = U(O) n ES' and 
U", = U(O) n E"'. By the continuity of h we have h(VS) = Us' and h(V") = 
U"'. We shall define a homeomorphism h": ES -+ ES' conjugating AS = AlE" 
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and BS' = BIEs'. If x E VS, which is a neighbourhood of the origin in ES, we 
put hS(x) = h(x) E ES'. If x E ES - VS then, as A"(x) -+ ° as n -+ 00, there 
exists r EN such that Ar(x) E VS. We put hS(x) = B-rhAr(x). As h conjugates 
A and B in V S we see immediately that hS does not depend on the choice of r. 
It is also easy to check that hS is a homeomorphism and conjugates AS and 
W'. Similarly we define a homeomorphism hU: £U -+ EU' conjugating A and 
B. Then we can define ii: ES EB £U -+ ES' E9 EU' by ~(XS + XU) = hS(xS) + hU(xU). 
It is clear that fi is a homeomorphism that conjugates A and B. 0 

We leave it to the reader to prove the next proposition. 

5.3 Proposition. Let A and B be hyperbolic isomorphisms of ~m. Let ES and EU 
be the stable and unstable subspaces of A and ES', EU' the corresponding sub
spacesfor B. Then A and B are conjugate if and only if AS = A IEs is conjugate 
to W' = BIEs' and AU = AIEu is conjugate to BU' = BIEu'. 0 

We want to give a necessary and sufficient condition for two hyperbolic 
isomorphisms to be conjugate. 

5.4 Proposition. Let Al and A2 be the isomorphisms of ~m which are repre
sented, with respect to the standard basis, by the matrices: 

A'~Ct~J A'~C to) 
Let A be a hyperbolic isomorphism of index m. If A preserves the orientation, 
i.e. det(A) > 0, then A is conjugate to AI. If A reverses the orientation, i.e. 
det(A) < 0, then A is conjugate to A2. 

PROOF. By local stability A is conjugate to each isomorphism in some 
neighbourhood of A. Thus, we can simplify the argument by assuming that 
A is diagonalizable. 

Let {Vh ... , vm} be a basis for ~m in which the matrix A, that represents A, 
is in real canonical form: 

o 

JLl 

JLs" 

o 
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where - 1 < Ai < 0, ° < Jl.i < 1 and 

( 
lXi Pi) B·= , -Pi lXi 

with Pi :f: ° and IXf + Pf < 1. 
We remark that two hyperbolic isomorphisms, Bo and Bio are conjugate 

if they are in the same connected component of the space of hyperbolic 
isomorphisms, which is open in 2'(~m). In fact let IX: [0, 1] ..... GL(~m) be a 
continuous curve such that lX(t) is hyperbolic for all t E [0, 1] and IX(O) = Bo, 
1X(1) = B 1• By local stability, for each t E [0, 1], lX(t) has an open neighbour
hood V, c: GL(~m) such that every isomorphism in V, is conjugate to lX(t). 
As IX([O, 1]) is compact, there exist t 1 = ° < t2 < ... < t"-l < tIc = 1 such 
that V,1 u ... U V,k :::l IX([O, 1]). As v,t n v,i+ 1 :f: 0 we see that lX(ti ) is 
conjugate to lX(ti + 1); thus, Bo is conjugate to B 1• 

By this remark it is sufficient to find a continuous path IX: [0, 1] ..... GL(~m) 
through hyperbolic isomorphisms such that the matrix of IX(O), in the basis 
Vl' ... , Vm, is A and the matrix of 1X(1) is Al or A 2. This is because the iso
morphisms Al and A2 are similar (and therefore conjugate) to the iso
morphisms represented, respectively, by Al and A2 in the basis {Vl' ... , vm }. 

First we construct a continuous path 1X1 : [0, 1] ..... GL(~m) such that 
1X1(0) = A, 1X1(t) is hyperbolic for all t E [0,1] and 

-!.~ o 

-2 

o 
Afterwards we shall construct a continuous path 1X2: [0, 1] ..... GL(~m) such 
that 1X2(0) = 1X1(1) and 1X2(1) = Al or A 2. We put 

Al(t) 0 

A.,(t) 

o . B .... (t) 

Ai(t) = (1 - t)Ai - (!)t, 

Jl.i(t) = (1 - t)Jl.i + (t)t, 

Bj(t) = (cos(wjt) sin(wjt)\ ( IXI PI) if t E [0, t] 
\-sin(wjt) cos(wjt)j -pj IXj 
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and 

t(!)(2t - 1) + 2(1 - t)j(ar + f3r) 
B.(t) = , 0 

if t E [!, 1], where 

COS(!Wi) = aJj(ar + f3r) and sin(!wJ = - f3i/j(ar + f3r)· 

71 

It is easy to see that -1 < Ai(t) < 0, ° < pit) < 1 for all t E [0, 1] and 
that the eigenvalues of Bj(t) have modulus less than 1 for t E [0, 1]. This 
implies that a1(t) is hyperbolic for all t E [0, 1]. As a1 is continuous we deduce 
that a1(0) = A is conjugate to a1(1) whose matrix is 

o 

o 
Now we construct the curve a2' Suppose that A reverses the orientation, 

that is, det(A) < 0. As a1 is continuous and al(t) is an isomorphism for all 
t E [0,1], we have det(al(t» < ° for all t E [0,1] and, in particular, 
det(al(l» < 0. Thus, in this case the number s' of negative entries on the 
diagonal of al(1) is odd. We put 

1 0 -2 

C 1(t) 

a2(t) = 
C(s'-1)/2(t) 

1. 
2 

0 1 
2 

where 

Cit) = 
( cos(nt) 

-sin(nt) 
Sin(nt») (-! 

cos(nt) ° -~). 
Then we have 

( 1 ~). C{l) = (! ~). 
-2 

C/O) = ° 
-2 J ° 

Moreover, the eigenvalues of Cit) are ofthe form - !e"it and so have modulus 
less than 1 for all t E [0, 1]. As aiO) = a1(1) and ail) is represented by the 
matrix 1'2' we have A conjugate to A 2. Similarly, if det(A) > ° then A is 
conjugate to A 1• Using degree theory, as presented in [64] or [38], we can 
prove that Al is not conjugate to A2. In fact, if h is a homeomorphism 
conjugating Al and A2 we have: deg h = (deg h)(deg AI) = deg(hAl) = 
deg(A2h) = (deg A2)(deg h) = -deg h and this is a contradiction because 
deg h = ± 1. 0 



72 2 Local Stability 

Remark. If A is a hyperbolic isomorphism of index 0 then A is conjugate to 
one of the following isomorphisms: 

A, ~C 2°) or A, ~(: 2 OJ 
according as det(A) > 0 or det(A) < 0, respectively. The proof of this is 
entirely analogous to that of Proposition 5.4. 

We shall now classify hyperbolic fixed points of diffeomorphisms using 
the equivalence relation of local conjugacy. 

5.5 Theorem. Let f E Diffr(M) and suppose that p E M is a hyperbolic fixed 
point off Then f is locally conjugate at p to one of the following linear iso
morphisms A{ oflRm, where m = dim M. The isomorphisms A{, 0 ~ i ~ m and 
1 ~ j ~ 4, have index i and are represented in the standard basis of IRm by the 
matrices 

2 2 

0 2 0 2 

-!~ 0 

t~ 0 1 I 

2 

2 t 
Af = -2 A~= 

I -2 
2 

2 

0 2 
0 2 

( 0) c 0) A 1 =A 3 = 21. A~~A!~ ~ \t . m m 2 , 

o 't 
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PROOF. This follows immediately from the Theorem of Hartman and 
Grobman, Proposition 5.3 and Proposition 5.4. 0 

§6 Invariant Manifolds 
Letf E Diff'(M) and suppose that p E M is a hyperbolic fixed point off. The 
set WS(p) of points in M that have p as co-limit is called the stable manifold 
of p and the set WU(p) of points that have p as (X-limit is called the unstable 
manifold of p. It is clear that WS(p) and WU(p) are invariant by f. Using the 
hyperbolicity of p we shall describe in this section the structure of these sets 
and we shall analyse the way they change under perturbations of the diffeo
morphism f. Analogous definitions and results are valid for singularities of 
vector fields. 

EXAMPLE 1. If A E GL(II~m) is a hyperbolic isomorphism there is an invariant 
splitting ~m = ES EB EU such that, for q E ES, A"(q) -+ 0 as n -+ 00 and, for 
q E EU, A -"(q) -+ 0 as n -+ 00. Moreover, for any other q, II A"(q) II -+ 00 both 
as n -+ 00 and as n -+ - 00. Thus, WS(O) = ES and WU(O) = EU. 

Let us suppose that M c ~" and let d be the metric induced on M from 
~k. For p > 0 we shall write Bp c M for the ball with centre p and radius p. 

Definition. The sets 

Wp(p) = {q E Bp; f"(q) E Bp, 'V n ~ O}, 

Wjj(p) = {q E Bp; f-"(q) E Bp, 'V n ~ O} 

are called the local stable and unstable manifolds, of size p, of the point p. 

We recall that a topological immersion of ~S in M is a continuous map 
F: ~S -+ M such that every point x E ~S has a neighbourhood V with the 
following property: the restriction of F to V, F I V, is a homeomorphism onto 
its image. In this case we say that F(~S) c M is an immersed topological 
submanifold of dimension s. A topological embedding of ~S in M is an injec
tive topological immersion which is a homeomorphism onto its image. 

6.1 Proposition. If p > 0 is sufficiently small we have: 

(1) Wp(p) c WS(p) and Wjj(p) c WU(p); that is, those points in a neighbour
hood ofp whose positive (respectively negative) orbit remains in the neigh
bourhood have p as co-limit (respectively (X-limit); 

(2) Wp(p) (respectively Wjj(p» is an embedded topological disc in M whose 
dimension is that of the stable (respectively unstable) subspace of A = Dfp; 

(3) WS(p) = U"~of-"(Wp(p» and WU(p) = U"~of"(Wjj(p». Hence there 
exists an injective topological immersion ({)S: ES -+ M «({)u: EU -+ M) whose 
image is WS(p) (respectively WU(p», where ES and EU are the stable and 
unstable subspaces of A = Dfp. 
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PROOF. (1) and (2): By the Grobman-Hartman Theorem there exists a 
neighbourhood U of 0 in TMp and a homeomorphism h: Bp -+ U which 
conjugates I and the isomorphism A. As A is a hyperbolic isomorphism it 
follows that if x E U has An(x) E U for all n ~ 0 then x E ES and so An(x) -+ 0 
when n -+ 00. Let q E Wp(p). Asr(q) E Bp, for n ~ 0, and hr(q) = Anh(q) 
we have Anh(q) E U for n ~ 0 so that Anh(q) -+ O. Thus,r(q) = h- 1Anh(q) 
converges to p = h- 1(0) which shows that Wp(p) c WS(p). Moreover, 
h- 1(ES n U) = Wp(p) which proves part (2). Similarly, Wjj(p) c W"(p) and 
Wjj(p) = h- 1(U n E"). 

(3) As WS(p) is invariant by land Wp(p) c WS(p), we have/-n(Wp(p» c 
WS(p) for all n so that Un~o/-n(wp(p» c WS(p). On the other hand, if 
q E WS(p) then limn-+oor(q) = p so there exists no E N such thatr(q) E Bp 
for all n ~ no. Thus,Jno(q) E Wp(p) and so q E I-no Wp(p). Similarly, we may 
show that W"(p) = Un~orWjj(p). We shall now define a map CPs: ES -+ M 
whose image is WS(p). If x E ES there exists no E N such that An°(x) E U where 
U is the neighbourhood of 0 considered above. We define CPs(x) = 
l- nOh- 1 An°(x). As h- 1 conjugates A and!, it follows that CPs is well defined, 
that is, it does not depend on the choice of no. It is easy to see that CPs is an 
injective topological immersion and that CPs(ES) = WS(P). Similarly, we may 
construct an injective topological immersion cp": EU -+ M whose image is 
~~ D 
Remarks. (1) If p E M is a fixed point of/then the stable manifold of p fori 
coincides with the unstable manifold of p for 1- 1. This duality permits us to 
translate each property of the stable manifold into a property of the unstable 
manifold. 

(2) Although the local stable manifold is an embedded topological disc, 
the global stable manifold may not be an embedded submanifold of M as 
Example 2 below shows. 

(3) It is important to stress that the Grobman-Hartman Theorem only 
provides WS(p) with the structure of a topological submanifold, as we saw 
in Proposition 6.1. However, the next theorem is independent of the 
Grobman-Hartman Theorem and shows that WS(p) is in fact a differentiable 
immersed submanifold ofthe same class as the diffeomorphism. We presented 
Proposition 6.1 as motivation for the main result of this section. 

EXAMPLE 2. Let/: S2 -+ S2 be the diffeomorphism induced at time 1 by the 
flow of the vector field X whose orbit structure is as follows: the north pole 
PN is the only singularity in the northern hemisphere; the south pole Ps is a 
saddle whose stable and unstable manifolds form a "figure eight" that 
encircles two other singularities. See Figure 6. In this example the stable 
manifold of Ps is not an embedded submanifold of S2. 

EXAMPLE 3. Let I = Y1 where Y is the vector field on S2 whose orbit structure 
is shown in Figure 7. In this example WS(Ps) and W"(Ps) are embedded 
submanifolds of S2. 
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Northern hemisphere Southern hemisphere 

Figure 6 

Definition. Let Sand S' be cr submanifolds of M and let B > o. We say that 
Sand S' are B Cr -close if there exists a C diffeomorphism h: S _ S' c M such 
that i'h is B-close to i in the C topology. Here i: S - M and i': S' - M denote 
the inclusions. 

6.2 Theorem (The Stable Manifold Theorem). Let f E Diffr(M), let p be a 
hyperbolic fixed point off and ES the stable subspace of A = Dfp. Then: 

(1) WS(p) is a Cr injectively immersed manifold in M and the tangent space to 
WS(p) at the point pis ES; 

(2) Let D c WS(p) be an embedded disc containing the point p. Consider a 
neighbourhood ,AI" c Diffr(M) such that each g E,AI" has a unique hyper
bolic fixed point Pg contained in a certain neighbourhood U of p. Then, 
given B > 0, there exists a neighbourhood .K c ,AI" off such thatJor each 
g E .R, there exists a disc Dg c WS(Pg) that is B Cr-close to D. 

We are going to present a proof of this theorem using the implicit function 
theorem in Banach spaces. The proof is due to M. Irwin [43]. We base our 
presentation on a set of notes by J. Franks. 

Northern hemisphere Southern hemisphere 

Figure 7 
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We shall prove that the local stable manifold, Wp(p), is the graph of a cr 

map and that the points of Wp(p) have p as their a)-limit. Thus, the global 
stable manifold is of class cr, since W·(p) = Un~of-nwp(p). We can 
therefore restrict ourselves to the case where f is a diffeomorphism defined 
on a neighbourhood V of 0 in ~m, with 0 as a hyperbolic fixed point. 

Let A = Df(O). Let us consider the A-invariant splitting ~m = E· €a EU 

and norms 11-11., 11·lluonE·,Eusuch that IIA·II. < a < 1 and II(AU)-ll1u < a < 1. 
On ~m we use the norm IIx. €a Xu II = max{lIx.II., IIxullu}. For p > 0 we write 
Bp for the open ball with centre 0 and radius p and we put Bp = Bp n E·, 
Bli = Bp n EU• We choose p so that, in Bp, we can write 

f = A +~, ~O) = 0, IID~II < e 

for some e, 0 < e < !(a- 1 - 1). We shall also use the notationf = (f",JU), 
A = (A·, AU) and ~ = (~, ~U). To prove Theorem 6.2 we need the following 
lemma. 

6.3 Lemma. If z = (x., xu) and z' = (x., x~) satisfy F(z) E Bp and F(z') E Bp 
for all n ~ 0 then z = z'. 

PROOF. Consider two points y = (Y., Yu) and y' = (y;, y~) in Bp such that 
IIy. - y;II ~ IIyu - y~II· We claim that 

1If"(y) - f"(y')11 ~ (a- 1 - e)IIyu - y~II 

and 

IIf"(y) - f"(y')11 ~ IIf"(y) - f"(y')11· 

In fact, f"(y) - f"(y') = A"(y) - A"(y') + ~U(y) - ~U(y'). By the Mean 
Value Theorem we have IIf"(y) - f"(y')11 ~ a-lily" - y~II - elly - y'li. As 
IIy - y'li = lIyu - y~1I we deduce that 

1If"(y) - f"(y')11 ~ (a- 1 - e)IIyu - y~lI· 

Similarly 

1If"(y) - f"(y')11 ~ allY. - y;II + elly - y'11· 

As IIy - y'li = Ilyu - y~II ~ IIy. - y;II we obtain 

IIf·(y) - f"(y')11 ~ (a + e)IIyu - y~II ~ IIf"(y) - f"(Y')II· 

From these inequalities we conclude that 

IIf(y) - f(Y')II ~ (a- 1 - e)IIy - y'II· 

Now consider the original points z, z' and put y = F(z), y' = F(z') for 
n > O. From the above argument we obtain 

IIF(z) - F(z')11 ~ (a- 1 - e)"IIz - z'II· 
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As a- 1 - e > 1 we conclude that z = z'. If not, the distance betweenj"(z) 
andj"(z') would tend to infinity with n contradicting the fact thatj"(z) and 
j"(z') belong to Bp for all n ~ O. 0 

PROOF OF THEOREM 6.2. We want to show that the set of points whose 
positive orbits remain in a neighbourhood of 0 form a C submanifold. We 
shall also show that this set coincides with the set of points whose positive 
orbits converge to O. First let us motivate the proof. Let K be the space of 
sequences y(n), n ~ 0, in IRm such that y(n) -+ 0, with the norm 111'11 = 
sup"lly(n)lI. Let G be the subset of K defined by G = {I' E K; y(n) E Bp for 
n ~ O}. Suppose, for some z E Bp, that y E G and y(n) = j"(z). Then 

y(n) = A(A + <I»,,-l(Z) + <I>(y(n - 1)) 

= A2(A + <I»,,-2(Z) + A<I>(y(n - 2)) + <I>(y(n - 1)) 
,,-1 

= A"(z) + L A,,-l-i<D(y(i)). 
i=O 

The second component of y(n) has the expression 

(AU)"[Zu + :~: (AU)- 1- i<l>U(y(i)) 1 
As AU is an expansion we conclude that Li.:-J (AU)-l- i<l>U(y(i)) converges to 
-ZU' 

This motivates us to define a map F: Bp x G -+ K by 

F(x, y)(n) = y(n) - ~AS)n(X) + :~ (AS),,-l- i<l>S(y(i)), 

- i~,.<AU)"-l-i<l>U(Y(i))). 
We shall show that F(x, 1') E K and then that for each x there exists I' E G 
such that F(x, 1') = O. 

Choose b > 0 such that II <I>(z) II < b for z E Bp. As 0 < a < 1, Loai is 
bounded and converges to (1 - a)-l. Firstly, notice that y(n) -+ 0 and 
(AS)"(x) -+ 0 since II (AS)" II < an. Also 

Ili~n (AU)n-1- i<l>U(y(i))11 :s; (1 - a)-l ~~~ II<I>U(y(i))II· 

Thus, given e > 0, we choose n large enough so that II <l>U(y(i)) II < (1 - a)e 
for i ~ n. Now the second component of F(x, 1') tends to O. Look at the first 
component. For 0 :s; m :s; n we have 

II ~f (AS)n-1-i<l>"(y(i))11 :s; (1 - a)-lan- mb + (1 - a)-l ~up 1I<I>"(y(i))II· 
1=0 I~m 
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Given e > 0 we make m large enough for the second term to be less than e/2. 
Then we can choose n large enough for the first term to be less than e/2. Thus, 
F(x, y) E K. 

Now we shall use the Implicit Function Theorem. If we fix y E G the map 
x -+ F(x, y) from BiJ to K is affine and continuous. In particular it is of class 
C·- 1• We shall show that, for u E K, 

D2F(x, y)(u)(n) = u(n) - C~~ (AS),,-l-i D<P"(y(i»(u(i», 

- i~" (A")"-l-iD<l>"(y(i»(U(i»). 

To simplify the expressions below we write ..1. for the right-hand side of this 
equation. We want to prove that, given b > 0, 

IIF(x, y + u)(n) - F(x, y)(n) - All =s;; bllull 

for small IIuli. The left-hand side ofthis is less than or equal to 

[t~ (A"),,-l-i [<P"(y(i) + u(i» - <P"(y(i» - D<P"(y(i»(u(i»] II 

+ Ili~ (A"),,-l-i[<l>"(y(i) + u(i» - <l>"(y(i» - D<l>"(y(i»(u(i))] II· 

Since D<l> is continuous on the closure of Bd , it is uniformly continuous on 
Bd • Thus, given b' > 0, there exists p > 0 such that IID<l>(z + u) - D<l>(z) II < b' 
for z E Bd and IIuli so small that z + u E Bd and IIuli < p. Applying the Mean 
Value Theorem to <l>(z + u) - <l>(z), we get 

II<l>(z + u) - <l>(z) - D<l>(z)ull =s;; b'IIuli. 

We conclude that each term in the above expression is smaller than 
(1 - a)-lb'IIuli. So it is enough to consider 2(1 - a)-lb' < b. This shows that 
..1. = D2F(x, y)(u)(n).1t is easy to check directly that D2F is continuous. 

We conclude that F is of class C l since D1F and D2F are continuous. 
Moreover we can check directly that D2 F(O, 0) is the identity I on K. By the 
Implicit Function Theorem there exists a ball B~ in ES and a C l map 
cp: B~ -+ G such that cp(O) = 0 and F(x, cp(x» = 0 for all x E B:. We have 

cp(x)(O) = (x. - Jo (A")-l-i<l>U(cp(X)(O»). 

Then we define h: B: -+ P as the second component of this expression, so 
that cp(x)(O) = (x, h(x». The map h is of class C l since cp is C l and the map 
(): G -+ IRm taking y to y(O) is continuous linear. We remark that h = 11:2 a () a cp 
where 11:2: IRm -+ E" is the natural projection. As F(x, cp(x»(n) = 0 for all 
n ~ 0 we have 

cp(x)(n) ~ (As)n(X) + ~~~ (AS)"-l- i<P"(cp(X)(i», - i~,,<AU)"-l- i<l>"(cp(X)(i»). 
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From this it follows that qJ(x)(n + 1) = (A + <1»qJ(x)(n) = f(qJ(x)(n». By 
induction we have qJ(x)(n) = J"(x, h(x» for all n > O. This shows that if 
z E graph(h) thenJ"(z) tends to 0 as n -+ 00. On the other hand, if z and its 
positive orbit remain in a small neighbourhood of 0 then Lemma 6.3 shows 
that z E graph(h). Thusf(graph(h» c graph(h) and graph(h) represents the 
local stable manifold of 0 for f It remains to prove that Dh(O) = 0 to conclude 
that the local stable manifold is tangent to ES at O. As F(x, qJ(x» = 0 we have 
D1F(x, qJ(x» + D2F(x, qJ(x»DqJ(x) = O. From this it follows that DqJ(O) = 
-DIF(O, 0) since D2 F(O, 0) = I.Ifv E ESthenDqJ(O)(v) - D1F(0, O)(v) = -u 
where u(n) = (_(As)nv, 0) for n ~ O. As h = 11:2 0 eo qJ we have Dh(O)(v) = 
11:2 0 e 0 DqJ(O)v since 11:2 and e are linear. Thus Dh(O)v = 1I:2«AS)Ov, 0) = 0 as 
we wanted to prove. 

We proved above that the stable manifold is of class e l . In fact it is e' iff 
is e'. This comes from the fact that F above is C; we saw that DIF is e,-l 
and it can be checked directly that D2F is e,-l. The continuous dependence 
of the local stable manifold on the perturbation <1> is proved in the same way 
as above. It is enough to make the map F depend also on the bounded C 
perturbation F = F(x, y, <1». Then one checks that D3 F is C- l so that F is 
c. The rest ofthe argument is as before. We just notice that the fixed point 
for A + <1> may vary (continuously) with <1>. But this is not very relevant for 
the proof above: with a C diffeomorphism we can translate the fixed point 
back into the origin. 0 

It is interesting to remark that the proof works as well for maps: AS may 
have some eigenvalues equal to zero. However, in this way we can only show 
the existence of the stable manifold. The unstable manifold also exists as we 
can show using another proof, the so called graph transform, explained 
below. 

Another interesting remark is that the proof above is valid in Banach 
spaces: we only add as an assumption that the local map f and its derivatives 
are uniformly continuous in B6 • 

Now let us consider a vector field X E X'(M) and let p E M be a hyperbolic 
singularity of X. The stable manifold of p for the vector field X, WS(p, X), is 
the set of points of M whose w-limit is p. Let f = X I be the diffeomorphism 
induced at time t = 1. As we have seen, p is a hyperbolic fixed point off If 
WS(p,J) denotes the stable manifold of p for fthen WS(p,J) = WS(p, X). In 
fact, if x E WS(p, X), that is, if Xt(x) -+ P as t -+ 00, then clearly Xn(x) = 
J"(x) -+ pas n -+ 00. Thus, WS(p, X) c WS(p,J). On the other hand, let U 
be any neighbourhood of p. As X(p) = 0 there exists a neighbourhood Vof 
p such that Xt(V) c U for 0 ~ t ~ 1. If x E WS(p,J) then there exists no E 1\1 
such thatJ"(x) E V for n ~ no. Thus Xt(x) E U for t ~ no. This shows that 
Xt(x) -+ P as t -+ 00. Thus WS(p,J) c WS(p, X). 

We shall also present a sketch of another more geometrical proof of 
Theorem 6.2 that can be found in [39] and [77]. We shall omit the details of 
this second proof since they are technically more complicated. We emphasize, 
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Figure 8 

however, that this proof lends itself to important generalizations as in 
[40]. 

Let ~ c C(B'p, B"p) be the set of C maps whose Lipschitz constant is at 
most 1. Then ~ is a closed subset of C(B'p, B"p) and hence a Baire space. If 
a E ~ then the graph of a is a Cr submanifold of [Rm. As A contracts vectors 
in ES and expands vectors in EU it follows that A -l(graph(a)) n Bp is the 
graph of a cr map from B'p to B"p which we denote by r A(a). In fact, r A(a)(x.) = 
(Au)-la(ASx s)' As r A(a) also has Lipschitz constant at most 1 we have defined 
a map r A: ~ --+ ~ called the graph transform associated to A. It is easy to 
see that, if a E ~, the sequence {r~ia)} converges to the zero map whose 
graph is the local stable manifold of A. As A is the derivative offat the point 
o it is reasonable to expect that we can, by taking f3 small enough, define a 
graph transform r J: ~ --+ ~ associated to f If r J has an attracting fixed 
point aJ E C(B'p, B"p), that is, if riaJ) = aJ and rj(a) --+ aJ for any a E~, 
thenf(graph(aJ)) = graph(aJ) and graph(aJ) is the set of points of Bp whose 
positive orbits forfremain in Bp. Thus graph(aJ) = W'p(O). In other words 
the proof of the theorem can be done in the following steps: 

(1) r J is well defined and has an attracting fixed point a J E Cr(B'p, B"p); 
(2) if g is near fin the C' topology then r 9 is well defined and has an attracting 

fixed point, which varies continuously with g. 

§7 The A-lemma (Inclination Lemma). 
Geometrical Proof of Local Stability 

In this section we shall discuss a local fact which is relevant to several results 
in Dynamical Systems and explain some of them [75]. In particular, we shall 
give another more geometrical proof of the Grobman-Hartman Theorem. 
Again we observe that the same result (and the proof) is valid in Banach 
spaces. 

Let f be a C diffeomorphism of a neighbourhood V in [Rm with 0 as a 
hyperbolic fixed point. Consider the hyperbolic isomorphism A = Df(O) 
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and the invariant splitting IRm = ES EB EU• In Section 6 we saw that the local 
stable manifold of the fixed point 0, Wioc(O), is the graph of a Cr map 
CPs: Bp -t EU with cpiO) = 0 and DcpiO) = O. Here Bp(O) c ES denotes the ball 
with centre 0 and radius {3. In the same way the local unstable manifold, 
Wioc(O), is the graph of a C' map CPu : Bop -t ES with cpiO) = 0 and DcpiO) = O. 
Let us consider the map 

cp: Bp EB B'/J -t ES EB EU, cp(x" xu) = (x, - CPu(xu), Xu - cpixs». 
It is clear that cp is C' and that Dcp(O) is the identity. Thus cp is a diffeomorphism 
when restricted to some neighbourhood of 0 in IRm. Let us consider the 
diffeomorphism] = cp.f = cpf cp-l. Then]is a diffeomorphism of a neigh
bourhood of the origin with](O) = 0 and D](O) = A. Moreover, the local 
stable manifold of] is a neighbourhood of the origin in ES while the local 
unstable manifold is a neighbourhood of the origin in EU. In other words, we 
can always assume that the local stable (respectively unstable) manifold of a 
hyperbolic fixed point of a diffeomorphismfis a neighbourhood of the fixed 
point in the stable (respectively unstable) subspace of the linear part off. 

Let IH be a norm on IRm such that IIAsl1 ~ a < 1 and II(AU)-lll ~ a < 1 
where AS and AU are the restrictions of A to ES and EU respectively. If 
j": Bp -t ES is the restriction off to Wp(O) c Bp c ES then Dj"(O) = AS. We 
have that fS is a contraction for small enough {3 since AS is a contraction. 
Therefore, if BS c Bp is an open ball with centre at the origin thenf(aBS) c BS 
where aBs = BS - BS is the boundary of BS. The annulus GS(O) = BS - f(Bs) 
is called a fundamental domain for the stable manifold of o. It is clear that 
aG'(O) = aB' u f(aBS). 

IV" (0) 
IVU (0) 

GS (0) 

-""'---7--+-+_ ...... - IV s (0) 
o 

Figure 10 
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If X E WS(O) - {O} then the orbit of x has at least one and at most two 
points in the fundamental domain GS(O), that is, UneZ j"(G'(O» = W'(O) - {O} 
and, if x E int GS(O),j"(x) ¢ GS(O) for all n E 7L - {O}. 

Any neighbourhood NS(O) of GS(O) that is disjoint from Wh,c(O) is called a 
fundamental neighbourhood for the stable manifold of O. Similarly, we define 
a fundamental domain GU(O) and a fundamental neighbourhood N"(O) for 
the unstable manifold of O. 

Let BS c ES be a ball contained in Wfoc(O), BU c EU a ball contained in 
Wroc(O) and V = B" x BU. Consider a point q E Wioc(O) and a disc DU of 
dimension u = dim EU transversal to Wioc(O) at q. 

7.1 Lemma (The A.-lemma). Let V = BS x BU, let q E WS(O) - {O} and let 
DU be as above. Let D~ be the connected component off"(DU) n V to whichf"(q) 
belongs. Given e > 0, there exists no E N such that, if n > no, then D~ is e 
C1-close to BU. 

PROOF. The expression for fin the neighbourhood V of 0 is given by 

where 

(Df)o = (AS, AU), 

IIAsl1 :s; a < 1, 

Xs E B S , 

Olps I = Olpu I = 0 
ox" Bu oX. B" • 

Xu E BU 

As Olpi/oxJ{O, 0) = 0 for i,j = s, u, the continuity of these partial derivatives 
implies thatthere exists k with al = a + k < 1,0 < k < l,b = (a- 1 - k» 1, 
k < (b - 1)2/4 and there exists V' c V such that 

i,j = s, u. 

WU 

JI= B' x 

DU 
n 

(D U 

0 ;trlJ Iq 

Figure 11 
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We can suppose that q E V' and BU c V'. Let Vo be any unit vector in (TDU)q. 
We can write Vo = (v~, vo) in the product V = B' x BU. Let Ao be the slope 
of Vo, Ao = Ilv~II/llvoll, with Ilvoll i= 0 since DU is transversal to B' at q. Con
sider 

For q E oB', 

Thus 

ql = f(q), 

q2 = j2(q), 

Vi = Dfivo) 

V2 = Dfq1 (V l ) 

A _ Ilv~11 _ IIA'v~ + oqJ,/ox.(q)v~ + OqJ,/oxu(q)voll 
1 - Ilvill - IIAuvo + oqJu/oxiq)voll . 

The numerator is bounded above by 

IIA'v~11 + IloqJJox.(q)v~11 + II oqJ,/oxiq)vo II ~ allv~11 + kllv~11 + kllvoll· 

The denominator is bounded below by 

IIAuvo11 - IloqJu/oxu(q)voll 2: a-lllvoll - kllvoll· 
Hence 

A <aAo+kAo+k<Ao+k=Ao ~ 
J - a 1 - k - b b + b' 

Ilvill Ai + k Ao ~ 1 
A2 = Ilv~11 ~ -b- ~ b2 + k i:--l 1Ji ' 

Ilv~11 Ao ~ 1 Ao k 
An = Ilv:11 ~ b" + k i:--l 1Ji ~ bn + b - l' 

As Ao/b" --+ 0 as n --+ 00 and k/(b - 1) < (b - 1)/4, there exists no E 71.+ 
such that, for any n > no we have An ~ (b - 1)/4. Let 0 < kl < min(s, k). As 
oqJ,/oxu I BU = 0 and BU is compact, there exists {J < s such that, for Vi = 
{JB' x BU c V, we have 
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Here ~W means the ball whose radius is ~ times the radius of B'. 
As Vo can be chosen so that Ao is the maximum possible slope of unit 

vectors in (TDU)q, there exists no such that, for n ~ no, all the nonzero vectors 
of (TD:)q" have slope A... ~ (b - 1)/4 and qno E VI' Then, by the continuity of 
the tangent plane of D:o' there exists a disc VU embedded in D:o with centre 
qno and such that the slope A of any unit vector in (TVU)p, p E VU satisfies 
A ~ (b - 1)/2. 

Let v E (TVU)p for p E DUo In the decomposition v = (if, v"), v has slope 
Ano = Ilv·II/llvull. Let us calculate the slope of the iterates of V. We have 

so 

(
A'V. + aqJ./ax.(p)v· + aqJ./axu(p)VU~ 

Dfiv) = 
aqJjax.(p)if + AUvU + aqJjaxu(p)vU 

IIA·v· + aqJ./axS<p)v· + aqJjaxu(p)vUII 
A...o+ 1 = IlaqJjax.(p)v' + AUvu + aqJjaxu(p)vUII 

whose numeratoris less than a II if II + k II v·11 + kill VU II and whose denominator 
is greater than 

IIAuvu11 - IlaqJjaxip)vUII - IlaqJjax.(p)v·1I ~ a- 1 l1vull - kllvull - kllv·ll· 
Hence 

Let b1 = 1(b + 1), b1 > 1. Then An+no ~ A...o/bi + kd(b 1 - 1). There exists 
ii such that, for n ~ ii, 

An+no ~ 8(1 + b1 ~ 1)-
As we could have considered v such that A...o was the maximum possible slope 
of unit tangent vectors to VU, we see that, for n ~ ii, any nonzero vector 
tangent to f"(VU) n VI has slope less than 8[1 + (b 1 - 1)-1]. Thus, given 
8 > 0, there exists ii such that, for n ~ ii, all the nonzero tangent vectors to 
f"(V") n VI have slope less than 8. 

Let us compare the norm of a vector tangent to f"(VU) n VI with that of its 
image by Df: 

(v~, v:) -+ Df(v~, v:) = (v~+ l' v:+ 1) 

JII~+1f + Ilv:+1112 Ilv:+lll 1 + A;+1 
Jllv~112 + Ilv:112 = ~ 1 + A.; . 
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From the expressions for v:+ 1 and v: we conclude that 

II v: +1 II > -1 _ k _ k' 
II v: II - a 11.11 ' 

As the slopes A.. + 1 and A.. are arbitrarily small, we see that the norms of the 
iterates· of nonzero vectors tangent to f"(D") (") VI are growing by a ratio that 
approaches b = a-I - k > 1. Hence the diameter off"(D") (") VI increases, 
and this, together with the fact that its tangent spaces have uniformly small 
slope, implies that there exists n such that, for n > n,J"(D") (") VI is C1 close 
to B" via the canonical projection onto B". This completes the proof of the 
A-lemma. 0 

Remarks. (1) The A-lemma can be stated for a family of discs transversal to 
W"(O) provided that this family is continuous in the C1 topology. Thus, let 
F: G'(O) --+ C1(B", M) be a continuous map which associates to each point 
q of the fundamental domain G"(O) a disc D; = F(q)B" transversal to B". Let 
U = B" x B" as above. Then, given B > 0, there exists no E 1\1 such that 
f"(D:) (") U is a disc B C1-close to B" for any q E G&(O) and n ~ no. 

(2) Although this is not necessary for the majority of applications, these 
discs can be proven to be C' close, r ~ 1, if F is a continuous family of C' 
discs; that is, if we have a continuous map F: G"(O) --+ C'(B", M). 

(3) The following fact is an immediate consequence of the A-lemma. 
Suppose D& is a small s-dimensional disc transversal to W"(O). Then, there 
exists no > 0 and a sequence of points z" ED", n ~ no, such that f"(z,,) ED". 

Corollary 1. Let PI' P2, P3 E M be hyperbolic fixed points off E Diff'(M). If 
W"(Pl) has a point of transversal intersection with W"(P2) and W"(P2) has a 
point of transversal intersection with W'(P3) then W"(Pl) has a point of 
transversal intersection with W"(P3)' 

I 
J 

Figure 12 
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Figure 13 

PROOF. Let q be a point of transversal intersection of W"(P2) and W'(P3). 
We consider a closed disc D c: W"(P2) containing P2 and q. As D has a point 
of transversal intersection with W'(P3) it follows that there exists e > 0 such 
that if j} is a disc e C1-c1ose to D then j} also has a point of transversal inter
section with W'(P3). Now let q2 be a point of transversal intersection of 
W"(Pl) with W'(P2) and D" c: W"(Pl) a disc containing q2 of the same 
dimension as W"(P2). By the A-lemma there exists an integer no such that 
j"°(D") contains a disc j} that is e C1-c1ose to D. Thus there exists a point 
q E j} n WS(P3). As W"(Pl) is invariant we have j"°(D") c: W"(Pl) so that q 
is a point of transversal intersection of W"(Pl) and W'(P3). 0 

Corollary 2. Let P E M be a hyperbolic fixed point off E Diff'(M) and let 
N'(p) be a fundamental neighbourhood of W'(p). Then Un~O j"(N'(p» ::::> 

U - Wioc(p)for some neighbourhood U ofp. 

PROOF. First, notice that the iterates by f of a fundamental domain GS(p) c: 

N'(p) cover W'(p) - {p}; that is, UneZ j"(G"(p» = W"(p) - {pl. Moreover, 
by the A-lemma, every point in a certain neighbourhood U of P that is not 
in Wioc(p) belongs to some iterate of a section that is transversal to GS(p) and 
contained in NS(p). 0 

We shall now prove the A-lemma for vector fields. Let P E M be a hyper
bolic singularity for X E l"(M). Let W~oc(p) and Wioc(p) be the local stable 
and unstable manifolds of the point p. Let BS be a disc embedded in Wfoc(p) 
such that aBo is transversal to the field X in W'(p). The sphere ~S(p) = oW 
is called afundamental domain for W'(p). It is easy to see that, if x E W'(p) -
{p}, the orbit of x intersects ~'(p) in only one point. Similarly, we can define 
a fundamental domain ~U(p) for W"(p). 
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Let D" be a disc transversal to Wioc(p) that contains a point q E WioC<p) 
and has dim D" = dim WroC<p). Let K be the compact set K = {Xt(q); 
t E [0, 1J} and, for each point Xt(q) E K, consider the disc D"(Xt(q» = Xt(D"} 
which contains the point Xt(q) and is transversal to Wioc(p) since X t is a 
diffeomorphism and Wioc(p) is invariant for Xt. Letf = Xl be the diffeo
morphism induced at time 1. Then p is a hyperbolic fixed point for f and the 
stable and unstable manifolds of p for the diffeomorphism f coincide with 
the stable and unstable manifolds of p for the vector field X. Let lJ8 be a disc 
embedded in Wioc(p) containing p, B" a disc embedded in Wioc(p) containing 
p and V = B' x B" a neighbourhood of p. By the A-lemma for diffeo
morphisms, given e > 0, there exists no E 1\1 such that, if n > no, D:(x) is e 
Cl-c1ose to B", where D:(x) is the connected component of !"(D"(x» n V 
that contains!"(x) and x E K. This proves the following lemma. 

7.2 Lemma. Given e > 0 there exists to > 0 such that, ift > to and D~ is the 
connected component of Xt(D") n V that contains Xt(q), then D~ is e Cl-close 
w~ 0 

Now we present another, more geometric, proof of the Grobman
Hartman Theorem. We shall use the A-lemma and the Stable Manifold 
Theorem, whose proof is independent of the Grobman-Hartman Theorem 
as we have already remarked. The proof we present is for flows but similar 
arguments work as well for diffeomorphisms. 

7.3 Lemma. Let p E M be a hyperbolic singularity of a vector field X E X'(M). 
There exists a neighbourhood U ofp and a continuous map n.: U -+ B., where 
B. = Un Wioc(p) is a disc containing p, with the following properties: 

(1) n; l(p) = B" = U n Wroc(p) is a disc containing p; 
(2) for each x E B., n; l(X) is a C' submanifold of M transversal to Wioc(p) 

at the point x; 
(3) n. is of class c' except possibly at the points of B"; 
(4) the fibration defined by n. is invariantfor the flow of X, that is, ift ~ 0 then 

Xt(n; l(X» => n; l(Xt(X». 

PROOF. We can suppose, by using a local chart, that X is a vector field on a 
neighbourhood V of the origin in ~m = E· EB E" with 0 as a hyperbolic 
singularity. We can also suppose that Wioc(O) is an open subset of ES contain
ing 0 and that WroC<O) is an open subset of E" containing O. Let ~'(O) be a 
fundamental domain for W·(O). ~S(O) is a sphere contained in E' and trans
versal to the vector field X on ES. Let B" c E" be a disc containing O. If we 
take B" small enough the cylinder ~·(O) x B" is transversal to the vector 
field. In ~·(O) x B" we have a C' map n.: ~·(O) x B" -+ Wioc(O) which is the 
projection on the first factor. The fibres n; l(X) through points x E ~·(O) are 
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W"(O) 
r---+---___ --.WS(O) 

Figure 14 

discs transversal to Wfoc(O). By Corollary 2 of the A-lemma 
UI~OXIO~" x BU) => U - EUwhere U is a neighbourhood ofp. Ifx E U n EU 
we define n.(x) = p. If x E U - EU then there exists t > 0 such that X -I(X) E 

C§' x BU. Then we define n.(x) = X In, X -I(X). It is clear that n. is of class Cr 

in U - EU. The continuity of n, at points of EU follows from the A-lemma. 
o 

Using the fibres constructed above we can prove the local stability of a 
hyperbolic singularity. In fact, let p E.M be a hyperbolic singularity of 
X E xr(M). Let N be a neighbourhood of X such that any YEN has a 
singularity py near to p and of the same index. Define homeomorphisms 
h': Wfoc(p) -+ Wfoc(Py), hU : Wroc(p) -+ Wroc(py) that conjugate the flows of X 
and Y by first defining them on fundamental domains and then extending 
them as in Proposition 2.14 to Wfoc(p) and Wroc(p) using the flows of X and 
Y. Consider fibrations n:: Up -+ Wfoc(p), n~: Up -+ WroC<p), n:: v"r -+ 

Wioc(py), n~: v"r -+ Wi'oc(PY) as in Lemma 7.3. 
If q E Up define h(q) = q where q is such that n:(v = h'(n: q) and n~(v = 

hU(n~q).1t is easy to see that h is a homeomorphism that conjugates the flows 
of X and Y. We remark that the fibrations considered above define continuous 
coordinate systems in which the flows are expressed as products and conse
quently the homeomorphism h is the product of h' and hU. 

A proof of the Grobman-Hartman Theorem for diffeomorphisms using 
the A-lemma is in [75]. The constructions are similar but more elaborate. 

EXERCISES 

1. Show that a linear vector field L is hyperbolic if and only if the en-limit of each orbit 
is either the origin or empty. 

2. Show that there exists a linear vector field L on 1R4 and an orbit y of L such that the 
en-limit of y contains y but y is neither singular nor a closed orbit. 
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3. We say that a linear isomorphism A: IR" -+ IR" embeds in a flow if there exists a vector 
field X generating a flow X t with A = Xl. Characterize, by their canonical forms, 
the hyperbolic linear isomorphisms that embed in flows. 

4. Let f: M -+ IR be of class C', r ~ 2, and let X = grad! Show that p E M is a hyper
bolic singularity of X if and only if df(p) = 0 and d2f(p) is a nondegenerate bilinear 
form. 

5. Let X = grad f where f: M -+ IR is of class C' + 1. Show that if p E M is a singularity 
of X then the eigenvalues of dX p are real. 

6. Give an example of a vector field X E r(S2) such that X E <§1 and X t= 1 ¢ G1, that 
is, X t = 1 has a nonhyperbolic fixed point. 

7. Let X = gradfwheref: M -+ IR is of class C+ 1, r ~ 1. Show that X E <§1 if and 
only if X t = 1 E G1• 

8. We say that a C functionf: M -+ IR, r ~ 2, is a Morsefunction ifgradf E <§1, that 
is, if the singularities of grad f are all hyperbolic. Show that the set of Morse functions 
is open and dense in C(M). 

Hint. Let ((): IR" -+ IR be of class coo. Show that 0 is a regular value of the map 
<II: IR" x L(IR", IR) -+ L(IR", IR) defined by <II(x, A) = d({)(x) + A. 

9. Let X and Y be C1 vector fields on IRm. Suppose that 0 is an attracting hyperbolic 
singularity for X and Y. Show that there exists a homeomorphism h of a neighbour
hood of the origin which conjugates the diffeomorphisms X t = 1 and 1';= 1 but does 
not take orbits of X to orbits of Y. 

10. Let p E M be a hyperbolic fixed point of a diffeomorphism! Let {Po} be a sequence of 
periodic points off with p" # p and p" -+ p. Show that there exists a sequence of 
periodic points off that converge to a point other than p on the unstable manifold 
ofp. 

11. Show that iff E Diff'(M), r ~ 1, is structurally stable then all the fixed points off 
are hyperbolic. 

12. Let p E M be a hyperbolic periodic point off E Diff'(M). Show that given n E 1\1 
there exists a neighbourhood V of p such that any periodic point offin V - {p} has 
period greater than n. 

13. Let 0 E IR" be a hyperbolic singularity for the vector fields X and Y E r(IR"). Show 
that if there exists a C1 diffeomorphism,!: IR" -+ IR", taking orbits of X to orbits of 
Y then the eigenvalues of L = DX(O) are proportional to those of L = DY(O). 

Hint. Under the above hypothesis there exists a function A.: IR" -+ IR such that 
Df(x)· X(x) = A.{x)Y(f(x». Show that, for each v # 0, there exists 1(v) = 
limt_oA.{tv) and that Df(O)· Lv = 1(v)LDf(0)· v. 

14. Letf: IR" -+ IR" be a C1 diffeomorphism withf(O) = O. Let EU and EO be invariant 
subspaces forfsuch that IR" = EO Et> EU and write!": EU -+ EU andfo: EO -+ EO for 
the restrictions of f to EN and EO, respectively. Suppose that the eigenvalues of 
d!"(O) have absolute value > 1 and that the eigenvalues of dfo(O) have absolute 
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value :s: 1. Let DU c EU be a disc containing 0 and D a disc transversal to EO con
taining a point q E EO such thatf"(q) -+ 0 as n -+ 00. Show that there exists a neigh
bourhood V of 0 in IRn such that, for all e > 0, there exists no E 1\1 satisfying the 
following property: if n ~ no thenf"(D) contains a disc e C 1-cIose to V (\ DU. 

15. Let f: 1R2 -+ 1R2 be a C3 diffeomorphism, f(x, y) = (f1(X, y), f2(X, y», with the 
following properties: 
(1) f1(0, y) = 0 for all y E IR; 
(2) fix,O) = 0 for all x E IR; 
(3) Of2/0y(0, 0) > 1; 
(4) iflx(x) = ft(x, 0) then cx'(O) = 1, cx"(O) = 0 and cx"'(O) < O. 
Show that there exists a > 0 and a neighbourhood V of (0, 0) such that, given e > 0 
and a segment D transversal to the axis x = 0 through a point (0, y) E V, there exists 
no E 1\1 such that if n > no then f-n(D) contains a disc e C 1-cIose to the interval 
{(x, 0); -a :s: x :s: a}. 

16. Show that the diffeomorphismfin the previous exercise is locally conjugate to the 
diffeomorphism 

g(x, y) = (x - x\ 2y). 

17. Let f: 1R2 -+ 1R2 be a C2 diffeomorphism, f(x, y) = (f1(X, y), f2(X, y» with the 
following properties: 
(1) f1(0, y) = 0 for all y E IR; 
(2) fix,O) = 0 for all x E IR; 
(3) Of2/0y(0, 0) > 1; 
(4) if cx(x) = f1(X,0) then cx'(O) = 1 and cx"(O) -:f. O. Show thatfis locally conjugate 

to the diffeomorphism 

g(x, y) = (x + x 2, 2y). 



Chapter 3 

The Kupka-Smale Theorem 

Let M be a compact manifold of dimension m and X'(M) the space of C' 
vector fields on M, r ~ 1, with a C' norm. In Chapter 2 we showed that the 
set f'§ 1 C r(M), consisting of fields whose singularities are hyperbolic, is 
open and dense in X'(M). This is an example of a generic property, i.e. a 
property that is satisfied by almost all vector fields. In this chapter we shall 
analyse other generic properties in r(M). The original proof of the results 
dealt with here can be found in [44], [82] and [107]. 

First we introduce the concept of hyperbolicity for closed orbits. As in 
the case of singularities a hyperbolic closed orbit y persists under small 
perturbations of the original vector field. Moreover, the structure of the 
trajectories of the field is very simple and is stable under small perturbations. 
In particular, the set of points which has y as co-limit ( IX-limit) is a differentiable 
manifold called the stable (unstable) manifold of y. In a sense that will be 
made precise in the text, compact parts of these manifolds change only a 
little when we change the field a little. 

Let us consider two hyperbolic singularities (11 and (12. If the stable 
manifold of (11 intersects the unstable manifold of (12 then (11 and (12 are 
related by the existence of orbits which are born in (12 and die in (11. If the 
intersection is transversal then a small perturbation of the field will have 
hyperbolic singularities that are related in the same manner. Analogous 
concepts and properties are valid for closed orbits as we shall see later. 

We shall show here that all these properties hold for the fields in a residual 
subset of X'(M). At the end of the chapter we shall establish similar properties 
for Diff'(M). 

91 
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§ 1 The Poincare Map 

In the previous chapter we described the topological behaviour of the orbits 
of a vector field in the neighbourhood of a hyperbolic singularity. Now we are 
going to make an analogous study for closed orbits. As in the case of singu
larities we need to restrict ourselves to a subset of the space of vector fields in 
order to obtain a simple description ofthe orbit structure in neighbourhoods 
of the closed orbits. 

Let y be a closed orbit of a vector field X E ~'(M). Through a point 
Xo E Y we consider a section 1: transversal to the field X. 

The orbit through Xo returns to intersect 1: at time t, where t is the period 
of y. By the continuity of the flow of X the orbit through a point x E 1: 
sufficiently close to Xo also returns to intersect 1: at a time near to t. Thus if 
V c: 1: is a sufficiently small neighbourhood of Xo we can define a map 
P: V -+ 1: which to each point x E V associates P(x), the first point where the 
orbit of x returns to intersect 1:. This map is called the Poincare map associated 
to the orbit y (and the section 1:). Knowledge ofthis map permits us to give a 
description of the orbits in a neighbourhood of y. Thus, if x E V is a fixed 
point of P then the orbit of x is closed and its period is approximately equal 
to the period of y if x is near to Xo. In the same way if x is a periodic point 
of P of period k, i.e. P(x) E V, p 2(x) E V, ... , P'(x) = x, then the orbit through 
x is periodic with period approximately equal to kt. 

If pk(x) is defined for all k > 0 the positive orbit through x will be contained 
in a neighbourhood of y and if, in addition, pk(x) -+ Xo as k -+ 00, then the 
w-limit of the orbit of x is y. We can also detect the orbits which have y as 
(X-limit using the inverse of P, which is the Poincare map associated to the 
field -X. 

From the continuity of the flows of X and - X it follows that P is a homeo
morphism from a neighbourhood of Xo in 1: into 1:. Later we shall show, using 
the differentiability of the flow via the Tubular Flow Theorem, that P is in 
fact a local diffeomorphism of the same class as the field. We shall then be 
able to use the derivative of P at Xo to describe the orbit structure in the 
neighbourhood of y. For that we shall need some preliminary results. 

A tubular flow for X E ~'(M) is a pair (F,f) where F is an open set in M 
andfis a C' diffeomorphism of F onto the cube 1m = I X 1m - 1 = {(x, Y) E 

Figure 1 
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Figure 2 

~ X ~m-1; Ixl < 1 and III < 1, i = 1, ... , m - 1} which takes the tra
jectories of X in F to the straight lines 1 x {y} c 1 x 1m - 1. If kX denotes 
the field in 1m induced by fand X, i.e.kX(x, y) = DfJ-,(x,y)' X(f- 1(x, y)), 
thenf*X is parallel to the constant field (x, y) --+ (1,0). 

The open set F is called a flow box for the field X. In the previous chapter 
we saw that, if P E M is a regular point of X then there exists a flow box 
containing P (Tubular Flow Theorem). 

1.1 Proposition (Long Tubular Flow). Let y c M be an arc of a trajectory of 
X that is compact and not closed. Then there exists a tubular flow (F,!) of X 
such that F ::> y. 

PROOF. Let (X: [ - e, a + e] --+ M be an integral curve of X such that 
(X([O, a]) = y and (X(t):F (X(t') if t :F t'. Let us consider the compact set 
y = (X([ - e, a + e ]). As the points of yare regular there exists, by the Tubular 
Flow Theorem, a cover of y by flow boxes. Let ~ be the Lebesgue number of 
this cover. We take a finite cover {F 1, ... , Fit} ofy by flow boxes of diameter 
less than ~/2. By construction it follows that, if Fi (") Fj :F 0, then Fi u Fj is 
contained in some flow box of X. Using this property we can reorder the F;, 
reducing them in size if necessary, so that each FI intersects only F i - 1 and 

FH1 • 

Let -e = t1 < t2 < ... < tn = a + e be such that Pi = (X(ti) E Fi (") Y and 
let us write 1';-1 for {CO, y) E 1 x 1m - 1; IYjl < d, j = 1, ... , m - 1}. Let 
(F;,fi) be the tubular flows corresponding to the flow boxes above. It is clear 
that 1: 1 = f 11(1'; - 1) is a section transversal to X because f1 is a local 
diffeomorphism and Po E 1:1, If1:i = X tj - t ,(1:1) it follows that 1:i is a section 
transversal to X which contains the point Pi' If d is sufficiently small1:i c Fi. 

For each P E Y we take t E [0, a + 2e] such that P = X t(P1) and consider 
the section 1:p = X t(1: 1). Using the Tubular Flow Theorem we have 
1:p (") 1:q = 0 if P :F q and also that F = U pe ji 1:p is a neighbourhood of y. 

Figure 3 
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Figure 4 

In this neighbourhood we have a cr fibration whose fibre over the point 
pis 1:p , i.e. the projection 1t1: F -+ y, which associates to each Z E F the point 
p such that Z E 1:p , is a Cr map. We have another cr projection defined on F, 
1t2: F -+ 1:1> which associates to each point Z E F the intersection ofthe orbit 
of Z with 1:1, More precisely, if Z E 1:p and p = X t{P1) then 1t2{Z) = X -t{z). 
Let us consider two diffeomorphisms gl: y -+ [-1,1] and g2: 1:1 -+ r- 1. 
Then wedefinef: F -+ I x Im - 1 byf(z) = (g11t1(Z),g21t2{Z)).1t is clear that 
(F,f) is a tubular flow which contains y. 0 

Remark. The diffeomorphism f obtained above takes orbits of X in F to 
orbits of the constant field C: I x I m - 1 -+ IRm, C(x, y) = (1,0). In generalf 
does not preserve the parameter t, i.e.f.X is not equal to the field C. However, 
we can find a neighbourhood of y, Fe F, and a diffeomorphism!: P-+ 
(-b, b) x Im-1, where b > 0, such that]. X is the constant field. In fact, take 
p E Y and b > 0 such that y c Utr;<-b.b)Xt(P) c F. Let 1:p c F be a section 
transversal to X through the point P small enough for F = Ute<-b.b)Xt(1:P) 

to be contained in F. If Z E P and X -t{z) E 1:p then put!(z) = (t, hX -t{z)) 
where h: 1:p -+ Im - 1 is a diffeomorphism. It is easy to see that!is a C'diffeo
morphism and that].X is the constant field. 

1.2 Proposition. Let y be a closed orbit of a vector field X E xr(M) and let 1: 
be a section transversal to X through a point P E y. If Pr.: U c 1: -+ 1: is the 
Poincare map then Pro is a cr diffeomorphismfrom a neighbourhood V ofp in 
1: onto an open set in 1:. 

Figure 5 
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PROOF. Let (F 1'/1) be a tubular flow containing p and let (F 2 '/2) be a long 
tubular flow such that y c FlU F 2 as in Figure 5. 

Let 1:1 and 1:2 be the components of the boundary of F 2 which are trans
versalto X, i.e. 1:1 = fi"l({ -l} x Im - 1) and 1:2 = fi"l({l} x Im - 1). Write 
1t1: V c 1: -+ 1:1, 1t2: 1:1 -+ 1:2 and 1t3: 1:2 -+ 1: for the projections along the 
trajectories of X, where V is a small neighbourhood of p in 1:. PI = 
1t3 0 1t2 0 1t1.1t is easy to see from the Tubular Flow Theorem that 1t1' 1t2 and 
7t3 are maps of class C'. Thus PI is cr. As P has an inverse of class C', which 
is the Poincare map corresponding to the field - X, it follows that PI is a C' 
diffeomorphism from V onto an open set in 1:, which finishes the proof. 0 

Let 1:1 and 1:2 be sections transversal to X through points P1 and P2 of a 
closed orbit y as in Figure 6. 

Let h: 1:1 -+ 1:2 be the map which associates to each q E 1:1 the first point 
in which the orbit of q intersects 1:2 , By the Tubular Flow Theorem h is a 
C diffeomorphism. If PII and PI2 are the Poincare maps for the sections 1:1 
and 1:2 respectively we have P I2 = h 0 P II 0 h- 1. So DPI2(P2) = 
Dh(P1) 0 DPII(P1) 0 Dh- 1(P2) and therefore DPI2(P2) has the same eigen
values as DPdp1)' This shows that the next definition depends only on the 
field and not on the section 1:. 

Definition. Let P E Y where y is a closed orbit of X. Let 1: be a section trans
versal to X through the point p. We say that y is a hyperbolic closed orbit of X 
if P is a hyperbolic fixed point of the Poincare map P: V c 1: -+ 1:. 

Remark. As the flow of a vector field depends continuously on the field the 
Poincare map also depends continuously on the field. More precisely, let 
Px : V c 1: -+ 1: be the Poincare map of X. Let "1/ be a neighbourhood of X 
in reM) such that, for all Yin "1/, 1: is still a section transversal to Y and the 
orbit of Y through each point of V still returns to intersect 1:. Then the map 
"1/ -+ C'(V, 1:) which associates to each Y E "1/ its Poincare map P y is 
continuous. 

Figure 6 
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From this remark we conclude that, if y is a hyperbolic closed orbit of the 
vector field X, there exists a neighbourhood "I' of X in X'(M) such that every 
Y E "I' has a hyperbolic closed orbit yy close to y. This is because an analogous 
property holds for hyperbolic fixed points of diffeomorphisms as we saw in 
the last chapter. 

In what follows we shall show that, if y is a hyperbolic closed orbit of a 
vector field X E xr(M), then X is locally stable at y. That is, for each vector 
field Y belonging to a neighbourhood "I' of X, there exists a homeomorphism 
h: V ~ V' where V is a neighbourhood of y, taking orbits of X to orbits of Y. 
As we have already remarked, we cannot require the homeomorphism h to 
conjugate the flows Xt and Yr because this would imply, among other things, 
that the closed orbit yy c V' has the same period as y. It is clear that there 
exist vector fields Y arbitrarily close to X such that yy has period different 
from y: it is enough to take Y = (1 + n - l)X with n large enough. 

Let I: be a section transversal to the field X through the point p E y. We 
say that I: is an invariant section if there exists a neighbourhood U c I: of P 
such that Xw(U) c I: where w is the period ofy. The next lemma shows that 
we can reparametrize the vector field X in such a way as to make a given 
transversal section invariant. The proof is quite technical although the 
result is intuitively clear. 

1.3 Lemma. Let X E X'(M) and let y be a hyperbolic closed orbit of X with 
period w. Let I: be a section transversal to X through a point p E y. Then there 
exists a continuous map J.l.: "I' ~ X'(M), where "I' is a neighbourhood of X, such 
that: 

(a) J.l.(Y) = py' Y, where py: M ~ ~ is a positive differentiable function that 
takes the value 1 outside a neighbourhood of a point of y; 

(b) there exists a neighbourhood U c I: of p such that Y~(U) c I: where 
y* = J.l.(Y). That is, I: is an invariant section of y* = J.l.(Y)for all Y E "1'. 

PROOF. Let I:' = X -(W-to)(I:) with 0 < to < w. We have Xto(p) = p' E I:'. 
Let us consider the C map, a: I: ~ ~, that associates to each y E I: the least 
positive time a(y) for which Xa(yly) E I:'. Notice that if a(y) = to, for all y in 
a neighbourhood of p in I:, then I: is invariant. 

Let U c 0 c I: be neighbourhoods of p with D c O. Using a bump 
function that takes the value 1 on D and 0 outside 0, we define a C map, 

Figure 7 
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13: ~ -+ ~, that is equal to IX on U and is constant at the value to outside U. 
With the same bump function we define for each vector field Y in a neigh
bourhood of X a C' function, f3y: ~ -+ ~, which coincides with the function 
IXy on U and is equal to to outside U. Here IXy: ~ -+ ~ is the function that 
associates to each y E ~ the least positive time IXy{y) for which Y;.y(y)(Y) E ~Iy 

where ~y = Y-(W-to)(~)' 
Next we construct the desired reparametrization. Let G: "Y x ~ x ~ -+ ~ 

be a C' map satisfying the following condition: for each Y E "Y and each 
y E~, Gy,it) = G(Y, y, t) is a polynomial in t of degree 2r + 3 whose co
efficients are determined by 

GyjO) = 0, 

dGy,y (0) = 1 
dt ' 

dkGy,y (0) = ° 
dt ' 

Gyjto) = f3y{y); 

dGy,y (t) = l' 
dt 0 , 

dkGy,y 
"dik (to) = 0, k=2, ... ,r+1. 

f3y(y)A 1 · - toAl . a - J J 
j - det A ' j = 1, ... , r + 2, 

A = (r + 2)tO+ 1 (r + 3)tO+ 2 

(r + 2)!to 
(r + 3)! 2 

2! to 

(2r + 3)t6'+ 2 

(2r + 3)! ,+2 

(r + 2)! to 

and A1j is the cofactor of the entry alj = to+ j+ 1 in A. 
It now follows that H y(y, t) = dGy,y/dt(t) satisfies the following condi

tions: 

(a) Hy(Y,O) = Hy(y, to) = 1 for y E~; 
(b) Hy(y, t) = 1 for y ¢ U; 
(c) DkHy{y,O) = DkHy(y, to) = ° for all y E ~ and k = 1, ... , r. 

Condition ( c) follows easily from the previous equalities. 
Thus HI~ x [0, toJ extends to a C' map, H: ~ x ~ -+ ~, with H = 1 

outside ~ x [0, toJ. 
For small "Y and U, the map Gy,y: [0, toJ -+ [0, f3y(y)] is a diffeomorphism 

since Gy,y is the identity for y ¢ U. Also, the map qJy: ~ x [0, toJ -+ M, 
defined by qJy(y, t) = Y,.(y) where t* = Gyjt), is a C'diffeomorphism. Let 
W be qJy(~ x [0, toJ) c M and let us define py: M -+ ~ to be equal to 1 
outside Wand to be, on W, the composition of the maps 

q ~ (y, t) ~ d~;,y (t) = Hy(y, t). 
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By the construction above py is of class C. Let us consider the vector field 
y* = py' Y. We claim that Y~(y) E 1:~ for any y E 1:. In fact, let y E U and let 
t/J: [0, py(y)] --+ M be the integral curve of Y through the point y. Thus, 
t/J(t) = l';(y) and t/J(Py(y» E 1:~. Now let t/J*: [0, to] --+ M be the map 
t/J* = t/J 0 Gy,y' We check that t/J* is the integral curve of y* through y. We 
have 

dt/J* (t) = dt/J (G (t». dGy,y (t) 
dt dt y,y dt 

dG 
= d;'y (t)· Y(t/J 0 GY,y(t» = py(t/J*(t»· Y(t/J*(t» = Y*(t/J*(t». 

Thus, Y~(y) = t/J*(to) = t/J(Py(y» E 1:~. 
We complete the proof by defining /l( Y) = Y*. D 

Remark. Let X E r(M), Po E M and let 1: be a section transversal to X 
containing Po. Let 1:' = X t,(1:) and Pi = Xt,(Po)' From the proof of the 
lemma it follows that we can reparametrize all the vector fields near X so 
that they take the section 1: to the section 1:' in time t l' Such a reparametriza
tion can be concentrated in a neighbourhood of a point P = Xt(Po) for 
0< t < t1• 

1.4 Proposition. If y is a hyperbolic closed orbit of a vector field X E r(M) 
then X is locally stable at y. 

PROOF. Let w be the period of y and let 1: be a section transversal to X through 
a point P E y. Then P is a hyperbolic fixed point of the Poincare map Px . For 
Y close to X the Poincare map Py is close to Px . Thus, by the local stability 
of a hyperbolic fixed point, there exist neighbourhoods r of X and U c 1: 
of P with the following property: for each Y E r we can find a homeo
morphism hy from U to a neighbourhood of pin 1: conjugating Px and Py , 

that is hyPx = Pyhy. Let us extend hy to a neighbourhood of y. Let 
/l: r --+ r(M) be the map obtained in Lemma 1.3. Let V be a neighbourhood 
of y such that, if y E V, there exists 0 ~ t ~ w with X:(y) E U where X* = 
/l(X). Then we define hy(y) = Y~thyX:(y).1t is easy to see that, if V is small 
enough, hy is well defined, is a homeomorphism and conjugates the flows 
X: and Y:. As X* and Y* have the same orbits as X and Y, respectively, we 
conclude that hy takes orbits of X to orbits of Y. D 

If y is a hyperbolic closed orbit of a vector field X E r(M) we define the 
stable and unstable manifolds of y by 

WS(y) = {y E M; w(y) = y}, 

WU(y) = {y E M; oc(y) = y}. 
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There exists a neighbourhood V of y such that if Xt(q) E V, for all t ~ 0, then 
q E WS(y). This follows from an analogous property of the Poincare map of 
y. Let us consider the sets 

WHy) = {y E V; X,(y) E V for all t ~ O} 

WHy) = {y E V; X,(y) E V for all t ~ O}. 

We have WS(y) = UnENX -n WHy) and W"(y) = UnEN Xn WHy). 0 

1.5 Proposition. Let y be a hyperbolic closed orbit of a vector field X E r(M). 
If V is a small neighbourhood ofy then WHy) and WHy) are Cr submanifolds 
of M, WHy) is transversal to WHy) and WHy) () WHy) = y. 

PROOF. Let :E be a section transversal to X through a point p E y. If U is a 
small neighbourhood of p in :E we denote by WU(p) and Wu(p) the stable and 
unstable manifolds, respectively, of the Poincare map Px . As p is a hyperbolic 
fixed point of P x we see that WU(p) and Wu(p) are cr -submanifolds which are 
transversal to each other in :E and Wu(p) () Wu(p) = {pl. Therefore, if (J) is 
the period of y then UtE(O, 2eo) X,(WU(p» and UtE(O, 2eo) X -,(Wu(p» are cr 
submanifolds which intersect each other transversally along y. If V is a small 
neighbourhood of y then WHy) and W~(y) are open neighbourhoods of yin 
UtE(O, 2eo) (Wu(p» and in UtE(O, 2eo) X -t(Wu(p» respectively. This proves the 
proposition. 0 

Corollary. WS(y) and W"(y) are immersed submanifolds of Mof class cr. 0 

We leave it to the reader to prove the next statement. Let y be a hyperbolic 
closed orbit of a vector field X E r(M). Show that there exists a neighbour
hood f of X and, for each Y E f, a neighbourhood Wy C WS(yy) ofyy such 
that the map Y J--. Wy is continuous. That is given e > 0 and Yo E f, there 
exists (j > 0 such that, if II Y - Yo II < (j, then Wy is e cr -close to WYo' 

§2 Genericity of Vector Fields Whose Closed 
Orbits Are Hyperbolic 

In the last chapter we showed that the set f§ 1 C xr(M), consisting of vector 
fields whose singularities are hyperbolic, is open and dense in xr(M). In this 
section we shall show that the set f§12 C f§l, of vector fields in f§l whose 
closed orbits are hyperbolic, is residual. For this it is enough to show that, 
if T > 0 is any integer, then the set X(T) c f§ 1 of those vector fields whose 
closed orbits of period ~ T are hyperbolic is open and dense. As f§12 = 
nT;;~lX(T) it will then follow that f§12 is residual. 
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2.1 Lemma. Let p E M be a hyperbolic singularity of X E r(M). Given T> 0 
there exist neighbourhoods U c: M of p and 0/1 c: r(M) of X and a continuous 
map p: 0/1 --+ U such that 

(i) if Y E 0/1 then p(Y) is the unique singularity of Yin U and it is hyperbolic; 
(ii) every closed orbit of a field Y E 0/1 that passes through U has period > T. 

PROOF. Part (i) was proved in the last chapter. 
By the Grobman-Hartman Theorem there exists a neighbourhood V of p 

such that there is no closed orbit of Y E 0/1 entirely contained in V. As X(p) = 0 
we can find a neighbourhood U of p contained in V such that, if q E U, then 
Xt(q) E V for t ::;; 2T. Shrinking 0/1 if necessary we shall have Y,(q) E V for 
t ::;; T if q E U and Y E 0/1. As Y does not have a closed orbit entirely contained 
in V, the lemma is proved. 0 

2.2 Lemma. Let T > 0 and let y be a hyperbolic closed orbit of a vector field 
X E ~r(M). Then there exist neighbourhoods U c: M of y and 0/1 c: r(M) of 
X such that: 

(i) each Y E 0/1 has a hyperbolic closed orbit yy c: U and each closed orbit of 
Y distinct from yy that passes through U has period greater than T; 

(ii) the orbit yy depends continuously on Y. 

PROOF. Take a transversal section 1: through a point p of y and let P x: V --+ 1: 
be the Poincare map associated to X. Let 't be the period ofy and n a positive 
integer such that n't > 2T. For sufficiently small V c: 1: we have P~ defined 
on V. As the Poincare map depends continuously on the vector field there 
exists a neighbourhood 0/1 of X such that, if Y E 0/1, pry is defined on V. As p 
is a hyperbolic fixed point of Px , there exists, for possibly smaller 0/1 and V, a 
continuous map p: 0/1 --+ V that associates to each Y E 0/1 the unique fixed 
point p(Y) of P y in V and this fixed point is hyperbolic. Ify y is the orbit of Y 
through p(Y) it follows that yy is a hyperbolic closed orbit and yy clearly 
depends continuously on Y. By the Grobman-Hartman Theorem for diffeo
morphisms and by the continuous dependence of the Poincare map on the 
vector field there exists a neighbourhood Y c: V of p and a neighbourhood 
0/1 of X such that, for all Y E 0/1 and all q E Y, P}(q) E V for k = 1, ... , n. 
Therefore, for possibly smaller 0/1, every closed orbit of Y E 0/1, other than yy, 
through a point q E Y has period> T, because q is not a periodic point of P y 

of period less than or equal to n. It is now sufficient to take U = UtEIO.t+81Xt V, 
where 8 > 0 is small enough. 0 

Corollary. Let X E ~ 12, that is, all the singularities and closed orbits of X are 
hyperbolic. Given T > 0 there are only a finite number of closed orbits of period 
::;; T. In particular, X has at most a countable number of closed orbits. 

PROOF. Suppose, if possible, that X has an infinite number of closed orbits of 
period::;; T and let yft be a sequence of them with yft =I: Yft' if n =I: n'. Take 
pft E yft' As M is compact we can suppose, by passing to a subsequence if 
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necessary, that Pn converges to some point p. Thus the orbit of p is in the 
closure of the set which consists of an infinite number of closed orbits of 
period::;; T. By Lemma 2.1, p cannot be a singularity and, by Lemma 2.2, 
the orbit of p cannot be closed. Thus, the orbit of p is regular. Set pi = X - rlp) 
and p" = X rlp). Let F be a flow box containing the arc pi p" of the orbit of p. 
If Pn is close enough to p then X,(Pn) E F for t E [ -tT, !T] so that the orbit 
of Pn has period > T which is absurd. 0 

2.3 Lemma. Let X E ~'(M) and let K c: M be a compact set such that X has 
no singularities in K and the closed orbits of X through points of K have period 
> T. Then there exists a neighbourhood <:pt c: ~'(M) of X such that each Y E <:pt 
has no singularities in K and the closed orbits of Y through points of K have 
period> T. 

PROOF. As K is compact and X ::f: 0 in K there exists a neighbourhood 
% c: X'(M) of X such that each vector field Y E % has no singularities in 
K. Take p E K. As the orbit of X through p is either regular or has period 
greater than T, it follows that there exists 6 > 0 and a neighbourhood Up of P 
such that, for q E Up, we have X,(q) rt Up for all t E [6, T + 6]. As the flow 
depends continuously on the vector field, there exists a neighbourhood 
<:pt p c: % of X such that the same property holds for all Y E <:pt p' In particular, 
each closed orbit of Y E <:pt p through a point of Up has period greater than T. 
Let U PI' ••• , U PIc be a finite cover of the compact set K and let <:pt = n~ = 1 <:pt Pi' 

It is clear that each closed orbit of Y E <:pt through a point of K has period 
greater than T. 0 

Let X be a COO vector field on M, y a closed orbit of X and 1: a transversal 
section through a point p E y. Let <:pt c: X'(M) be a neighbourhood of X and 
let V c: 1: be a neighbourhood of p such that, for all Y E <:pt, the Poincare map 
of Y is defined on V. 

2.4 Lemma. In the above conditions there exists a neighbourhood U c: M 
ofy with the following property: given 6> 0 there is a Coo vector field Y E <:pt, 
with II Y - XII, < 6, such that P y has only a finite number of fixed points in 
1: c: U and they are all elementary. 

PRooF.Let(F,f)beatubularflowwithcentrepsuchthatf-i({O} x 1m - i) = 
1: n F and also /oX is the unit vector field C on [ - b, b] x 1m - i . Let C be a 
Coo vector field defined onf(F) c: Rm such that C is transversal to {-b} x 
r- 1 and {b} x I m - 1 and each orbit of C through a point of { - b} x Im - 1 

meets {b} x 1m- i . Then we can define a map Lt: {-b} x I m- 1 _ {b} x I m- 1 

which associates to each point of { - b} x Im - 1 the intersection of its orbit 
with {b} x r- i. By the Tubular Flow Theorem Lc is a diffeomorphism. Let 

A = [-b, -!b] x I m- i u [!b, b] x I m- 1 u [-tb, !b] x (lm-l - l'3i4 1). 
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We claim that, given 8> 0, there exists 81 > 0 such that, for all v e IRm with 
Ilvll < 81 we can choose the Coo vector field C such that IIC - CII. < 8 on 
[-b,b] x r- 1, C = C on A and Lc(-b,y) = (b,y + v) if ye/i/i1. In 
fact, let I/!: [ -b, b] - IR+ be a Coo function such that I/!(t) = 0 if 
t e [-b, -!b] u [!b, b] and I/!(t) > 0 if t e (-tb, tb). Take cp: 1m - i _ IR+ 
such that cp(y) = 0 if Ilyll > i and cp(y) = 1 if Ilyll ~ !. We define C(x, y) = 
(1, pcp(y)I/!(x)v) and look for a real number p for which C has the required 
properties. The differential equation associated with C can be written as 

jdX = 1 
dt ' 

dy 
dt = pcp(y)I/!(x)v. 

The solution of this equation with initial conditions x(O) = - b, y(O) = 
Yo e/1/4 canbewrittenasx(t) = t - b,y(t) = Yo + (f~pcp(Y(s»I/!(s - b)ds)v. 
Let us take lip = gbl/!(S - b) ds.1t is easy to see that, if Ilvll is small enough, 
we shall have 1Iy(t)11 < ! for all t e [0, 2b]. Thus, cp(y(s» = 1 and y(t) = 
Yo + (pJ~I/!(s - b) ds)v. Thus Lc( -b, Yo) = (b, Yo + v), which proves our 
claim. 

Let Y be the vector field on M which is equal to X outside 
f-l([ -b, b] x 1m - i ) and equal to (f-l).C onf-l([ -b, b] x r- 1). It is 
clear that Y is Coo and II Y - XII. < 8. We write 1:1 for the transversal section 
defined by f- 1({b} x 1m - i ) and let V c 1:1 be a small neighbourhood of 
Pi = f- 1(b, 0) on which the Poincare maps Px and P y are defined. The 
expression for P y in the local chartf 11:1 is 

Py(b, y) = Px(b, y) + v 

if V c f-l({b} x 11/4 ) and y e 11/4 , 

By Proposition 3.3 of Chapter 1 we can choose v e IRm-l, Ilvll < 81> such 
that the map y H (y, Py(y» is transversal to the diagonal in IRm- 1 x IRm-l. 
With this choice the fixed points of P y in V are all elementary which proves 
the lemma. 0 
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2.S Lemma. Let y be a closed orbit of a coo vector field X. Given 8 > 0, there 
exists a Coo vector field Yon M such that II Y - XII, < 8 and y is a hyperbolic 
closed orbit of Y. 

PROOF. Let (F,!) be a tubular flow with centre a point of y such thatf.X is 
the unit field C on [-b, b] x 1m- I • We shall show that, given 8 > 0, there 
exists 81 > 0 such that, for any 0 < ~ < 81' we can find a Coo vector field 
Csuch thaqC - CII, < 80n [-b, b] x r- 1, C = ConA andLc( -b, y) = 
(b, (1 + ~)y) if y E 1Ti41• Here we are using the same notation as in the proof 
of Lemma 2.4. 

In fact, let 1/1: [ -b, b] -+ ~+ be a Coo function such that I/I(t) = 0 if 
t E [ -b, -tb] u [tb, b] and I/I(t) > 0 if t E (-tb, tb). Take <p: 1m - 1 -+ ~+ 
such that <p(y) = 0 if Ilyll ~ i, <p(y) = 1 if Ilyll ~ t and <p(y) > 0 if t < 
lIyll < i. We define C(t, y) = (1, p<p(y)I/I(t)y) and look for p for which C 
satisfies the required conditions. It is immediate from the definition that 
C = C on A. The differential equation associated with C can be written as 

1 dx = 1 
dt ' 

i: = p<p(y)I/I(x)y. 

Let Yo E 1m - 1 satisfy IIYol1 ~ i. We have <p(Yo) = 1 and <p(y) = 1 in a 
neighbourhood of Yo. The solution of the above equation with initial 
conditions x(O) = -b, y(O) = Yo can be written as x(t) = t - b, y(t) = 
Yo + J~P<P(y(s»I/I(s - b)y(s) ds. By the continuity of y(s), there exists I > 0 
such that qJ(y(s» = 1 for all s E [0, -tb + I]. Hence y(t) = Yo x 
exp(p J~ I/I(s - b) ds) in [0, -tb + l] as we can check by differentiating. Let 
J.t{t) = exp(pJ~I/I(s - b) ds). Then J.l(O) = 1. Now, for 0 < p < 81 = log 2/ 
J~bl/l(S - b) dswe haveJ.l an increasing function, 0 < J.l(2b) ~ 2 and Ily(s)II ~ 
211YoII ~ t. Therefore, <p(y(s» = 1 for all s E [0, 2b] so that y(s) = J.l(s)Yo and 
Lc( -b, Yo) = (b, J.l(2b)yo). It is easy to see that we can choose p to make 
J.t{2b) = 1 + ~ where 0 < ~ < 81' so that Lc( -b, Yo) = (b, (1 + ~)Yo). 
Moreover, by taking p small enough we clearly get IIC - CII, < 8. 

Let Y be the vector field on M which is equal to X outside 
f-l([ -b, b] x 1m - 1) and to (f-l).C onf-l([ -b, b] x 1m - 1). It is clear 
that Y is Coo, II Y - XII, < 8 and y is still a closed orbit of Y. We show that, 
for ~ small enough, y is a hyperbolic closed orbit of Y. In fact, put l: = 
f -1( {b} x 1m - 1). The expression for the Poincare map in the local chart 
fll: is 

Py(b, y) = (1 + ~)Px(b, y) if Ilyll < i. 

Thus, D(PY)(b,O) = (1 + ~)D(PX)(b,O). For small ~ > 0 the eigenvalues of 
D(PY)(b, 0) will have absolute value different from 1. 0 
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Remark. In Lemmas 2.4 and 2.5 we started from a vector field X of class Coo 
and made the perturbation in the C topology. The proofs of these lemmas 
cannot be made as above if X is of class C. This is because the tubular flow 
(F,j) is then of class C and the vector field (f-1).C is only C- 1. However, 
the reader can prove that given e > 0 there exists a Coo vector field X which 
is eC' near X and has a closed orbit y near y. We shall return to this question 
at the end of this chapter. 

2.6 Theorem. The set t§ 12, which consists of the vector fields whose critical 
elements (that is, singularities and closed orbits) are hyperbolic, is residual (and 
therefore dense) in r(M). 

PROOF. Take T > 0 and consider the set ~(T) = {X E t§1; the closed orbits 
of X with period ~ T are hyperbolic}. We shall show that ~(T) is open and 
dense in r(M) and then t§ 12 will be residual since it is equal to nneN ~(n). 

Part 1. ~(T) is open in r(M). 
Let X E ~(T). By the corollary of Lemma 2.2, X has only a finite number 

of closed orbits of period ~ T. Choose p E M. We have three cases to consider: 

(a) p is a singularity of X; 
(b) (9(p) is regular or closed with period > T; 
(c) (9(p) is closed with period ~ T (and is therefore hyperbolic). 

In case (a) there exist, by Lemma 2.1, neighbourhoods Up of pin M and 
~ of X in r(M) such that every vector field Y E ~ has only one singularity 
p(Y) E Up, which is hyperbolic, and any closed orbit of Y that intersects Up 
has period > T. 

In case (b) there exists, by the Tubular Flow Theorem, a neighbourhood 
Up of p in M such that any closed orbit of X that intersects Up has period 
> T and X has no singularities in Up. By Lemma 2.3, there exists a neigh
bourhood ~ of X in r(M) such that every vector field Y E ~ has no 
singularities in Up and the closed orbits of Y through points of Up have 
period> T. 

In case (c) there exist, by Lemma 2.2, neighbourhoods Up of (9(p) in M 
and ~ of X in r(M) such that any Y E ~ has only one closed orbit in Up, 
yy, it is hyperbolic and all other closed orbits of Y that intersect Up have 
period > T. Moreover Y has no singularities in Up. 

Now {Up; p E M} is an open cover of M. Choose a finite subcover 
U 1, ••• , Ub let .Ai, ... , All be the corresponding neighbourhoods of X in 
r(M) obtained in cases (a), (b) and (c) and put o/i = .Ai n ... n All. It is 
now easy to see that any vector field Y E o/i has its closed orbits of period ~ T 
near the corresponding closed orbits of X and they are still hyperbolic. Also 
Y has the same number of singularities as X (again still hyperbolic), which 
proves the first part of the theorem. 

Part 2. ~(T) is dense in r(M). 
It is sufficient to prove that ~(T) is dense in t§ 1 so choose X E t§ l' 
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Claim 1. There exists -r > 0 such that every closed orbit of X has period ~-r. 
Suppose, if possible, that there exists a sequence {jI,,} of distinct closed 

orbits and that the sequence {tIl} of their periods decreases and tends to o. 
Take a sequence of points p" E jI ... We can suppose, by passing to a subse
quence if necessary, that P .. converges to some p E M. The point p must be a 
singularity of X for, if not, there would be a flow box containing p and the 
closed orbits intersecting this box could not have arbitrarily small period. 
Since X E ~ I> P is a hyperbolic singularity. By Lemma 2.1, there exists a 
neighbourhood U of p in M such that every closed orbit of X that intersects 
U has period greater than one and this contradiction proves Claim 1. 

Now consider the set r = r(-r, 3-r/2) = {p E M; (P(p) is closed with period 
t and -r ~ t ~ 3-r/2}. 

Claim 2. r is compact. 
It is enough to prove that r is closed. Let P .. be a sequence in r with 

P .. -+ p. As noted above p cannot be a singularity of X. If the orbit of p is 
regular or closed with period greater than 3-r/2 then any closed orbit of X 
through a point near p has period greater than 3-r/2, which is a contradiction. 
Thus, (P(p) is closed with period between -r and 3-r/2 which proves the claim. 

Given e > 0, we want to find Y E X(T) with IIX - YII, < e to conclude 
the proof. First, we outline the construction of Y. Express T as!m + q where 
o ~ q < t-r. Initially, we approximate X by a COO vector field X with 
IIX - XII, < e/2n. Next, we approximate X by a COO field Y1 E X(3-r/2) such 
that IIX - Y1 11, < e/2n. The next step is to approximate Y1 by a Coo field 
Y2 E X(2-r) with II Y1 - Y2 11, < e/n. We carry out the process used in approxi
mating Y1 by Y2 n - 1 times and obtain Coo fields YI> Y2 , ••• , y" with 
lj E X(ij-r + -r) and Illj+ 1 - ljll, < e/n. Then putting Y = y" we have 
Y E X(T) and IIY - XII, < e. 

Approximating X by Y1 E X(3-r/2). 
Let PI> ... , Ps be the singularities of X. By Lemma 2.1 there exist neigh

bourhoods U 1> ••• ' Us of Pl> ... , Ps and .At c ~1 of X in X'(M) such that, 
for all Y E .At, the closed orbits of Y that intersect U = U 1 U ... u Us have 
period greater than T. Moreover, we can suppose that any Y E .At has no 
singularities in M - U. From now on we restrict ourselves to fields in .At. 

Let jI be a closed orbit of X in rand 1:1 a transversal section through 
p E jI. Let us consider neighbourhoods ~ c 1:y of p and .At; of X such that 
N is defined on ~ for all Y E .At; and the positive orbit of Y through a point 
of ~ first intersects 1:y at a time t > 3-r/4. We also consider a neighbourhood 
w,. of jI such that the positive orbit of Y through any point of w,. intersects 
1:y at least twice. 

The open sets w,. for closed orbits jI c r cover the compact set r. Let 
Wt, ... , w,. be a finite subcover and let .At;" •.. , .At;k be the corresponding 
neighbourhoods of X. Put A2 = .At;, n ... n .At;k and W = W1 U ... u w,.. 

Now consider the compact set K = M - (U u W). Since X has no 
singularities in K and every closed orbit of X through points of K has period 
greater than 3-r/2, there exists, by Lemma 2.3, a neighbourhood .At; c .A-2 
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of X such that the closed orbits of any Y E ~ through points of K have 
period greater than 3-r/2. From now on we restrict attention to fields in ~. 
For each j = 1, ... ,k and for each Y E ~ consider the Poincare map 
Pjy : Jj -+ 1:j • By Lemma 2.4, we can approximate X by a COO field 1'1 such 
that P lY1 only has elementary fixed points in WI n 1:1. As we saw in the last 
chapter, every field close enough to 1'1 has the same property. Thus we can 
approximate Yl by a field 1'2 such that P lY2 and P2Y2 only have elementary 
fixed points in WI n 1:1 and W2 n 1:2 • By repeating this argument we obtain 
a field r,. arbitrarily close to X for which the Poincare maps P jYk only have 
elementary fixed points in Kj n 1:j for j = 1, ... , k. Let Ill' ... , III be the 
closed orbits of r,. corresponding to the fixed points of these Poincare maps. 
The other closed orbits of r,. have period> 3!/2. Moreover, there exists a 
neighbourhood .K(~) such that each field Y E .K(~) has its closed orbits 
of period ~ 3!/2 elementary and they are near Ill' ... , Ill. 

Using Lemma 2.5 repeatedly we approximate r,. by a COO field Yl whose 
closed orbits of length less than or equal to 3!/2 are the same as those of r,. 
and they are hyperbolic for Yl • Thus, we have Yl E X(3!/2). 

As X(3!/2) is open, there exists a neighbourhood .;Y.'I: of Yl contained in 
X(3!/2). Consider neighbourhoods Us+1, ••• , Us + 1 of the closed orbits of Yl 

of period less than or equal to 3!/2 as in Lemma 2.2. Put U = Ui~i Ui. 
Thus every closed orbit of a field near Yl through a point of U is hyperbolic 
or has period greater than 3!/2. 

Approximating Yl by Y2 E X(2!). 
From the compactness ofr = r(3!/2, 2!) and Lemmas 2.4 and 2.5 as before 

we obtain a neighbourhood W of r such that Yl can be approximated by a 
field Y2 whose closed orbits through points of W are either hyperbolic or 
have period greater than 2!. As the closed orbits of Yl in the compact set 
K = M - (U U W) have period greater than 2! it follows that we can choose 
Y2 to be a COO field in X(2!). Similarly we can obtain Y3 , ••• , y" and this 
completes the proof of density. 0 

§3 Transversality of the Invariant Manifolds 

In this section we shall complete the proof of the Kupka-Smale Theorem. 
We say that a vector field X E r(M) is Kupka-Smale if it satisfies the 

following properties: 

(a) the critical elements of X (the singularities and closed orbits) are hyper
bolic, that is, X E ~ 12 ; 

(b) if 0"1 and 0"2 are critical elements of X then the invariant manifolds 
WS(O"l) and WU(0"2) are transversal. 

We write ~ 12 3 or K -S for the set of Kupka-Smale vector fields. 
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3.1 Theorem (Kupka-Smale). K-S is residual in r(M). 

We have already shown that f§ 12 is residual in r(M) so it only remains to 
show that K-S is residual in f§ 12. We shall divide the proof of this fact into 
several lemmas. 

To simplify the notation we make the convention that a singularity of 
X E r(M) is a critical element of period zero. Thus, if T > 0 and X E ~(T) 

then X has only a finite number of critical elements of period ~ T and they 
are hyperbolic. Let X(T) be the set of vector fields X E ~(T) for which 
W S ( 0" 1) is transversal to W"( 0" 2) whenever 0"1 and 0"2 are critical elements of 
period ~T. 

3.2 Lemma. If l(T) is residual in r(M) for all T ~ 0 then K -S is residual. 

PROOF. As K-S = ()nEN £(n) and each l(n) is residual it follows that K-S is 
residual. 0 

3.3 Lemma. Let E be a separable Baire space and FeE a dense subset. A 
subset U c E is residual if and only if each x E F has a neighbourhood Vx such 
that U n Vx is residual in Vx. 

PROOF. Let VXI ' ••• , v"n' ... be a countable cover of F such that Un Vx , is 
residual in Vx , for all i. Then U n Vx , :::J ()f= 1 U ij where U ij is open and dense 
in VXi • Let V = U r;. 1 Vx , and W;j = U ij U (V - Y,). Then V and W;j are 
open and dense. It is easy to see that U contains ()r;.1 ()f= 1 W;j. Hence U is 
residual. The reciprocal implication is trivial. 0 

Corollary. If,for all T ~ 0 and for all X E ~(T), there exists a neighbourhood 
% of X such that l(T) is residual in % then K-S is residual. 

PROOF. This follows from Lemmas 3.2 and 3.3 and the density of ~(T) in 
r(M). 0 

Let X E ~(T) and let 0"1' ••. ' O"s be the critical elements of X with period 
~ T. For each i let us take compact neighbourhoods WO(O"i) and Wij(O"J of O"i 
in WS(O"i) and W"(O"i), respectively, such that the boundaries of WO(O"i) and 
Wij(O"i) are fundamental domains for WS(O"i) and W"(O"J Let ~i be a codimen
sion 1 submanifold of M that is transversal to the vector field X and to the 
local stable manifold of 0" i which it meets in the fundamental domain a WO( 0" i), 
see Figure 9. 

For each Y in a small enough neighbourhood % of X, Y is transversal to 
each ~i and the critical elements of Y of period less than or equal to Tare 
hyperbolic and are near the corresponding critical elements of X. Thus, if 
O"I(Y), ... , O".(Y) are the critical elements of Y of period less than or equal to 
T then there exists a compact neighbourhood WO(O"i, Y) of O"lY) in WS(O"i, Y) 
whose boundary is the intersection of ~i with WO(O"i, Y). By the Stable 
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WS(o";) 
,<f-------""7 

Figure 9 

Manifold Theorem the map Y 1---+ Wo(a;, Y) is continuous; that is, given 
Yo E % and B > 0 there exists <5 > 0 such that if II Y - Yoll, < <5 then 
Wo(a;, Y) is B C'-close to WO(ai' Yo). Similarly, for each Y E % and each 
i = 1, ... , s, we construct a compact neighbourhood WO(ai, Y) of ai(Y) in 
W"(a;, Y) so that the map Y 1---+ WO(ai, Y) is continuous. 

For each positive integer n we define W~(a;. Y) = Y_n(WO(ai, Y)) and 
W~(a;, Y) = Y,,(WO(ai' Y)). It is clear that the maps Y 1---+ W~(ai' Y) and 
Y 1---+ W~(a;. Y) are continuous since Y" and Y- n are diffeomorphisms that 
depend continuously on Y. Moreover, W~(ai' Y) and W~(a;. Y) are compact 
submanifoldswithboundary, W'(ai' Y) = Un~O W~(a;. Y)and W"(ai, Y) = 
Un~O W~(ai' Y). Let Xn(T) be the set of vector fields Y E % such that 
W~(a;. Y) is transversal to W~(aj' Y) for all i andj. 

3.4 Lemma. Let X E X(T) and let % be a neighbourhood of X as above. IJ,for 
all n E N, Xn(T) is open and dense in % then X(T) n % is residual in %. 

PROOF. If suffices to observe that X(T) n % = n:,= 1 Xn(T). 0 

3.5 Lemma. Let X E X(T) and let % be a neighbourhood of X as above. Then, 
for all n EN, Xn(T) is open and dense in %. 

PROOF. Let a1"'" a. be the critical elements of X of period less than or equal 
to T. We write Xn,i,iT) for the set of vector fields Y E % such that W~(a;. Y) 
is transversal to W:(aj' Y). It is clear that Xn(T) = ni,j=l Xn,ijT). Thus it 
is enough to show that each Xn,i,iT) is open and dense in %. 

Part 1. Openness ofXn i iT). 
Let X E Xn,i,iT). A; W~(a;. X) is transversal to W~(aj' X) and the maps 

y 1---+ W~(a;. Y) and Y 1---+ W~((Jj' Y) are continuous, it follows that there 
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exists a neighbourhood .Al;j of X in .;V such that, for all Y E .Al;j' W~«(Ti' Y) 
is transversal to W~«(Tj' Y). Therefore .Al;j c In,ijT), which proves this set 
is open. 

Part 2. Density of In, ijT). 
Let X E X(T) n .;V We shall show that there exists a neighbourhood 

% of X in .;V such that In, iJT) n % is open and dense in .Ai: In particular, 
X can be approximated arbitrarily well by elemen~ of In, ijT). 

Let us consider the compact set K = W~«(T;, X) n W~«(Tj' X). If x E K 
there exist a tubular flow (F x,fi,J containing x and a positive real number 
bx such that fx,iFx) ::::> [-bx' bx] x Im - 1 and the vector field (fi,x).X 
coincides with the unit field on [ - bx, bx] x r - 1. Let Ax c F x be an open 
neighbourhood of x such that the closure of Ax is contained in the interior of 
(fi x)-I([ -bx' bx] x Iii;' 1). By shrinking Fx if necessary we can suppose 
th~t W~i(T;, X) n Fx and Wii(Tj' X) n Fx have only one connected 
component each. Let AI"", Al be a finite cover of K by such open sets and 
let us write (Fk,fi,k) for the corresponding tubular flows. Then 
(fi,k)-I([ -bk, bk] x Iii;.l) contains Ak. As the maps YH W~«(Ti' Y), 
Yf-+ W~«(Tj' Y) are continuous, there exists a neighbourhood .Ai' of X in 
.;V such that W~«(Ti' Y) n W~«(Tj' Y) c Ui= 1 Ak for all Y E.Ai: By shrinking 
.Ai' if necessary we can even suppose that, for each Y E .Ai' and k = 1, ... , I, 
there exists a tubular flow (Fy,k,fy,k) for Y with Fy,k::::> Ak,fy,k(Fy,k)::::> 
[ -bk, bk] x r- 1 and such that the interior of (fY,k)-I([ -bk, bk] x Iii;.l) 
contains the closure of Ak • This is possible because the flow depends con
tinuously on the vector field. Now let Xk be the set of those vector fields Y E % 
such that W~«(T;, Y) is transversal to W~«(Tj' Y) at all points of Ak. Clearly 
Xk is an open subset of % and it will be sufficient for our purposes to show 
that Xk is dense in % since In,i,J{T) n % = ni=1 Xk. 

We shall now show that Xk is dense in .Ai: Let us take a C'" vector field 
Y E %. We denote by S+(Y) the intersection'offy,k(W~«(Ti' Y) n Fy,k) with 
{bk} x' r- 1 and by U +(Y) the intersection of fy,iW~«(Tj' Y) n F y,k) with 
{bk } x 1m - I • It is easy to see that if S +(Y) is transversal to U +(Y) in {bk } x 
Iii;.1 then W~«(T;, Y) is transversal to W~«(Tj' Y) in Ak. See Figure 10. 

WS(o) 

, 
I .-
I I, ___________ __ v 

Figure 10 
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By the same argument as in the proof of Lemma 2.4, given B > 0 and 
v E Rm-l with Ilvll small enough, we find a COO vector field Y on M with 
IIY - YII, < B such that 

(a) Y = Y outsidefij([ -b .. , bk] x r- 1), 

(b) Ly( -b, y) = (b, y + v) for all y E 1T/41. 

Here b = b" and Ly is the map from {-b} x 1m- 1 to {b} x r- 1 which 
associates to each ( - b, y) the point of intersection with {b} x 1m - 1 of the 
orbit of (fr,,,). Y through the point (-b, y). On the other hand, by Pro
position 3.3 of Chapter 1, we can choose v small so that S+(Y) will be trans
versal to U +(Y) + v. Then f ij(S +(Y» is the intersection of Wiiujo Y) 
with the transversal sectionfij({b .. } x 1m - i ) andfi,HU+(y) + v) is the 
intersection of WMUj' Y) with the section fij({b,,} x 1Ti4 1). Thus, we 
conclude that these two submanifo1ds are transversal in f - 1([ - bk , b,,] X 
1Ti"41). Consequently W~(UI' Y) is transversal to W:(Uj' Y) on Ak • This shows 
that Y E ik' 

Thus any COO field in .R can be approximated by a field in i k • As any field 
in .R can be approximated by a COO field it follows that i k is dense in .R which 
completes the proof of the lemma. 0 

Theorem 3.1 is now an immediate consequence of Lemmas 3.2, 3.3, 3.4 
and 3.5. 0 

Remark. It is important to note that K-S is not open in X'(M). In fact, con
sider an irrational flow X, on the torus T2. The vector field X E K-S since 
it has no critical elements. However, X can be approximated by vector fields 
Y for which 1'; is a rational flow. All the orbits of Yare closed and non
hyperbolic. Thus Y ¢ K-S. 

Now we shall state the Kupka-Smale theorem for diffeomorphisms. The 
proof is similar to the case of vector fields and will be left as an exercise for the 
reader. We shall, however, present two separate sketches of proofs. 

A diffeomorphism f E Diff'(M) is said to be Kupka-Smale if 

(a) the periodic points of f are hyperbolic, and 
(b) if p and q are periodic points of f then W'(p) is transversal to WU(q). 

We shall denote the set of Kupka-Smale diffeomorphisms by K-S too. 

3.6 Theorem K-S is residual in Diff'(M). 

SKETCH OF PROOF. (1) If f E Diff'(M) and kEN we write p: M --+ M x M 
for the map given by jk(p) = (p,fk(P». Ifp is a periodic point off of period k 
then p(P) = (p, p) which belongs to the diagonal 11 eM x M. Such a point 
p is elementary if and only if p is transversal to 11 at p. Let n E N and let 
~n be the set of diffeomorphisms f E Diff'(M) such that P is transversal to 
11 for k = 1, ... , n. Then ~n is open and dense. 
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(2) Letf E!0n and let p be a periodic point off of period less than or equal 
to n. It is easy to approximate fby g E !0n so that g = f outside a neighbour
hood of p and p is a hyperbolic periodic point of g. Thus the set ?jn c !0n of 
those diffeomorphisms whose periodic points of period k = 1, ... , n are all 
hyperbolic is open and dense. 

(3) Let r:gn be the set of those diffeomorphisms in ?jn whose stable and 
unstable manifolds of periodic points of period up to n are pairwise trans
versal. r:gft is residual. As K-S = (lnEt'\l r:gn it follows that K-S is residual. 0 

Another proof of the Kupka-Smale Theorem for diffeomorphisms can be 
obtained from the corresponding theorem for vector fields. For this we shall 
need a construction that enables us to relate diffeomorphisms on a manifold 
M with vector fields on a manifold M of dimension one higher. This con
struction is called the suspension of a diffeomorphism. 

Let X E r(M) and let! c M be a compact submanifold of codimension l. 
We say that! is a global transversal section for X if (a) X is transversal to !, 
and (b) the positive orbit of X through each point of ! returns to intersect 
! again. 

If! is a global transversal section for X E r(M) then the flow of X induces 
a diffeomorphism]: ! -+ ! which associates to each point P E ! the point 
](p) where the positive orbit of P first intersects !. The diffeomorphism]is 
called the Poincare map associated with !. 

It is easy to see that if X E xr(M) admits a global transversal section! 
then the saturation of ! by the flow of X coincides with M, that is, 
UtE~ X,(i:) = M. In particular, X has no singularities. 

Lastly, let us remark that ,the orbit structure of X is determined by the 
orbit structure of the Poincare map] and vice-versa. In effect, the following 
facts are immediate: 

(i) P E! is a periodic point of] if and only if @x(p) is closed; 
(ii) P E ! is a hyperbolic periodic point ofjif and only if @x(p) is a hyperbolic 

closed orbit; 
(iii) if PI and P2 are hyperbolic periodic points of]then WS(PI) is transversal 

to WU(P2) if and only if WS(@X(PI)) is transversal to WU(@X(P2)); 
(iv) ij E w(P) if and only if @x(iJ) c w(@x(P)). 

The next proposition shows that every diffeomorphism is the Poincare 
map associated with a global transversal section of some vector field. 

3.7 Proposition. Letf E Diff'(M) where M is a compact manifold. Then there 
exist a manifold M, a vector field X E Xr-I(M) admitting a global transversal 
section! and a C' diffeomorphism h: M -+ L that conjugatesf and the Poincare 
map]:! -+!. 

PROOF. Consider the following equivalence relation on M x IR: 

(p, s) ,.... (q, t)<=> S - t = n E Z and q = r(p). 
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Let M be the quotient space M x IR/ "" and n: M x IR - M the natural 
projection. Let ~ c M denote the image of M x {O} by n. For each to E IR 
the restriction of n to M x (to, to + 1) is a one-one correspondence between 
M x (to, to + 1) and M - n(M x {to}}. Moreover, n(p, 1) = n(f(p),O). 
On M we use the topology induced by n, that is, A c M is open if and only if 
n-l(A) is open. 

We shall show that M has a natural differentiable manifold structure and 
that n is a C' local diffeomorphism. Let Xi: Ui - U 0 c IRm, i = 1, ... , s be 
local charts on M such that Ui=l Ui = M. Then Oi = n(Ui x (-t, t» and 
V; = n(Ui x (t, i» are open in M. We define Xi: Oi - Uo X (-t, t) and 
Yi: V; - U 0 x (t, i) by x;(n(p, t» = (Xi(P), t) and Yi(n(p, t» = (x;(p), t). 
Clearly Xi and Yi are homeomorphisms. We claim that {(x;, Oi), (jii' V;); 
i = 1, ... , s} is a C' atlas on M. In fact, XiX; leu, t) = (XiX; leu), t), 
Yiy;l(U, t) = (XiXj-l(U), t)andXiYj-l(u, t) = (xdXj-l(u), t - 1)areC'diffeo
morphisms, which proves the claim. 

In fact we can consider M as a C<X) manifold since, by Theorem 0.19 of 
Chapter 1, there is a C<X) manifold structure on M such that Xi and Yi are C' 
diffeomorphisms. 

As Xi 0 n 0 (Xi- 1 x id) is the identity on U 0 x (- t, t) and Yi 0 n 0 (Xi- 1 X id) 
is the identity on U 0 x (t, i) it follows that n is a C' local diffeomorphism. 
Let %t be the unit vector field on M x IR whose orbits are the lines {p} x IR, 
p E M. Let X(n(p, t» = dn(p, t) . (%t(p, t». It is easy to see that X(n(p, t» = 
X(n(f(p), t - 1». Thus X is a cr-l vector field on M. The field X is trans
versal to f and its orbit through the point p = n(p, t) is n( {p} x IR). Thus 
the positive orbit of X through a point p = n(p, 0) E f returns to inter
sect f for the first time again at the point ij = n(p, 1) = n(f(p), 0). The 
Poincare map associated to f, 1: f - f is, therefore, defined by 
](n(p,O» = n(f(p), 0). The map h: M - f given by h(p) = n(p, 0) is a 
C' diffeomorphism and] 0 h = h 0 fwhich completes the proof. 0 

Remark. By Proposition 3.7 the suspension of a C' diffeomorphism is a Cr- l 
vector field. The above construction is modified in [80] to give a C' vector 
field as the suspension of a C' diffeomorphism but we shall not make use of 
this fact. 

We shall now show the density of the Kupka-Smale diffeomorphisms 
using the method of suspension. Take fo E Diffr(M). First we approximate 
fo by a C<X) diffeomorphism! In order to approximatefby a Kupka-Smale 
diffeomorphism we consider the C<X) vector field X on M obtained by sus
pendingfand let h: M - ~ be the diffeomorphism which conjugatesfwith 
the Poincare map]: ~ - ~ of X. We approximate X in the C' topology by a 
C<X) Kupka-Smale vector field Y and write g: ~ _ ~ for the Poincare map 
of Y. As g is a Kupka-Smale diffeomorphism c r close to] it follows that 
g = h- l 0 g 0 h is a Kupka-Smale diffeomorphism cr close to! 0 
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EXERCISES 

1. Let XI be the flow generated by a vector field X E reM). Let y be a hyperbolic 
closed orbit of X of period A.. Consider the diffeomorphism f = X A and a point 
pEy. 
(a) Show that TpM is the direct sum oftwo subspaces H and Ho, each invariant for 

dfp, such that Ho has dimension 1 and contains the vector X(p). 
(b) Show that if ScM is a submanifold whose tangent space at p is H and 

n: U c S ..... S is the Poincare map associated to y then dn(p) = df(p)IH. 

2. Show that, if X is a Kupka-Smale vector field on S2 then the w-limit of any orbit is a 
critical element. 

3. Show that the set of Kupka-Smale vector fields is open in ~r(sl). 

4. Show that the set of Kupka-Smale vector fields is open in r(S2). 

5. Let y and y be closed orbits of vector fields X and Jl, respectively. Show that if there 
exists a homeomorphism h from a neighbourhood of y to a neighbourhood of y 
taking orbits of X to orbits of Jl and preserving the orientation ofthe orbits then the 
Poincare maps associated to these closed orbits are conjugate. If h is a diffeo
morphism then the Poincare maps are conjugate by a diffeomorphism. 

6. Show that any Kupka-Smale vector field on a compact manifold of dimension two 
has a finite number of closed orbits. 

Hint. Any compact manifold of dimension two is diffeomorphic, for some n, to the 
sphere with n handles, if it is orientable, and to the projective plane or the Klein 
bottle with n handles, if it is nonorientable. The Klein bottle is diffeomorphic to the 
projective plane with one cross-cap. 

7. Show that a structurally stable vector field on a compact manifold of dimension two 
is Kupka-Smale. 

8. Sketch a vector field on S2 with infinitely many hyperbolic critical elements. 

9. Let C c S2 be a circle. Consider the set ~c C ~r(s2) of vector fields that are tangent 
to C. 
(a) Show that ~c n K-S is not dense in ~c. 
(b) Consider the set KSc c ~c of vector fields with the following properties: 

(i) the singularities and closed orbits are hyperbolic; (ii) if y is an orbit such that 
a(y) and w(y) are saddles then y c C. Show that KSc is open and dense in ~c. 

10. Let Gradr(M) c reM) be the set of gradient vector fields on M, that is, 
X E Gradr(M) if and only if there existf E Cr+ l(M) and a Riemannian metric g such 
that X = grad f in the metric g. Show that the set of Kupka-Smale vector fields is 
residual in Gradr(M). 

Hint. Show that, if X = gradfin the metric g, F is a flow box for X and Y is a vector 
field near X that coincides with X on M - F, then there exists a metric g such that 
Y is the gradient offin the metric g. Also use Exercise 8 from Chapter 2. 

11. (a) Show that, if X E reM) is a Kupka-Smale vector field which has a global 
transversal section, then the associated Poincare map is a Kupka-Smale 
diffeomorphism. 
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(b) Show that the suspension of a Kupka-Smale diffeomorphism is a Kupka-Smale 
vector field. 

12. (a) Show that iff E Diff'(M), r ;;:: 1, is structurally stable then its periodic orbits are 
hyperbolic. 

(b) Show that iff E Diffl(M) is structurally stable thenfis a Kupka-Smale diffeo
morphism. Notice that in [98], C. Robinson proved this result for f E Diffr(M), 
r ;;:: 2. 

(c) Show that a structurally stable vector field X E );l(M) is Kupka-Smale. 

Remark. It is an open problem to show that a structurally stable vector field 

X E r(M), r ;;:: 3, has its closed orbits hyperbolic. 

13. Let X E r(M) be a vector field with a closed orbit. Let X, be the flow generated by 
X. Show that the diffeomorphism X 1 is not structurally stable. 

14. Show that on any compact manifold M n, n ;;:: 1, the set of Kupka-Smale diffeo
morphisms is not open in Diffr(M), r ;;:: 1. 

Hint. Show that any manifold has a Kupka-Smale vector field with closed orbits. 

15. Show that on any compact manifold M n, n ;;:: 3, ,the set of Kupka-Smale vector 
fields is not open in r(M), r ;;:: 1. 



Chapter 4 

Genericity and Stability of Morse-Smale 
Vector Fields 

As we have emphasized before, the central objective of the Theory of 
Dynamical Systems is the description of the orbit structures of the vector 
fields on a differentiable manifold. There exist, however, fields with extremely 
complicated orbit structures as the example in Section 3 of Chapter 2 shows. 
Thus the strategy this programme must adopt is to restrict the study to a 
subset of the space of vector fields. It is desirable that this subset should be 
open and dense (or as large as possible) and that its elements should be 
structurally stable with simple enough orbit structures for us to be able to 
classify them. As far as the local aspect is concerned this problem is completely 
solved as we saw in Chapter 2. 

In this chapter, in Sections 1 and 2, we show that the global aspect of the 
above programme can be achieved on compact manifolds of dimension two. 
This result, due to Peixoto [81], [85], is one of the early landmarks in the 
recent development of the theory. Besides the previous fundamental work 
of Andronov-Pontryagin, followed by that of De Baggis, on the disc D2 or 
the sphere S2 (see [5], [47]), we also mention that Pliss [87] obtained the 
same result as Peixoto's for vector fields without singularities on the torus 
T2. 

In higher dimensions the structurally stable fields are still plentiful, but 
they are not dense. There exist richer and more complicated phenomena that 
persist under small perturbations of the original field. Even for the stable 
fields, the orbit structures of the limit sets are not always completely under
stood and their description is still an active area of research. These facts are 
discussed in Sections 3 and 4. 

In this context we should emphasize again the importance of studying 
generic properties, that is, properties satisfied by almost all (a Baire subset 
of) vector fields. This was the case with the Kupka-Smale Theorem in the last 
chapter. 
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Finally we remark that the above programme can be posed for certain 
subsets of the space of vector fields of special interest. One of the most 
relevant examples is the gradient vector fields on a compact manifold. In 
this case the structurally stable vector fields form an open dense subset 
[79], [106]. We shall indicate in Section 3 some of the basic properties of 
their orbit structures. 

In Section 4 we present a collection of general results on structural stability. 
In particular, we exhibit structurally stable systems with infinitely many 
periodic orbits. 

§ 1 Morse-Smale Vector Fields; Structural Stability 

Here we define a class of vector fields which play an important role in the 
Theory of Dynamical Systems. This class, called Morse-Smale systems, 
forms a nonempty open subset and its elements are structurally stable. 
Although these results hold on compact manifolds of any dimension [75], 
[79], we shall only study in this chapter the case of dimension two, where the 
class is also dense. 

We begin the section by defining Morse-Smale vector fields. Then we 
prove that a Morse-Smale field on M2 is structurally stable. The proof we 
give was introduced in [75], is different from the original one [85] and can 
be generalized to higher dimensions. 

Before presenting the definition of Morse-Smale vector fields formally we 
shall motivate it by means of some examples. As our aim is to find a class of 
structurally stable fields we must certainly require the singularities and 
closed orbits to be hyperbolic. Without this requirement the fields would not 
even be locally structurally stable. We also emphasize that the intersections 
of the stable and unstable manifolds of critical elements (singularities and 
closed orbits) have to be preserved by any topological equivalence. Therefore, 
it is natural to require these intersections to be transversal since this will 
guarantee that they persist under small perturbations of the vector field. 

EXAMPLE 1. Consider the torus T2 c 1R3 and let X = grad h where h is the 
height function of points of T2 above the horizontal plane in Figure 1. This 
vector field has four singularities Pl, P2, P3, P4 where Pl is a sink, P2 and P3 
are saddles and P4 is a source. The stable manifold of P2 intersects the un
stable manifold of P3 nontransversally. As in Chapter 1 we can destroy this 
intersection with a small perturbation of the field X. The resulting field Y 
will therefore not be equivalent to X. 

The discussion so far leads us to define Morse-Smale fields as a subset 
of the Kupka-Smale fields. At this stage it is fundamental to notice that 
saying a vector field is Kupka-Smale gives no information about the IX- and 
co-limit sets of a general orbit. As a topological equivalence between vector 
fields preserves the IX- and co-limit sets of corresponding orbits we ought to 
impose some specific conditions on these limit sets. 
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EXAMPLE 2. Consider the vector field X that induces an irrational flow on the 
torus T2. The cx- and en-limit of any orbit of X is the whole torus T2. In 
particular X does not have singularities or closed orbits. Consequently X 
is a Kupka-Smale field. However X is not structurally stable because it can 
be approximated by a field Y that induces a rational flow (see Section 4 of 
Chapter 1). All the orbits of Yare closed so this is a radical change in the cx
and w-limit sets. 

Before defining the set of Morse-Smale fields we still need some new 
concepts and notation. 

Let X E ~r(M). Consider the sets L,.{X) = {p E M; p E cx(q) for some 
q E M} and L,iX) = {p E M; p E w(q) for some q EM}. These sets are 
invariant by the flow generated by X and the orbit of any point is "born" in 
L,. and "dies" in LCJ). 

Pl 

y 

Figure 2 
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Figure 3 

Definition. Let X E xr(M). We say that P E M is a wandering point for X if 
there exists a neighbourhood V of p and a number to > 0 such that Xt(V) n V 
= 0 for I t I > to. Otherwise we say that p is nonwandering. 

We write Q(X) for the set of nonwandering points of X. The following 
properties follow immediately from this definition: 

(a) Q(X) is compact and invariant by the flow X t ; 

(b) Q(X) => L,iX) u L,iX). In particular, Q(X) contains the critical 
elements of X; 

(c) if X, Y E xr(M) and h: M -+ M is a topological equivalence between X 
and Y then h(Q(X» = Q(Y). 

The next example shows that, in general, Q contains La U Lro strictly. 

EXAMPLE 3. Consider a Coo vector field X on S2 with two singularities Pl and 
P2 such that all the other orbits are closed, see Figure 3. We now multiply 
the field X by a nonnegative Coo function cp: S2 -+ !R that only vanishes at one 
point P where p is distinct from Pl and P2' Let Y = cpX. The field Y is Coo, 
has three singularities Pl' P2 and P and all other orbits are closed except for 
one orbit y with O(Y) = w(y) = p. No point x of y belongs to La U Lro but 
x E n since it is accumulated by closed orbits of Y. See Figure 4. 

Definition. Let M be a compact manifold of dimension n and let X E X'(M). 
We say that X is a Morse-Smale vector field if: 

Figure 4 
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(1) X has a finite number of critical elements (singularities and closed orbits) 
all of which are hyperbolic; 

(2) if 0"1 and O"z are critical elements of X then W'(O"l) is transversal to 
WU(0"2); 

(3) O(X) is equal to the union of the critical elements of X. 

Next we give some examples of Morse-Smale fields. Examples 4, 5, 6 and 
7 are on SZ, and Examples 8 and 9 are on TZ. A critical element is called an 
attractor or repellor if its index is the maximum possible or zero respectively. 
Otherwise it is called a saddle. 

EXAMPLE 4. Any vector field on S2 with the following characteristics is called 
a north pole-south pole field: 

PN, Ps are hyperbolic singularities; 

PN is an attractor; 

Ps is a repellor; 

if x E S2 - {PN, Ps} then w(x) = PN and cx(x) = Ps. 

EXAMPLE 5. PN, Ps are hyperbolic repelling singularities, y is a hyperbolic 
attracting closed orbit and if x E S2 - {PN, Ps} - Y then w(x) = y and 
cx(x) = PN or Ps. 

Figure 6 
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EXAMPLE 6. P1> P2 are hyperbolic attractors, r1> r2 are hyperbolic repellors, 
S1> S2 are hyperbolic saddles and n(X) = {Pl' P2, rl' r2, Sl' S2}' 

EXAMPLE 7. r1> r2' r3 are hyperbolic repellors, s is a hyperbolic saddle, 1'1' 1'2 

are hyperbolic attracting closed orbits and O(X) = {rl' r2, r3, s} U 1'1 U 1'2' 

The orbits ofthis field on the cylinder bounded by 1'1 and 1'2 are as in Figure 9. 

EXAMPLE 8. P is a hyperbolic attractor, r is a hyperbolic repellor, S1> S2 are 
hyperbolic saddles and O(X) = {p, r, Sl' S2}' See Figure 10. 

EXAMPLE 9.1'1 is an attracting hyperbolic closed orbit, 1'2 is a repelling hyper
bolic closed orbit and O(X) = 1'1 U 1'2' See Figure 11. 

We shall write M-S for the set of Morse-Smale fields. The following 
proposition gives a simpler characterization of Morse-Smale fields on two
dimensional manifolds. A saddle-connection is an orbit whose cx- and w-limits 
are saddles. 

Figure 8 
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Figure 11 
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1.1 Proposition. Let M be a compact manifold of dimension two. A vector field 
X E X'(M) is Morse-Smale if and only if: 

(a) X has a finite number of critical elements, all hyperbolic; 
(b) there are no saddle-connections; and 
(c) each orbit has a unique critical element as its ex-limit and has a unique 

critical element as its w-limit. 

PROOF. Clearly, if X E M-S then X satisfies conditions (a), (b) and (c) above. 
Let us show the converse. Take X E reM) satisfying (a), (b) and (c). As the 
stable manifold of a sink and the unstable manifold of a source are two
dimensional, the transversality condition can only be broken by the stable 
and unstable manifolds of saddles. This does not happen because there are 
no saddle-connections. Thus, it is sufficient to prove that n(X) consists of the 
critical elements. 

First let us show that the stable manifold of a sink consists of wandering 
points except for the sink itself. Suppose that the sink is a singularity p. As 
we have already seen there exists a disc D c WS(p) containing p, whose 
boundary is a circle C transversal to X. As WS(p) - {p} = Ute IIil Xt(C) and 
the set of wandering points is invariant, it is enough to show that the points 
of C are wandering. Consider the discs D 1 = Xl (D) contained in the interior 
of D and D -1 = X -1 (D) whose interior contains D. Take x E C. Let V be a 
neighbourhood of x disjoint from D1 and M - D_ 1. Then XlV) n V = 0 
for I t I > 2. This proves that x is wandering. Now suppose that the sink is a 
closed orbit y. In this case there also exists a neighbourhood U of y whose 
boundary S is transversal to X. If y is an orientable curve then U is homeo
morphic to an annulus and S is the disjoint union of two circles. If y is not 
orientable then U is homeomorphic to a Mobius band and S is a circle. 
Moreover, WS(y) - y = Ute IIil Xt(S). By the same argument as before S, and 
therefore WS(y) - Y too, consists of wandering points. In an entirely 
analogous manner we can show that W U( 0) - (J consists of wandering points 
when (J is a repelling critical element. Finally, if x E M is not a singularity and 
does not belong to a closed orbit then either w(x) or ex(x) is a repellor, since 
there are no saddle-connections. Thus, x is wandering, which completes the 
proof. 0 

b b 

d 

Figure 12 
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EXAMPLE 10. Polar fields on the pretzel. 

We present some examples of polar Morse-Smale vector fields on the 
pretzel, that is, vector fields without closed orbits and with just one source 
and one sink. The pretzel (or the" torus with two holes" or sphere with two 
handles) can be represented [59] by an octagon with its edges identified in 
pairs in the following way: 

(1) two edges to be identified do not have a vertex in common; 
(2) the diffeomorphism that identifies the two edges reverses orientation; 
(3) the vertices are all identified to one point. 

In Figure 12 we represent the pretzel in two ways. 
Given a representation of the pretzel as an octagon we can construct a 

polar Morse-Smale field by putting a source at the centre of the octagon, a 
saddle at the mid-point of each edge and one sink at the vertices. In Figure 13 
we sketch the Morse-Smale fields on the pretzel corresponding to its 
representations above. Conversely, let X be a polar Morse-Smale field on 
the pretzel. By cutting the pretzel along the unstable manifolds of the saddles 
we obtain a field like the one described above. 

Similar constructions enable us to exhibit polar Morse-Smale fields on 
any compact manifold of dimension two. 

Definition. Given a Morse-Smale field X we define the phase diagram r of 
X to be the set of critical elements of X with the following partial order: 
(11' (12 E r, (11 S; (12 if W U( (11) (') W S( (12) '" 0. That is, there exists an orbit 
which is born in (11 and dies in (12' 

The relation S; is a partial order since there are no saddle connections. 
We may also remark that, as dim M = 2, the phase diagram of any Morse
Smale field has, at most, three levels. 
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EXAMPLES. The phase diagrams for Examples 4 to 9 of this section are shown 
in Figure 14. 

Definition. Let X, X E M-S and let r, r be their phase diagrams. We say 
that r and r are isomorphic if there exists a one to one correspondence 
h: r ..... r such that 

(a) x E r is a singularity if and only if h(x) E r is a singularity; 
(b) for Xl' X2 E r, Xl ~ X2 if and only if h(Xl) ~ h(x2). 

We are going to show that small perturbations of a Morse-Smale field 
give rise to Morse-Smale fields with isomorphic phase diagrams. For this 
we shall use the concept of a filtration associated to a Morse-Smale field. 
We observe that such a concept can be usefully applied to a more general 
kind of vector field [14], [109]. 

Definition. Let X E M-S. A filtration for X is a sequence Mo = 0, 
Ml c: M2 C .•. c M" = M of compact submanifolds Mi (with boundary 
for 0 < i < k) such that: 

(a) X is transversal to the boundary of Mi and Xt(Mi) c Interior Mi for 
t > 0; 

(b) in M i + 1 - M i , the maximalinvariant set ofthe flow X t is just one critical 
element O'i+l, that is, ntelR Xt(Mi+ 1 - int Mi) = O'i+l. 

1.2 Lemma. Let X E X"(M2) be a Morse-Smale field. Then there exists a 
filtration for X. 

PROOF. Let 0'10 0'2' ••• ' O'j be the attractors of X. Let us take disjoint neigh
bourhoods V10 V2 , • ' •• , l'J with boundaries transversal to X as in the proof of 
Proposition 1.1. We define Ml = Vh M2 = Ml U V2, ... , M j = M j - 1 U l'J. 
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Let (1 j + 1> ••• , (1, be the saddles of X. Let us consider (1 j + 1 and the components 
of W"«(1j+ 1) - (1j+ 1 (which intersect oMj transversally). In a neighbourhood 
of (1j+1 we construct two sections, S1 and S2' transversalto W'«(1j+ 1) - (1j+ l' 

ff this neighbourhood is small enough then the trajectories of X through the 
end points of S1 and S2 cut oMj transversally. Near these arcs oftrajectories 
we construct curves c1> C2, C3 and C4 transversal to X joining the end-points 
of S1 and S2 to oMj' We can construct these curves to be tangent to the sub
manifolds S1, S2 and aM), by using tubular flows containing these arcs of 
trajectories as indicated in Figure 16. 

Let ~+1 be the region containing (1j+1 and bounded by S1' S2, C1> C2' 

C3' C4 and part of oMj' Put M j +1 = Mju ~+1' It is easy to check that 
nteIRXt(~+1) = (1j+1 and that M j + 1 satisfies the required conditions. We 
repeat the construction for each saddle and thus obtain the sequence of 
submanifolds 0 = Mo C M1 C ••• C M j + 1 C ••• c Ms. Finally, let 
(1.+ 1> ••• , (1k be the sources of X. We consider neighbourhoods y.+ 1> 

Y.+2, ••. , l'k of these sources with their boundaries transversal to X, as in 
the case of the sinks. Then we define 

M,+1 = M - (int Y.+2 U··· u int l'k), 
M,+2 = M - (int Y.+3 U··· u int l'k), 

Figure 16 
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and so on up to M" = M. It is easy to check that 0 = Mo c: Ml c: '" c: M" 
is a filtration for X. 0 

The next two theorems are true in higher dimensions [75], [79]. We 
have adapted their proofs to the much simpler two-dimensional case. 

1.3 Theorem. Let X E M-S. Then there exists a neighbourhood !lit of X in 
r(M2) such that if Y E !lit then Y E M -S and its phase diagram is isomorphic 
to that ofX. 

PROOF. As the critical elements of X are hyperbolic, for each O'i E Q(X) there 
exist neighbourhoods !lIti c: ~r(M2) of X and Ui of O'i such that any Y E !lIti 
has a unique critical element O';(Y) c: Ui' Moreover, by the Grobman
Hartman Theorem we can, by shrinking the neighbourhoods !lith Ui if 
necessary, suppose that O';(Y) is the unique set invariant under the flow Y, 
that is entirely contained in Ui' Put !lit = ni!llti' Now let us consider a 
filtration 0 = Mo c: Ml c: M2 c: '" c: M" = M for X. We shall show 
that, for !lit small enough, 0 = M 0 c: M 1 c: ... c: M" = M is also a 
filtration for any Y E!lIt. This will imply that Q(Y) consists of the critical 
elements O'i(Y) defined above. First, we remark that, as X is transversal to 
the compact set aMi' so is any Y near X. Now shrink the neighbourhoods 
Ui of 0'/ until Ui c: Mi - Mi- 1• As ntelRXt(Mi - int M i- 1) = 0';, there 
exists T > 0 such that nr= -TXt(M i - int M i - 1) c: U/. The same fact holds 
for Y E!lIt if !lit is small enough. As ntelR Y,(Ui) = O'i(Y), it follows that 
ntelR Y,(Mi - int M/- 1) = O'/(Y). Hence 0 = M 0 c: M 1 c: ... c: M" = M 
is a filtration for all Y E !lit. We claim that !l(Y) n (Mi - int M I- 1) = O'i(Y)' 
In fact, any orbit'}' distinct from O'I(Y) through a point of MI - int M I- 1 

must intersect oMlor oM i - 1 (or both). This is because the only orbit entirely 
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contained in Mi - int M i- 1 is O"i(Y). As l';(Mi- 1) c M i- 1 for t > 0 and 
l';(M - M i) c M - Mi for t < 0, y is a wandering orbit. Thus, O"lY) is the 
only orbit of O(Y) in Mi - int M i- 1• Therefore, O(Y) = UiO"lY) and 
O"i(Y) is hyperbolic for each i. 

In order to conclude that Y E OIJ is a Morse-Smale field it is enough to 
show that, for small OIJ, there are no saddle-connections. Thus, let O"i = O"lX) 
be a saddle and suppose that one component y of W"(O"i) - O"i has the sink 
0" = O"(X) as its w-limit. Let V be a neighbourhood of 0" as in the construction 
of the filtration. As compact parts of W"(O"lY)) are near WU(O"i), one com
ponent of W"(O"ly)) - O"lY) also intersects av transversally. Thus, its 
w-Iimit is O"(Y). The same reasoning applies to all the components of stable 
and unstable manifolds of saddles. Thus, for small enough OIJ, if Y E OIJ then 
Y E M-S and the above correspondence O"lX) f-+ O"i(Y) is an isomorphism 
of phase diagrams. This proves the theorem. 0 

1.4 Theorem. If X E r(M2) is a Morse-Smale field then X is structurally 
stable. 

PROOF. By the previous theorem we know there exists a neighbourhood 
OIJ c r(M2) of X such that if Y E OIJ then Y E M -S and there exists an 
isomorphism O"lX) f-+ O"lY) of phase diagrams. 

Part 1. Let us suppose initially that X has no closed orbits. Consider a 
sink 0" of X and the corresponding sink O"(Y) with Y E OIJ. Let V be a disc in 
WS(O") containing 0" as before. That is, av is transversal to X and to all 
Y E OIJ. Also O"(Y) EVe WS(O"(Y)). Let 0"1' 0"2, ••• be the saddles of X such 

V 

Figure 19 
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that (1i ~ (1. Let Pl' P2,'" be the points at which the unstable separatrices of 
the saddles (1i (that is, the components of W U«1i) - (1i) intersect av. Let 
Pl(Y), P2(Y), ... be the corresponding points for Y. For each (1i let us consider 
sections Si' Si transversal to the stable separatrices of (1i through points q;, 
qi as in Figure 20. 

Saturating S;, Si by the flow X t we obtain a tubular family for W U«1i) as 
in Section 7 of Chapter 2. The fibres of this family are XlSi) and Xt(Si) for 
each t E IR and also WU«1i)' The projection 7t;, which associates the point 
j n W S«1i) to each fibrej, is continuous. Moreover 7ti is a homeomorphism 
from a neighbourhood Ii of Pi in av to a neighbourhood of (1i in W S«1;)' We 
make the same construction for the field Y. Now we begin to define the 
topological equivalence h between X and Y. We put h«1) = (1(Y), h«1i) = 
(1;(Y), h(Pi) = p;(Y), h(qi) = qi(Y) and h(ii;) = qi(Y)' We extend h to W S«1i) 
by the equation hXt(qi) = Y;h(qi) = Y;q;(Y), hXr(qi) = Y;IUY). Now we define 
h on Ii in the following way: for x Eli, hx = [7ti(y)r lh7tiX. In this way h 
has been defined on a finite number of disjoint intervals Ii in av. Notice that 
if the neighbourhood dlt of X is small then hili is near the identity. Thus, we 
can extend h to the whole circle av. We repeat the same construction for all 
the sinks. Finally, we define h on the whole of M2 by the equation hXtz = 

Figure 21 
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Y,hz.1t is easy to see from the construction that h has an inverse h- 1, which 
can be defined exactly as h was by interchanging the roles of X and Y. 

Thus it remains to prove the continuity of h. This is obvious at the sinks 
and sources and on the stable manifolds of the sinks. We shall analyse the 
case of the stable manifolds of the saddles. Take x E W'(O'/) where 0'/ is a 
saddle. Recall that h takes fibres of the tubular family for O'j to fibres of the 
tubular family for O'j(Y), that is, 1tj(Y)hz = h1tj(X)z. Consider any sequence 
Xn -. x. We want to show that hXn -. hx. By the above remark, the fibre 
through hxn converges to the fibre through hx. That is, 1tj(Y)hxn -. hx. It 
remains to prove that hXn converges to W'(O'j(Y». For this we construct 
tubular families for WS(O'j) and W"(O'j(Y». This is done by starting from 
segments Ii> Ij(Y) in av and saturating them by the flows X, and Y,. As 
h(I j ) = Ij(Y), we see that h takes fibres of the tubular family of WS(O'j) to 
fibres of the tubular family of WS(O'j(Y». Therefore, if ifj and ifj(Y) are the 
respective projections onto WU(O'j) and WU(O'j(Y» then hif/(z) = ifj(Y)h(z). 
As ifj is continuous and Xn -. X E WS(O'j) we see that ifjxn -. ifjx = O'j. Also, 
the restriction of h to WU(O'j) is continuous, so that h(ifjxn) -. h(O'j) = O'j(Y). 

Figure 23 
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On the other hand, h(itlxn» = iti(Y)h(xn), and therefore it;(Y)h(xn) -+ Ui(Y). 
This shows that h(xn) converges to the stable manifold of Ui(Y), hence h(xn) -+ 

h(x). This completes the proof in the case in which X has no closed orbit. 

Part 2. Now suppose that X does have closed orbits. These closed orbits 
must be attractors or repellors because they are hyperbolic and dim M = 2. 
As we have already remarked, there exist fields Y arbitrarily close to X such 
that the flows XI and 1; are not conjugate. For this it is enough to alter the 
period of one of the closed orbits of X by a small perturbation. We shall avoid 
this difficulty by defining a conjugacy h between flows Xt and Yr that are 
reparametrizations of X t and 1;. As the orbits of XI and XI are the same and 
so are the orbits of 1; and Yr, it follows that h will be an equivalence between 
the fields X and Y. 

Using Lemma 1.3 of Chapter 3 we can suppose right from the beginning 
that the closed orbits of X and Y all have the same period T and admit 
invariant transversal sections. To simplify the exposition we shall consider 
two subcases. 

(2.a) Consider, first, the case in which all the closed orbits are attractors. 
We shall try to imitate the construction of the conjugacy made in the case 
where there were no closed orbits. Around each attracting singularity 
U;, u;(Y) we consider a circle C i transversal to X and Y. For each closed orbit 
Uj' u/Y) we take an invariant transversal section '1:.j and fundamental 
domains I j , I/Y) in '1:. j for the associated Poincare maps. As before we 
construct unstable tubular families associated to the saddles Uk> Uk(Y) of X 
and Y: we take sections Sk and Sk transversal to W'(Uk) and W'(Uk(Y» and 
use the families X/(Sk), XlSk) and 1;(Sk), 1;(Sk). The homeomorphism we 
want to construct will have to take each fibre of the tubular family of Uk to a 
fibre of the tubular family of Uk(Y). Moreover, it will preserve the transversal 
circles C i and the transversal sections '1:. j • Thus, by defining a conjugacy 
between XI W'(Uk) and YI WS(Uk(Y» for each saddle Uk' we shall induce a 
homeomorphism h on a finite number of subintervals of Ci and I j • These 
subintervals contain the intersections of the unstable manifolds of the saddles 
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with C/ and I j • This homeomorphism is near the identity, if Y is near X, and 
can, therefore, be extended to all of C/ and I j • For each singularity 0'" we 
define h(O',) = O',(Y) and, for each closed orbit O'j' we define h(£j (') O'j) = 
Ej (') O'iY). Finally we extend h to the whole of M using the conjugacy 
equation h = Y,hX -I as in the first part of the proof. It follows, then, that h 
is one to one and onto. The continuity of h at the singularities and the stable 
manifolds of the saddles can be checked as in the first part. The continuity of 
h at the closed orbits follows from the invariance of the sections I j as we saw 
in the local stability of hyperbolic closed orbits (Section 1 of Chapter 3). 

(2.b) Finally let us suppose that X has an attracting closed orbit and a 
repelling closed orbit. This case becomes entirely analogous to the previous 
one after a further reparametrization of the fields X and Y. This reparametri
zation is necessary to enable us to extend the homeomorphism constructed 
in (2.a) to the repelling closed orbits. For this let us take transversal invariant 
sections t, associated to the repelling closed orbits u, and let I, be the corre
sponding fundamental domains. Each I, decomposes as a union of closed 
subintervals whose end-points interior to I, are the intersections of the 
stable manifolds ofthe saddles with int I,. Notice that all the points in each 
of these open subintervals have the same attractor as w-limit, as in Figure 25. 
Let P E W"(O',,) (') I, be one ofthe end-points of one ofthese subintervals. Let 
us consider a small interval [a, b] c II around p such that the orbit through 
every point of [a, b] intersects the transversal section S". Using Lemma 1.3 
of Chapter 3, we make a reparametrization of X in such a way that all the 
points of [a, b] reach S" at the same time 1. Let X also denote this repara
metrized field. Let [a', b'] c (a, b) be an interval containing p. By a new 
reparametrization we can ensure that all points of [X 1(a), X 1(a')] c S" 
reach I j at time 1. Similarly we can do the same for [X 1 (b), X 1 (b')] reaching 
C/. Thus X 2 [a, a'] c I j and X 2 [b, b'] c C/. We repeat this construction for 

Figure 25 
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the various saddles whose stable manifolds intersect 11' Finally we repara
metrize X so that all the points in the complement in 11 of the union of the 
intervals [a, b] above reach the various sections Ci and l:j at the same time 
t = 2. 

We also make the same reparametrizations for fields Y near X. The 
conjugacy h between X t and Y, is now constructed exactly as in (2.4) with the 
extra requirement h(tl (") UI) = tl (") UI(Y)' D 

§2 Density of Morse-Smale Vector Fields on 
Orientable Surfaces 

In this section we show that M-S is dense in X'(M2 ) for an orientable surface 
M2. We use the Kupka-Smale Theorem, which permits some simplification 
of Peixoto's original proof [81], although we must remark that Peixoto's 
work came earlier and served as motivation for that theorem. At the end of 
the section we analyse the case where M2 is nonorientable and discuss the 
corresponding results for diffeomorphisms. 

We begin the section by proving the density theorem for the sphere S2, 
which is much simpler and yet illustrates the general case. 

Definition. Let y be an orbit of X E r(M). We say that y is recurrent if 
co(y) => y or a(y) => y. 

A critical element of X is always recurrent. In this case we say that the 
recurrent orbit is trivial. Any orbit of the irrational flow on the torus is 
recurrent and nontrivial. 

By the Poincare-Bendixson Theorem every recurrent orbit of a vector 
field X E r(S2) is trivial. This fact simplifies considerably the proof that 
M-S is dense in X'(S2). 

2.1 Theorem. If X E r(S2) is a Kupka-Smale vector field then X is a Morse
Smale field. 

PROOF. As X is Kupka-Smale it has a finite number of singularities, all 
hyperbolic. By the Poincare-Bendixson theorem the co- and a-limit of any 
orbit is a singularity or a closed orbit. This is because if the co-limit of an 
orbit y contains more than one singularity then these singularities must be 
saddles and co(y) must also contain a regular orbit joining these saddles. As 
X is Kupka-Smale it has no saddle-connections, which proves the above 
statement. The closed orbits are hyperbolic attractors or repellors, so it 
remains to prove that there is only a finite number of them. To get a con
tradiction suppose X has infinitely many closed orbits. Let Xl' X 2 , ••• , X n , ••• 

be a sequence of points in distinct closed orbits. By taking a subsequence we 
can suppose that Xn converges to some X E S2. Clearly, co(x) is a saddle since 
there cannot be a closed orbit in the stable manifold of an attracting singu-
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larity or closed orbit. Similarly, a(x) is a saddle. Thus x is itself a saddle for 
otherwise its orbit would be a saddle-connection. On the other hand, the 
co-limits of the unstable separatrices of x are sinks because, again, there are 
no saddle-connections. This gives a contradiction because an orbit through 
a point close to x but not in its stable separatrices has one of these sinks as 
co-limit. Therefore, x cannot be accumulated by closed orbits, which proves 
the theorem. 0 

As the set of Kupka-Smale fields is dense in xr(M) we have the next 
corollary. 

Corollary. M-S is dense in xr(s2). o 
We shall follow the same line of argument in proving that M-S is dense 

in xr(M2). However, the proof has to be more delicate because ofthe presence 
of nontrivial recurrent orbits. The irrational flow on the torus provides the 
simplest example of nontrivial recurrence. We suggest that the reader tries 
to show that the vector field generating an irrational flow can be approxi
mated by a Morse-Smale field. Let us consider some examples of vector 
fields exhibiting nontrivial recurrence on other two-dimensional manifolds. 

EXAMPLE 11. We shall give a vector field on the pretzel (or sphere with two 
handles) that has nontrivial recurrence. The following construction can be 
generalized to give examples of vector fields with nontrivial recurrence on 
the sphere with r handles for r > 2. Let A: 1R3 -+ 1R3 be the reflection in the 
plane X3 = 0, that is, A.(Xh X2' X3) = (Xl, X2' -X3)' Let us consider the 
torus T2 embedded in 1R3 in such a way that A(T2) = T2 and T2 n {X;X3 = O} 
is the union of two circles. 

Let X be the gradient field of the height function measured above the 
plane X3 = O. Clearly, X is a symmetric field, that is, A.X = -X. The 
singularities of X are the source r, the sink a and the saddles Sl and S2 as in 
Figure 26. Consider a circle C 1 C T2 orthogonal to X and bounding a disc 

Figure 26 
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Figure 27 

D1 that contains the sink. Let C2 = AC1 and then D2 = A(D1) is the disc 
bounded by C 2. By the symmetry of the field, the orbit through any point 
p E C2 (not in a separatrix of a saddle) intersects C 1 in the point q = A(p). 

Let h: C1 -+ C2 be the diffeomorphism defined by h = R" cA., where R" 
is an irrational rotation of C2. On T2 - (D1 U D2) consider the equivalence 
relation that identifies C 1 and C 2 according to h. Let M be the quotient mani
fold and P: T2 - (D1 U D2) -+ M the canonical projection. Let Y = P * X. 
Clearly, M is diffeomorphic to the pretzel. Moreover, all the orbits of Yare 
dense except for the two saddles S1 and S2 and the unstable separatrices of S1. 

In fact all the other orbits intersect P( C 2) and so it suffices to prove that the 
intersection of each orbit with P(C2) is dense in P(C2). Let P E P(C2) and 
take q E C2 such that P(q) = p. The orbit of X through the point q intersects 
C1 in the point A(q) but this point is identified with hA(q) = Riq). Thus, the 
positive orbit through p intersects P( C 2) for the first time at the point 
PRiq). By induction we see that the positive orbit through p intersects 
P(C2) for the nth time at the point PR:(q). As rx is irrational, {R:(q); n E f\J} is 
dense in C 2. This shows that the positive orbit of p is dense in P( C 2) and, 
therefore, it is dense in the pretzel. 

EXAMPLE 12. We shall now describe a COO vector field X on the pretzel with 
the following properties: 

(a) X is a Kupka-Smale field; 
(b) X has only two singularities S1 and S2 which are saddles; 
(c) every regular orbit is dense in the pretzel. 

We shall see in Lemma 2.5 of this section that X can be approximated by a 
vector field that has a saddle connection. (This fact can be verified directly.) 
Consequently, the set of Kupka-Smale fields is not open on the pretzel. 
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Figure 28 

Similar examples can be obtained on the sphere with k handles for any k ;;::: 2. 
We construct X starting from a Morse-Smale field Yon the torus which has 
one source, one sink and two saddles. We cut out a disc around the sink and 
a disc around the source and then identify the boundaries of these discs by a 
convenient diffeomorphism, which is equivalent to glueing a handle onto 
T2. Let n: /R2 -+ T2 denote the canonical projection. First we describe a field 
f on /R2 and then consider the field Y = n* f. In order that f projects to a 
field on T2 we shall make f(x) = fey) if the coordinates of x, y E /R2 differ 
by integers. Therefore, it suffices to describe f on the square in /R2 with 
vertices (0,0), (1,0), (1, 1) and (0, 1). The field Y has a source at the point 
ct, !), a sink at the origin and saddles at the points (0, !) and (!, 0). Let C 1 

and C2 be circles of radius b < i around the sources and sinks, respectively, 
as in Figure 28. If at E (O,!n) C Cl then the positive orbit through at meets 
C2 at a point «PI (at). Thus, we have a diffeomorphism «PI: (O,!n) c Cl -+ 

(-n, -!n). Similarly, we define «P2: (!n, n) -+ (-!n, 0), «P3: (n, 3n/2)-+ 
(-2n, -3n/2) and «P4: (3n/2, 2n) -+ (-3n/2, -n). By constructing the field 
Y symmetrically we have «PAat) = -at - !n if i = 1,3 and «PAat) = -at +!n 
if i = 2,4. 

Let «p: C2 -+ Cl be the diffeomorphism «p(at) =-at + B where B/n is 
irrational. Let Dl and D2 be the open discs whose boundaries are the circles 
C 1 and C 2, respectively. We obtain the pretzel T2 by using the diffeomorphism 
«P to identify the circles Cl and C2 which form the boundary of T2 -
(Dl U D2). Let X be the field induced on T2 by the field Y via this identifica
tion. That is, X = P* Y where P: T2 - (Dl uD2)-+ T2 = T2 - (Dl uD2)/ '" 
is the projection. See Figure 29. 

We shall show that every regular orbit of X is dense in the pretzel. In the 
following argument C 1 denotes the circle C 1 in the torus as well as the circle 
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Figure 29 

P( c 1) in the pretzel. As every regular orbit meets the circle C 1 it is enough to 
show that the intersection of a regular orbit with C 1 is dense in C l' Let 
D = {i(n/2); i = 0 1,2, 3}. The positive orbit of X through a point IX e C1 - D 
meets C1 again, for the first time, at the point I/I(IX), where 1/1: C1 ~ C1 is 
defined by 

Let (J+(IX) = {I/I"(IX); m ~ O} be the positive I/I-orbit of IX and (J_(IX) = 
{I/Im(IX); m ~ O} its negative I/I-orbit. If (J + (IX) n D '# 0 then IX belongs to the 
stable manifold of a saddle point of X and if «(J_(IX) - IX) n D '# 0 to one 
of the unstable manifolds. If (J + (IX) n D = 0 and (J + (IX) is dense in C 1 then 
the positive X -orbit of IX is dense in T2 • Similarly for the negative 1/1- and 
X-orbits. We will show that all positive (and negative) I/I-orbits are dense 
and so the same is true for the X-orbits. In particular, X exhibits nontrivial 
recurrence. 

Let us show that the positive I/I-orbits are dense in C l' First, notice that 
1/1 is 1-1, onto, discontinuous only at a finite set DeC 1 and it preserves 
lengths of segments (Lebesgue measure), i.e. the image of an interval of 
length L is a finite union of intervals whose lengths add up to L. We also 
claim that 1/1 has no periodic points and each orbit of 1/1 intersects D in at most 
one point. In fact, let x e C1 (resp. x e D) and let m '# 0 be an integer such 
that I/Im(x) = x (resp. I/Im(x) e D). But I/Im(x) = x + me + nmn/2 for some 
integer 0 ~ nm ~ 3. Thus x + me + nmn/2 = x + 2kn, keZ (or x + me + 
nmn/2 = jn/2, j e Z) which is a contradiction because eln is irrational. 
Next we show, following the ideas in [45], that if 1/1 is a mapping of the circle 
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with the above properties then each positive (negative) ",-orbit is dense. This 
is an immediate consequence of the statements (1) and (2) proved below. 

(1) IfF c C1 is a finite union of closed intervals such that ",(F) = F then 
F = C l' Suppose, if possible, that F -=1= C 1 and let x E C 1 be a boundary point 
of F. Since ",(F) = F and the restriction of", to C 1 - D is a homeomorphism 
it follows that ",-1(X) is either a boundary point of F or an element of D. 
Hence there is a positive integer k such that ",-k(X) E D because F"has finitely 
many boundary points and", has no periodic points. Similarly either "'(x) is 
a boundary point of F or XED. Thus there is a nonnegative integer j such 
that ",j(x) ED. As a consequence we get ~+ j(y) E D, where y = ",-k(X). This 
contradicts one of the properties of", listed above. We conclude that F = C l' 

(2) If IcC 1 is a closed interval then there exists a positive integer n such 
that U~=o ",-i(l) = C1• In particular, O+(x) is dense for every x E C1• The 
proofthat O_(x) is dense is entirely similar. Let B = (01) u D, where 01 is the 
boundary of 1. For each x E B we set 

( ) = {+ 00, if "'''(x) ¢ I - 01 for all n ~ 0, 
p x inf{n ~ 0; "'''(x) E I - aI}, otherwise. 

We can write 1= Uj=1Ij, where the Ijs are closed intervals with pairwise 
disjoint interiors and 

" U aIj = (OJ) u {",P(Xl(x); x E B, P(x) < oo}. 
j= 1 

For each j, let nj = inf{n > 0; ",-"Ij n I -=1= 0}. We claim that nj is finite. 
Suppose not. Then ",-mIj n ",-"Ij = 0 for all 0 =:;; n < m because, if not, 
",-(m-"lIj n I j -=1= 0 and since I j c I we would have nj finite. But ",-"I}, 
n ~ 0, cannot be all disjoint since the length of each of these sets (finite union 
of intervals) is the same as that of I j' We conclude that n j must be finite. From 
the first part ofthis argument we also conclude that I j, ",-1Ij, ... , ",-("r 1lIj 
are pairwise disjoint. Finally, we claim that ",-"iIj c 1. Otherwise, since 
",-"iIj n 1-=1=0, there is a point x E 01 in the interior of ",-"if}. From the 
definition of nj' we have that ",i(X) ¢ I, for 0 =:;; i < nj' and "'''i(X) is in the 
interior of! j c 1. Since x E B, this implies that n j = P(x) which is a contradic
tion because ",P(Xl(x) would be a boundary point of some Ik, 1 =:;; k =:;; n, and 
thus it could not belong to the interior of I j • Now we set F = 
Uj=1 U:{;o1",-kI j. Clearly ",-1F c F. Since ",-1 preserves length of 
intervals it follows that ",-1 F = F. By (1) we have that F = C1 proving (2). 
We suggest that the reader show this vector field X can be approximated by 
Morse-Smale fields. 

EXAMPLE 13. We are now going to describe very briefly an example due to 
Cherry of a COO (or even analytic) vector field on the torus T2 that has non
trivial recurrence and also a source. The construction of the vector field is 
quite complicated and will be made in the Appendix at the end of this 
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Figure 30 

chapter. Let us represent the torus by a square in the plane with its opposite 
sides identified. The Cherry field X has one source f and one saddle s. The 
unstable separatrices Yt and Y2 of the saddle are w-recurrent. In fact the 
ro-limit of Yt contains Yt and Y2' Moreover, X has no periodic orbit. Therefore 
X is a Kupka-Smale field. As we shall see at the end of this section, X can be 
approximated by a field that has a saddle-connection. Figure 30 shows the 
Cherry field on T2. 

Let us consider a circle C transversal to X and bounding a disc D that 
contains the source f. Let M be a compact two-dimensional manifold and Y 
a vector field on M that has a hyperbolic attractor. Let 1) be a disc containing 
a sink of Y with its boundary C transversal to Y. By glueing T2 - D into 
M - 1) by means of a diffeomorphism h: C -+ C we obtain a manifold M. 
The vector field g induced on M by X, Y and this identification has a non
trivial recurrent orbit. In this way we can construct vector fields with non
trivial recurrence on any two-dimensional manifold except the sphere, the 
projective plane and the Klein bottle where all recurrence is trivial. This is 
true in the sphere and projective plane by the Poincare-Bendixson Theorem 
and in the Klein bottle by [56]. 

Definition. Let X E ~r(M). We say that K c M is a minimal set for X if K is 
closed, nonempty and invariant by X t and there does not exist a proper subset 
of K with these properties. If K is a critical element of X we say that K is a 
trivial minimal set. 

We remark that if K is minimal and Y is an orbit contained in K then Y is 
recurrent. This is because roCy) is closed, nonempty and invariant by X t and 
roCy) c K. Thus w(y) = K :::> y. Similarly, (X(Y) :::> y. 

2.2 Lemma. Let Fe M be closed, nonempty and invariant by X t where 
X E ~r(M). Then there exists a minimal set KeF. 

PROOF. Let JF be the set of closed subsets of F that are invariant by X t and 
let us consider in JF the following partial order: if A, B E JF then A :s; B if 
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A c: B. Now let {Ai} be a totally ordered family in oF. By the Bolzano
Weierstrass Theorem ni Ai is nonempty. As ni Ai is closed and invariant by 
X" it belongs to oF and is thus a lower bound for {Ai}. By Zorn's Lemma [46] 
there exists a minimal element in oF. 0 

We must mention the following important facts about minimal sets even 
though they will not be used in the text, except in the Appendix where a 
complete description of Cherry's flow is presented. In [16] Denjoyexhibited 
a C1 vector field on the torus T2 with a nontrivial minimal set distinct from 
T2. On the other hand, Denjoy [16] and Schwartz [100] showed that a 
minimal set of a C2 field on M2 is either trivial or is the whole of M2 and, in 
this case, M2 is the torus. Consequently the co-limit of an orbit will either 
contain singularities or be a closed orbit or be T2. We refer the reader to [31] 
for a converse of the Denjoy-Schwartz Theorem. 

Definition. A graph for X E r(M2) is a connected closed subset of M con
sisting of saddles and separatrices such that: 

(l) the co-limit and !X-limit of each separatrix of the graph are saddles; 
(2) each saddle in the graph has at least one stable and one unstable separatrix 

in the graph. 

EXAMPLES. Figures 31 and 32 give four examples of graphs for vector fields 
on a chart of M2. 

2.3 Proposition. Let X E r(M2) be a vector field whose singularities are all 
hyperbolic. If X only possesses trivial recurrent orbits then the co-limit of any 
orbit is a critical element or a graph. Similarly for the !X-limit. 

a.-______ ~----~~ 

~.~-----+------~ 

Figure 31 
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Figure 32 

PROOF. Pick any trajectory Y of X and suppose that w(y) is not a critical 
element. It is clear that w(y) cannot contain an attracting singularity or a 
closed orbit for then it would reduce to one of these elements. On the other 
hand, w(y) must contain a saddle. This is because a minimal set in w(y) must 
be a critical element and we have already dealt with the possibility of an 
attracting singularity or a closed orbit. Thus, w(y) contains saddles and, as it 
is not just one singularity, it contains separatrices of saddles. Clearly, the 
number of separatrices in w(y) is finite. 

Let us first suppose that each separatrix in w(y) has a unique saddle as its 
w-limit. We shall show that w(y) is a graph. We claim that there exists a graph 
contained in w(y). In fact, let 0'1 E w(y) be a saddle and Yl an unstable separa
trix of 0'1 contained inw(y). Let 0'2 = W(Yl) and let Y2 be an unstable separatrix 
of 0'2 contained in w(y) and so on. As we only have a finite number of separa
trices this process will give a sequence Yio Yi+ b ... , YI = Yi of separatrices in 
w(y) such that w(y) = OC(Yi+l) and this defines a graph. 

Let G be a maximal graph in w(y), that is, there does not exist any graph in 
w(y) containing G. We claim that w(y) = G. If not, there exists a saddle 
a1 E G and an unstable separatrix}ll of a1 not belonging to G. Consider the 
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saddle U2 = CO(Y1) and a separatrix of U2, Y2 c: co(y). By continuing this 
argument we obtain a sequence U1o ... , Uk such that Uk = Uj for some 
j < k or Uk E G. Either way we obtain a graph (; in co(y) properly containing 
G, namely, (; is the union of G with the saddles U 10 ••• , Uk and the separatrices 
Y1, ... , Yk-1· This is a contradiction since G is maximal. Thus co(y) = Gas 
claimed. 

Now let us suppose that there exists a separatrix Y1 c: co(y) whose co-limit 
is not just one saddle. Then CO(Y1) c: co(y) and CO(Y1) does not contain Y1 
because all recurrence is trivial. If CO(Y1) only contains separatrices that have 
a unique saddle as co-limit then, by the previous argument, CO(Y1) is a graph. 
This graph will also be the co-limit of y, which is absurd since co(y) ::> Y1. 
Thus, there must exist Y2 c: CO(Y1) whose co-limit is not a unique singularity. 
Moreover, co(Y2) c: CO(Y1) c: co(y). By continuing this argument we shall 
necessarily find a separatrix Y c: co(y) such that co(y) ::> Y since the number of 
separatrices is finite. This is absurd since there is no nontrivial recurrence. 

o 

Coronary. If X E X'(M2) is a Kupka-Smale field with all recurrent orbits 
trivial then X is a Morse-Smalefield. 

PROOF. By the last proposition, the co-limit of any orbit is a critical element 
(and so is its !X-limit) because there cannot be any graphs as there are no 
saddle-connections. It remains to show that there only exist a finite number 
of closed orbits. This can be proved by the argument for the case M = S2 in 
Theorem 2.1. 0 

We now move on to the proofthat any X E X'(M2) can be approximated 
by a Morse-Smale field, provided M is orientable. For this we shall exhibit 
a field Y near X with the following property: there exists a neighbourhood 
<¥t c: X'(M2) of Y such that any Z E <¥t only has trivial recurrence. Then we 
approximate Y by a Kupka-Smale field Z E <¥t. By the corollary above Z is 
Morse-Smale. 

We shall use the next two lemmas. Their proofs will be given at the end of 
this section. 

2.4 Lemma. If X E X'(M2) is a vector field without singularities then X can be 
approximated by a field Y that contains a closed orbit. 

2.S Lemma. Suppose M2 is orientable. If X E X'(M2) has singularities all of 
which are hyperbolic and there is a nontrivial recurrent orbit then X can be 
approximated by a field Y that has one more saddle-connection than X has. 

2.6 Theorem. The set of Morse-Smale fields is dense in X'(M2) for M2 

orientable. 
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PROOF. Let X E ~'(M2). By perturbing X, if necessary, we can suppose that 
it has only hyperbolic singularities. 

Case 1. X has no singularities. As M2 is orientable it must be the torus T2. 
By Lemma 2.4, X can be approximated by a field X 1 that has a closed orbit. 

By Lemma 2.5 of Chapter 3 we can approximate X 1 by Y that has a hyper
bolic closed orbit y. As Y has no singularities, y does not bound a disc in T2 
and, therefore, T2 - Y is a cylinder. Thus Y has only trivial recurrence. Each 
field near Y enjoys the same property since it also has a closed orbit. We now 
take a Kupka-Smale field Z near Y. By the corollary of Proposition 2.3, Z 
is a Morse-Smale field. 

Case 2. X has singularities, all of which are hyperbolic. 
Let y be an unstable separatrix of a saddle. We say that y is stabilized if 

w(y) is a hyperbolic attractor (singularity or closed orbit). Similarly, a stable 
separatrix of a saddle is stabilized if its ex-limit is a hyperbolic repellor. 

(1) If X has all the separatrices of its saddles stabilized then X can be 
approximated by a Morse-Smale field. 

In fact, there exists a neighbourhood dIJ of X such that any Y E dIJ also has 
all its separatrices stabilized. Thus, by Lemma 2.5, these fields have only 
trivial recurrence. Now approximate X by a Kupka-Smale field Y E dIJ. By 
the corollary of Proposition 2.3, Y is Morse---Smale. 

(2) If X has separatrices that are not stabilized then X can be approximated 
by a field Y that has one more stabilized separatrix than X. 

Proving this claim will complete the theorem since there are only a finite 
number of separatrices and by stabilizing them one by one we arrive at (1). 

Let dIJ be a neighbourhood of X such that each Y E dIJ has at least as many 
stabilized separatrices as X. By Lemma 2.5, we can approximate X by 
Y E dIJ which has only trivial recurrence because there are only a finite number 
of saddles that can be connected. 

There are four possibilities to consider: 
(a) Y has no saddle-connections. Let y be a separatrix of a saddle for Y 

that is not stabilized. (Y already satisfies (1) ifthete is no such y.) Then w(y) 
(or ex(y)) is a nonhyperbolic closed orbit. We can approximate Y by Z E dIJ 
to make this orbit hyperbolic and thus stabilize the separatrix of Z corre
sponding to y. 

(b) Y has a graph that is the co-limit (or ex-limit) of some orbit. Consider 
a transversal section S through a regular point p of the graph. As there is a 
trajectory y whose co-limit (or ex-limit) contains p, y must intersect S in a 
sequence all -+ p. For n large enough, the arc of the trajectory y between all 
and an+ 1> the segment (an, an+ 1) of S and the graph bound an open region 
A c: M2 that is homeomorphic to an annulus. Let F be a small flow box 
containing p and let A Y be a C' -small vector field on F that is transversal to 
Y at all points of the interior of F and vanishes outside F as in Figure 33. If 
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s 

Figure 33 

Z = y + .1Y then ZlA) c A for t 2:: 0 in the case p E w(y). The separatrix 
of (11 (or (12 in the second case), which is initially contained in the graph, 
penetrates the annulus after the perturbation. Thus the w-limit (or a-limit) 
of this separatrix becomes a certain closed orbit of the field Z that forms in 
the annulus. This comes from the Poincare-Bendixson Theorem since Z has 
no singularities in A. Now by a further perturbation of the field Z we make 
this closed orbit hyperbolic and, in this way, stabilize another separatrix. 
(If P E a(y) we consider Zt, for t :::;; 0.) 

(c) Y has a graph that is accumulated by closed orbits, as in Figure 34. 
The annulus A bounded by the graph and a closed orbit close enough to it 

makes (c) entirely analogous to case (b). 
(d) The last possibility will now be analysed. Let y be a saddle-connection 

and S a transversal section through a point P E y, as in Figure 35. 
Let us consider a small open interval (a, p) c S. All the points of (a, p) 

have the same w-limit which is an attracting singularity or a closed orbit. 
We remark that if this does not happen for sufficiently small (a, p) then we 
must have the situation described in (b) or (c). In fact, if Y does not come 
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Figure 34 

under case (b) then the w-limit of each point of (a, p) is a singularity or a 
closed orbit. Moreover, there is no stable separatrix of a saddle, except y, 
that accumulates on p since the a-limit of such a separatrix would contain 
y and we should be in case (b). Thus the w-limit of each point of (a, p) is an 
attracting singularity or a closed orbit. As p is not accumulated by closed 
orbits, which corresponds to (c), it follows that all points in (a, p) have the 
same w-limit, which we shall denote by a. 

Proceeding as before, we perturb the field so that the w-limit of the unstable 
separatrix of a 1 becomes a. If a is an attracting singularity we have stabilized 
one more separatrix. If a is a closed orbit we make it hyperbolic by a further 
perturbation, if necessary, and again obtain one more stabilized separatrix. 
This concludes the proof of the theorem. 0 

Before proving Lemmas 2.4 and 2.5 we shall make some comments on 
nontrivial recurrent orbits. 

Let X E l'(M2) and let y be a nontrivial w-recurrent orbit. We claim that 
there exists a circle transversal to X through any point p E y. 

In fact let us consider a flow box F 1 containing p. Let ab and cd denote the 

s 

y 

Figure 35 
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sides of F I transversal to X. As P E w(y), y intersects ab infinitely many times. 
Let PI be the first occasion that y returns to intersect abo Let us take a flow 
box F 2 containing the arc of the trajectory qOPI' We shall suppose that PI 
is below Po in ab, see Figure 36. The construction is similar in the other case. 
If M2 is orientable we can find in F 2 an arc of a trajectory of X starting from 
a point ql of cd above qo and intersecting ab at P2 above Pl' In F 2 we can 
take an arc q1P3, with P3 above P2 but below Po, that is transversal to X and 
has positive slope at the ends as in Figure 37. Now we complete the required 
circle by joining P3 and q I by an arc in F I that contains P and is transversal 
to X. This arc must have the same slope as the previous one at P3 and q1' 

We leave it to the reader to construct a transversal circle as above in the 
case where M2 is not orientable. In this case it is necessary to consider 
consecutive intersections of y with abo 

We now denote by C a circle transversal to X through P E y. Let DeC 
be the subset of those points whose positive trajectories return to intersect C 
again. We define the Poincare map P: D -+ C to be the map that associates 
to each xED the first point in which its positive trajectory intersects C. By 
the Tubular Flow Theorem, D is open. Thus, D = C or else D is a union of 
open intervals. Let us suppose that D =1= C and let (ah a2) be a maximal 
interval in D. We show that w(al) is a saddle and so is w(a2)' If w(a1) is a 
singularity it must be a saddle since a sink would also attract orbits near 
that of al whereas every orbit beginning in (ah a2) returns to intersect C. 
Therefore it will suffice to show that w(al) does not contain regular points. 
Let us suppose the contrary and let x be a regular point in w(al) and Sa 
section transversal to X through X. The positive orbit of a1 intersects S 
infinitely many times since x E w(al)' On the other hand, if q E (a1' a2) the 

F; '2 

D 

q I 

q 0 

Figure 37 
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number of times N that the piece of trajectory qP(q) meets S is finite, since S 
is transversal to X and qP(q) is compact. By the Tubular Flow Theorem, this 
number is constant on a neighbourhood of q and as (a1' a2) is connected it 
is constant on the whole of that interval. By applying the Tubular Flow 
Theorem to an arc of the positive orbit of a 1 that cuts S some number of times 
n > N we find points in (a1, a2) whose positive orbit intersects S at least n 
times before returning to C. This is a contradiction, which proves that 
w(al) is a saddle. Similarly w(a2) is a saddle. 

Thus D is a finite union of open intervals in C whose end-points belong to 
the stable separatrices of saddles. If we consider the inverse p- 1 of P (the 
Poincare map for - X) its domain is a finite union of open intervals whose 
end-points belong to the unstable separatrices of saddles. 

We should remark that if the Poincare map is defined on the whole circle 
C then M2 is the torus T2 or the Klein bottle K2. In fact, it is easy to see that 
the set saturated by C, UtE o;J Xl C), is open and closed and thus coincides with 
M2. Therefore, the vector field X has no singularities, which proves our 
statement, and we have M2 = T2 or M2 = K2 depending on whether P 
preserves or reverses the orientation of C. If P: C -+ C reverses orientation 
then P has a fixed point. This fixed point corresponds to a closed orbit y of X. 
This closed orbit does not bound a disc in K2 and so K2 - Y is a Mobius 
band, which shows that X has only trivial recurrent orbits. 

PROOF OF LEMMA 2.4. If X has a closed orbit there is nothing to prove. If X 
has no closed orbit then it has a recurrent orbit y and M2 = T2. Take p E Y 
and let C be a transversal circle through p. Put C 1 = X _ ,,( C) and C 2 = X ,,( C), 
where () > 0 is small. Clearly, C 1 and C 2 are transversal to X. Consider a flow 
box F containing p whose sides transversal to X lie in C1 and C2 • 

We define P: C2 -+ C1 by associating to each point x of C2 the first point 
where its positive trajectory intersects C l' As we have seen P is well defined 
and preserves orientation. By this we mean that, given an orientation of C2 , 

the maps P and X _ 2": C 2 -+ C 1 induce the same orientation on C l' Now let 

Figure 38 
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Pi = pi(qO) = P(qi-l) where qo = Xip). There exists a sequence ni such 
that PRi --+ Po and we can suppose that each PRi lies below Po on ab, see Figure 
38. 

Let us consider the family of fields Z(u) = X + BUY, where B> 0, 
o =:; u =:; 1 and Y is a field that is transversal to X on the interior of F, points 
upwards and vanishes outside F. If B is small then Z(u) is near X for all 
O=:;u=:;1. 

Now fix a closed interval I in ab with Po in its interior. For each point 
x E I we consider the vertical distance in F between x E I and the point where 
the positive orbit of Z( 1) through x intersects C 2' As I is compact this distance 
has a minimum p > O. We claim that, for some 0 < u =:; 1, the orbit of Z(u) 
through qo is closed. In fact, as Z(u) = X outside F for any u, we can define 
Pk(U) = P(qk-l(U)) for k ~ 1, where qo(u) = qo and qk-l(U) is the point 
where the positive orbit of Pk-l(U) E C1 meets C2 for the first time. 

Let us fix a number i such that Pi = pi(qO) is below Po and its distance 
from Po is less then p. 

We should remark that Pi(U) and qi(U) depend continuously on u. For small 
u, p;(u) is in I and below Po and its height increases with u. In the same way 
q;(u) is below qo and its height increases with u. Thus, either Pi(UO) = Po for 
some Uo E (0, 1] or Pi(U) E I for all U E (0, 1]. In the first case q;(uo) is above 
qo and so there exists Ul < Uo such that qi(Ul) = qo. In the second case, qi(l) 
is above qo because the distance from Pi(l) to Po is less than p. Thus, there 
exists Ul < 1 such that q;(Ul) = qo. In either case Z(Ul) has a closed orbit 
through qo. 0 

PROOF OF LEMMA 2.5. First we shall prove that, if y is a nontrivial w-recurrent 
orbit, there exists a stable separatrix that accumulates on y. That is, there 
exists a stable separatrix Y2 such that Il(Y2) :::> y. Consider a point P E Y and 
a circle C transversal to X through p. Let P: DeC --+ C be the Poincare map 
defined on D. We have D =/; C since, otherwise, X has no singularities. 
Suppose, if possible, that Y is not accumulated by stable separatrices; that is, 
suppose that there is an interval in C that contains P and is disjoint from the 
stable separatrices. Let IcC be the maximal interval with this property. 
As y is w-recurrent and P E y, we have pk(p) E I for some integer k > O. Now 
the interval J = pk(I) is contained in I. This is because, on the one hand, 
I n J =/; 0 since pk(p) E I. On the other hand, if J ¢. I, then J would contain 

Figure 39 
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an interval that has one of the end-points of I in its interior. As I is the maximal 
interval disjoint from the stable separatrices it would follow that J contains 
points of stable separatrices. As these separatrices are invariant by the flow 
and, therefore, by pk, it would follow that I also contains points of stable 
separatrices of saddles as J = P"(I). This would contradict the definition of 
I and so, in fact, P"(I) c I. From this we can construct a region A containing 
p, homeomorphic to an annulus and invariant by XI' t > O. See Figure 40. 
This is a contradiction because y could not be nontrivially w-recurrent in A. 
Thus y is, in fact, accumulated by some stable separatrix Y2' 

We also claim that Y is accumulated by some unstable separatrix or is 
itself an unstable separatrix. In fact, let us suppose that this claim is false. If 
the second alternative does not occur we consider, as in the previous case, 
a point p E Y and a maximal open arc I in C containing p and disjoint from 
unstable separatrices. As y is w-recurrent, there exists an integer k > 0 such 
that pk(I) n I =f 0. It follows from this that, for some q E I, p-k(q) is well 
defined and p-k(q) E I. There are two possibilities to consider. If p-k is not 
defined on the whole arc I then there exists a point Z E I whose negative orbit 
dies in a saddle. In particular, Z E I n y for some unstable separatrix y which 
contradicts the definition of the arc 1. The other possibility is that p-k is well 
defined on the whole arc 1. In this case, as before, we shall have p-k(I) c 1. 
We leave the reader to complete the proof of the claim from this statement. 

We should remark that the property just proved also holds for non
orientable manifolds. The only difference is that the region A used above 
can be a Mobius band where, again, there cannot be nontrivial recurrence. 

Now let Yl be an unstable separatrix that either is Y or accumulates on y. 
Also let Y2 be a stable separatrix that accumulates on y. As in the proof of 
Lemma 2.4 we consider the circles C 1 = X _,,( C) and C 2 = X,,( C) transversal 
to X. Let P : D c C2 -+ C1 be the Poincare map and F a flow box containing 
p E y. As the number of saddles is finite we can take F disjoint from any saddle
connections that X might have. 

Let 0"1 and 0"2 be the saddles associated to the separatrices Yl and Y2 
which accumulate on y. Let us consider the family of fields Z(u) = X + eu Y, 
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Figure 41 

where 8 > 0, 0 ~ u ~ 1 and Y is transversal to X in the interior of F, points 
upwards and vanishes outside F. If we take 8 small then Z(u) is near to X for 
all u E [0, 1]. We want to show that, for some 0 < u ~ 1, Z(u) has one saddle
connection more than X. 

We fix a small closed interval I in [a, b] containing Po in its interior. As 
before, let p > 0 be the minimum for x E I of the vertical distance in F 
between x and the point where the positive orbit of Z(1) through x first meets 
C2 • Let Xo and Zo be the first times that Yl intersects [a, b] and Y2 intersects 
[c, d], respectively. Note that the arcs of separatrices O"lXO and 0"2Z0 are not 
affected by the perturbations 8U Y above, see Figure 42. 

Now take a point x E Yl n I near Po and a point z E Y2 n C2 such that the 
vertical distance between x and z is less than p. The point x corresponds to the 
ith intersection of Yl with C1 for some integer i > O. Similarly, the point z 
corresponds to the jth intersection of Y2 with C2 for some j > O. We shall 
suppose that x is below z in F. If this is not possible then we must take the 
field Y pointing downwards. 

o. ~ 
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Figure 42 
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Consider the maps that associate to each u the ith intersection x(u) of the 
separatrix Y1(U) of Z(u) with C1 and thejth intersection z(u) of the separatrix 
yz(u) of Z(u) with C 2 • It is clear that x(u) and z(u) are well defined for small u. 
As M2 is orientable, x(u) is monotone increasing on [a, b] and z(u) is mono
tone decreasing on [c, d]. 

We have two situations to consider. Suppose first that x(u) and z(u) are 
well defined for all u E [0, 1]. Then there exists Uo E (0, 1) such that the 
vertical distance between x(uo) and z(uo) is zero. This is because x(u) and 
z(u) are continuous and the vertical distance between x = x(O) and z = z(O) 
is less than p. Thus we have a saddle connection between 0"1(UO) and 0"2(UO)' 

Now suppose that one ofthe maps, x(u) for example, is not defined for all 
u E [0, 1]. This means that, for some Uo E (0, 1), Y 1 (uo) reaches one of the 
boundary points of the domain of P; that is, it reaches a point whose positive 
orbit goes directly to a saddle 0"3' In this case it will be a saddle connection 
between 0"1 and 0"3' The reasoning is similar for the case where it is z(u) that 
is not defined for all u E [0,1]. This completes the proof of Lemma 2.5 and 
hence of Theorem 2.6. 0 

To close the section we remark that it follows from Theorem 2.6 that any 
structurally stable vector field X E xr(M2) is Morse-Smale. 

§3 Generalizations 

Next we make some comments on the density theorem for Morse-Smale 
fields on orientable surfaces and its partial extension to nonorientable 
surfaces. 

We shall also mention the theorems about the openness and stability of 
Morse-Smale fields on manifolds of any dimension. In particular, there exist 
structurally stable fields on any manifold. However, Morse-Smale fields are 
no longer dense in the space of vector fields on manifolds of dimension three 
or more. This will be proved in the next section. We should, however, 
emphasize a useful special case in which Morse-Smale vector fields are 
dense: namely in the space of gradient fields on any compact manifold. 

Our first remark is that in the proof of Lemma 2.5 we cannot guarantee 
that after the perturbation there is a saddle connection between the first 
saddles considered. This leads us to formulate the following problem. Let 
Y1 be an unstable separatrix and Y2 a stable separatrix of saddles of 
X E xr(M2). Suppose that W(Y1) n Y2 1= 0 or W(Y1) n IX(Y2) 1= 0. It is a 
difficult question to know whether it is possible to connect these two separa
trices for a C' perturbation of X. This problem is open whether M2 is orient
able or not and for any r ~ 1. 

The difficulty in proving the density of Morse-Smale fields in xr(M2) 
when M2 is not orient able lies in the proof of Lemma 2.5. All the other facts 
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are true in this case. The question is open in this nonorientable case and it is 
an interesting problem whether the answer is positive or negative, although 
a negative answer would be a surprise. In this direction some partial results 
have been obtained as follows. 

(1) Morse-Smale fields are dense in X1(M2) whether M2 is orientable or not. 
Pugh obtained this result using the Closing Lemma as we shall show later. 
The restriction to the C1 topology comes from the fact that the Closing 
Lemma has only been proved so far for this case. 

(2) It is easy to see that the theorem holds for X'(p2) and any r ~ 1 where p2 
is the projective plane. This is because the vector fields on p2, as in the 
case of the sphere S2, do not have nontrivial recurrence. Density is also 
true for the Klein bottle K2 as Markley showed in [56]. Gutierrez [30] 
simplified the prooffor K2 and showed that in the nonorientable manifold 
L 2 of genus one more than K2 that is the torus with a cross cap, the 
nontrivial recurrences are "orientable". Thus the proof we presented 
for orientable manifolds also applies to this case. Therefore we have the 
density of Morse-Smale fields in X'(M 2 ) for any r ~ 1 when M2 is 
orientable or M2 = p2, K2 or L2. 

We now describe the proof for X1(M2) using the Closing Lemma. 

Closing Lemma [88]. Let M" be a compact n-dimensional manifold without 
boundary. Take X E X1(Mn) and let I' be a nontrivial recurrent orbit of X. 
Given pEl' and e > 0 there exists Y E X1(M"), with I Y - X b < e, having 
the orbit through p closed. 0 

The proof of the Closing Lemma is very delicate even in the case of 
surfaces. As regards the class of differentiability, the question is open for any 
r ~ 2 and n ~ 2. 

In the case of surfaces M2 the closed orbit constructed from a nontrivial 
recurrent orbit cannot bound a disc. This is because of the existence of a 
circle transversal to the field and not bounding a disc as constructed in 
Section 2 of this chapter. 

3.1 Theorem. The subset consisting of Morse-Smale vector fields is dense in 

X1(M2) whether or not M2 is orientable. 

PROOF. We shall show that any field X E X1(M2) can be approximated by a 
Kupka-Smale field with only trivial recurrence. Then the result will follow 
immediately from the Corollary to Proposition 2.3. 

Take a Kupka-Smale field X* near X. If X* has only trivial recurrence 
the proof is finished. Otherwise, consider a nontrivial recurrent orbit 1'1 of 
X* and a point p E 1'1. By the Closing Lemma there exists X 1 near X* with 
a closed orbit a1 through p. Now approximate X 1 by a Kupka-Smale field 
X! that has a hyperbolic closed orbit a! near a 1. If X! has only trivial 
recurrence then X! is a Morse-Smale field. Otherwise, we repeat the above 



152 4 Genericity and Stability of Morse-Smale Vector Fields 

process starting from X! but without changing it on a neighbourhood of 
O'!. We claim that the number of steps in this process is finite, bounded by 2' 
where g is the genus (the number of handles) of the manifold M. In fact each 
stage of the process is like considering a Kupka-Smale field on a manifold 
N 2 oflower genus (or, equivalently, of higher Euler-Poincare characteristic 
K(N2) since K(N2) = 2 - 2g(N2) for N 2 orientable and K(N2) = 2 - g(N2) 
for N 2 nonorientable, [59], [119]). As K(N2) ~ 2 for any N 2 we shall obtain 
a Kupka-Smale field with only trivial recurrence after a finite number of 
steps; this field will then be Morse-Smale as required. 

To see this reduction of genus we make a cut in M along the hyperbolic 
closed orbit O'! that resulted from the nontrivial recurrence. There are two 
possibilities to consider: either we obtain a manifold MlO with boundary or 
two manifolds M 11 and M 12 with boundary [59]. In the first case the 
boundary of M 10 consists of one or two copies of O'! depending on whether 
O'! is orientable or not. In the second case the boundaries of M 11 and M 12 

are each a copy of O'!. In the first case we glue in one or two discs D1 and D2 
so that M 10 U D1 or M 10 U D1 U D2 is a manifold without boundary. Thus 
we have K(M 10 u D1) = K(M) + K(D1) or K(M 10 u D1 U D2) = 
K(M) + K(D 1) + K(D2). As K(D j ) = 1 for i = 1,2, K(MlO u D1) or 
K(M 10 u D1 U D2) is greater than K(M). In the second case K(M) = 
K(M 11) + K(M 12) and K(M 11) < 1, K(M 12) < 1 because otherwise O'! 
would bound a disc. Thus 

and 

K(M 12 u D2) = K(M 12) + 1 > K(M). 

Although it is not necessary for our purpose, we can complete the field X! 
defined on M 10, M 11 and M 12 by putting in D 1 and D2 a sink or a source 
depending on whether O'! is repelling or attracting. 

We continue the process with the manifolds Mij U = 0, 1, 2) obtained by 
glueing in these discs but without altering the field on neighbourhoods of 
these discs. As the Euler-Poincare characteristic is bounded by 2 and grows 
with each cut made, the number of cuts is finite and bounded by 2' as claimed. 
This proves the theorem. 0 

For Morse-Smale fields on M2 we should also mention that their 
equivalence classes were described by Peixoto [83] and Fleitas [19]. Also, 
the connected components of the Morse-Smale fields on M2 were classified 
in [32]. 

Now consider a manifold M of any dimension n endowed with a Rie
mannian metric. One basic question is whether there exists a structurally 
stable field on M. Results from [75], [79], [106] show that there exist many 
Morse-Smale fields and they are structurally stable; see also [57]. These 
results are as follows: 
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(1) the set consisting of Morse-Smale fields is open and nonempty in 
X"(M"), r ~ 1; 

(2) if X E ~r(M"), r ~ 1, is Morse-Smale then X is structurally stable; 
(3) the set of Morse-Smale gradient fields is open and dense in Gradr(M"), 

r ~ 1. 

Here Gradr(M") denotes the subset of X"(M") consisting of the gradient 
fields of Cr+ 1 maps from M to ~ with respect to a Riemannian metric on M. 
Consider the orbit structure of a Morse-Smale gradient field. As we saw in 
Section 1 of Chapter 1, a gradient field cannot have closed orbits. Moreover, 
every orbit has its IX- and w-limit sets consisting of singularities. We leave it 
to the reader to prove that even the nonwandering set consists only of 
singularities. Thus a Morse-Smale gradient field is just a Kupka-Smale 
field with nonwandering set a finite number of hyperbolic singularities. 

In contrast to what happens in ~r(M2), r = 1 or r ~ 1 and M2 orientable, 
or in Gradr(M"), the Morse-Smale fields are not dense in ~r(M") for n ~ 3. 
This fact will be seen in the next section together with examples of structurally 
stable fields in ~r(M3) that are not Morse-Smale since they have infinitely 
many periodic orbits. 

§4 General Comments on Structural Stability. 
Other Topics 

In this section we shall briefly describe Morse-Smale diffeomorphisms, 
Anosov diffeomorphisms and the diffeomorphisms that satisfy Axiom A and 
the transversality condition. The first ar'e analogous to the Morse-Smale 
fields described in previous sections. The last include the first two and 
constitute the most general class of structurally stable diffeomorphisms 
known. We shall describe in detail two famous examples that illustrate the 
last two classes well: one of them is due to Thom (an Anosov diffeomorphism 
of T2) and the other is Smale's horseshoe. 

Besides its intrinsic importance the study of diffeomorphisms has been of 
great relevance in understanding the orbit structures of vector fields. This 
was already emphasized by Poincare and Birkhoff in their pioneering work 
on the qualitative theory of dynamical systems. One example is the descrip
tion of the orbit space of a vector field in a neighbourhood of a closed orbit. 
As we saw in Chapter 3 this is done by using the Poincare map (or local 
diffeomorphism) associated to a transversal section. At the end of Chapter 3 
we generalized this idea by the process of suspending a diffeomorphism. 
Thus any diffeomorphism f of a manifold of dimension n represents the 
Poincare map of a field X I on a manifold of dimension n + 1. The field XI 
is called the suspension off and its orbits are in a natural correspondence 
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with the orbits of f. In particular, XJ is a Kupka-Smale field if and only if f 
is a Kupka-Smale diffeomorphism. Also, X J is structurally stable if and only 
iffis structurally stable. 

Let f E Diff'(M). A point p E M is nonwandering for f if, for any neigh
bourhood U of p and any integer no > 0, there exists an integer n such that 
Inl > no andrU n U -=1= 0. The set Q(f) of non wandering points is closed 
and invariant, that is, it consists of complete orbits off. The limit sets w(q) 
and a(q), for any q E M, are contained in Q(f). In particular, every fixed or 
periodic point of fbelongs to Q(f). 

We say thatf E Diff'(M) is Morse-Smale if 

(a) Q(f) consists of a finite number of fixed and periodic points, all hyper
bolic; 

(b) the stable and unstable manifolds of the fixed and periodic points are all 
transversal to each other. 

Next we list some important facts about Morse-Smale diffeomorphisms. 
(1) The set of Morse-Smale diffeomorphisms is open (and nonempty) in 

Diff'(M) for any manifold M and any r ~ 1, [75]. 
(2) Iff E Diff'(M) is Morse-Smale thenfis structurally stable [75], [79]. 
(3) The set of Morse-Smale diffeomorphisms is dense in Diff'(Sl), 

r ~ 1. This fact, due to Peixoto, can be proved directly from the Kupka
Smale Theorem for diffeomorphisms and an argument similar to that in the 
proof of Lemma 2.4 in this chapter. A more elegant proof is as follows. Let 
f E Diff'(Sl). Take a Coo diffeomorphism/e'-close tof. Consider the suspen
sion X J off, which is a Coo field defined on T2 or K2 depending on whetherf 
preserves or reverses the orientation of Sl. We can consider Sl as a global 
transversal section of X {on T2 or K2 with/being the associated Poincare 
map. If Y is a field on T or K2 that is C' -close to Xi then Sl is also a trans
versal section for Y and the Poincare map g associated to Y is e' -close to / 
and so to f. By the density of Morse-Smale fields in X'(T2) or X'(K2) it is 
possible to choose Y Morse-Smale and e' -close to X j. This implies that g 
is a Morse-Smale diffeomorphism e' -close to f. 

(4) The set of Morse-Smale diffeomorphisms is not dense in Diff'(M"), 
n ~ 2. We describe next a nonempty open set OIJ c Diff'(S2) such that 
OIJ n M-S = 0. A similar example can be constructed on any manifold of 
dimension n ~ 2. Consider on S2 a Coo field X with a saddle connection from 
one saddle to itself as in Figure 43; (J 1 and (J 2 are sinks, (J 4 is a source and (J 3 

is a saddle, all hyperbolic. Let X t be the flow induced by X andf = Xl the 
time one diffeomorphism. Then (J 3 is a hyperbolic fixed point for f and one 
ofthe components of W"«(J3) - (J3 coincides with one of the components of 
WU«(J3) - (J3. We perturbfso as to obtain a diffeomorphism g that has (J3 
as a hyperbolic fixed point and has orbits of transversal intersection of 
W"«(J3' g) with WU«(J3, g) besides (J3. To do this we take p E W'«(J3) n W U«(J3), 
p -=1= (J3, and a small neighbourhood U ofpwith U nfU = 0. Let i: S2 -+S2 
be a C' diffeomorphism supported on U (so that i is the identity on K = 



§4 General Comments on Structural Stability. Other Topics 155 

Figure 43 

M - U) with i(p) = P and W = i(W"(0'3)) transversal to W S(0'3) at p. Define 
g = i 0 f. We claim that g and any diffeomorphism close enough to g are not 
Morse-Smale. As g = f outside U, 0'3 is a hyperbolic fixed point of g and 
the local stable and unstable manifolds of 0'3 for f and g coincide. But 
We W"(O' 3 , g). In fact if x E W then i-lex) E W"(0'3) and so (i 0 f)-lex) = 
f-li-l(x) E W"(0'3) (') K. As i is the identity on K, (i 0 f)-"(x) = f-"i-l(x) E 

W"(0'3) (') K for n ~ 1. Thus, x E WU(O' 3 , g) since g-"(x) = (i 0 f)-"(x) 
converges to 0'3 as n -+ 00 and so We W"(O' 3 , g). On the other hand, 
W S(0'3) (') U C WS(0'3' g). In fact if y E W S(0'3) (') U thenf(y) E W S(0'3) (') K 
and so g"(y) = (i 0 ft(y) = r(y) E W S(0'3) (') K for n ~ 1. Thus 
y E WS(O' 3 , g) since g"(y) converges to 0'3 as n -+ 00 and this shows that 
W S(0'3) (') U C W S(0'3, g). Thus, WS(0'3' g) is transversal to W"(0'3' g) at p. 
Although it is not necessary we can extend this argument a little to make 
W S( 0' 3 , g) and W U( 0' 3 , g) transversal at all their points of intersection. This 
corresponds to one of the assertions of the Kupka-Smale Theorem for 
diffeomorphisms. A point p, as above, of transversal intersection of WS( 0' 3 , g) 
and W"( 0' 3, g) is called a transversal homoclinic point. The reader is challenged 

Figure 44 
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p 

Figure 45 

to draw a diagram, with Figure 45 as a rough sketch, ofthe intersections of the 
stable and unstable manifolds along a transversal homoclinic orbit. 

Birkhoff showed that p is accumulated by hyperbolic periodic orbits of g; 
Smale generalized this result to higher dimensions [108]; see also [66]. Here 
we only need the fact that p is nonwandering. To see this consider the arc 1 
ofWU(0'3, g) going from 0'3 to p. For any neighbourhood U of pc hoose as mall 
arc 11 of WUC 0' 3 , g) in U passing through p. Since 11 is transversal to WSC 0' 3, g), 
g"(11) contains, by the A-lemma, an arc arbitrarily close to 1 for all n greater 
than some no> O. As 11 C U and 1 (') U =F 0 we have gnu (') U =F 0 for 
n> no. Thus p E neg) and as p is not periodic 9 is not Morse-Smale. The 
same happens for all diffeomorphisms close enough to 9 since they also have 
transversal homoclinic points. This follows from the fact that compact parts 
of the stable and unstable manifolds of a saddle do not change much in the 
C" topology when we perturb the diffeomorphism a little. We can thus 
guarantee that these manifolds still have an orbit of transversal intersection 
distinct from the perturbed saddle. 

From the nondensity of Morse-Smale diffeomorphisms on M2 we can 
deduce, using suspension, that Morse-Smale fields are not dense in X'(M") 
forn ~ 3. 

We shall now give another example, due to Thom, of a diffeomorphism 
with infinitely many periodic orbits. Then we shall show that this diffeo
morphism is structurally stable. 

This was one of the examples that motivated the definition given by 
Anosov of a class of structurally stable dynamical systems with infinitely 
many periodic orbits [3]. In particular, there exist stable systems that are 
not Morse-Smale. 

Consider a linear isomorphism L of 1R2 that is represented with respect 
to the standard basis of 1R2 by a hyperbolic matrix with integer entries and 
determinant equal to 1. It is easy to see that the eigenvalues of L, A and I/A 
with IAI < 1, are irrational and that their eigenspaces ES and EU have irra
tional slope. As det L = 1 it follows that L - 1 has the same properties. If 
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lL2 C ~2 denotes the set of points with integer coordinates then L(lL2) = lL2. 
Consider a manifold structure on T2 = ~2 /lL2 for which the natural projec
tion n: ~2 _ T2 is a local diffeomorphism. This manifold structure can be 
obtained by identifying ~2 /lL2 with a torus of revolution as in Example 2, 
Section 1 of Chapter 1. We recall that n(u, v) = n(u', v') if and only if u' -
U E lL and v' - v E lL. In this case n(L(u, v» = n(L(u', v'», which enables us 
to define a map f: T2 _ T2 by f(n(u, v» = nL(u, v). As n is a Coo local 
diffeomorphism it follows that f is of class Coo. The same argument applies 
to L - 1 so f is, in fact, a Coo diffeomorphism. 

For each p E T2 and x E ~2 with n(x) = p the curve WS(P) = n(x + E") 
is dense in T2. Thus {Ws(P); p E T2} defines a foliation of T2, called the 
stable foliation, each leaf of which is dense in T2. Moreover, this foliation is 
invariant by f, that is,fWs(p) = WS(f(P». Similarly, we define the unstable 
foliation {W"(P); p E T2} by W"(P) = n(x + E"). If we write E~ and E; 
for the tangent spaces to WS(P) and W"(P) at p then E~ = dnxCES), E; = dnx(E") 
and Ej(p) = dfp(E~), Ej(p) = dfiE;). 

On T2 we consider the metric induced from ~2 by n; that is, if WI> W2 E 

T(T2)p=,,(X) then we define (Wl' W2)p to be (dn; lWl' dn; lW2)' In this 
metric we have 

Ildfpvll = IAlllvll, if v E E~; 

IIdfpwll = IArlllwlI, if wEE;. 

It follows from this that if q E WS(P) then d(r(q),r(P» - 0 as n - 00 and 
that if q E W"(P) then d(f-n(q),f-n(P» - 0 as n - 00. Hence every periodic 
point p of f is hyperbolic and the stable and unstable manifolds of p are the 
WS(P) and W"(P) defined above. Moreover, for any p, q E T2 we have WS(P) 
transversal to W"(q) and WS(P) n W"(q) is dense in T2. In particular, p = nCO) 
is a hyperbolic fixed point of f and its transversal homoclinic points are 
dense in T2. As in the previous example this implies that f and any diffeo
morphism near f are not Morse-Smale. Birkhoff's result and the density of 
the transversal homoclinic points imply that the periodic points of f are 
dense in T2. We shall now give a direct proof of this. 

4.1 Proposition. The periodic points of f: T2 _ T2 are dense in T2. 

PROOF. Let .fi' be the set of points in ~2 with rational coordinates. We 
shall show that n(.fi') coincides with the set PerC!) of periodic points of f. 
As .fi' is dense in ~2 it follows that Per(f) is dense in T2. If .fi'n = {(mdn, 
m2/n); ml' m2 ElL} then .fi' = Un ~l .fi'n. As L is a matrix with integer entries 
we have L(.fi'n) = .fi'n. Thereforef(n.fi'n) = n.fi'n. As n.fi'n = n{(mdn, m2/n); 
ml' m2 ElL, 0 ::; ml ::; n,O ::; m2 ::; n} we deduce that n.fi' n is a finite invariant 
subset of T2 and so its points are periodic. Hence n(.fi') c Per(f). On the 
other hand, let x E ~2 satisfy r(n(x» = n(x) for some integer n. We claim 
that x has rational coordinates. In fact since n(Lnx) = n(x) the point y = 
L"x - x has integer coordinates. As L is a hyperbolic matrix with integer 
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entries it follows that Lft - 1 is an invertible matrix with integer entries and 
so (Lft _1)-1 is a matrix with rational entries. Thus x = (Lft _1)-1y has 
rational coordinates and so Per(f) is contained in 1t(.P), which proves the 
claim. [] 

At first sight it may seem very difficult to show that the diffeomorphism f, 
which has infinitely many periodic orbits, is structurally stable. There is, 
however, one useful property: f has a global hyperbolic structure and is even 
induced by a linear isomorphism of 1R2. In particular, all the periodic orbits 
of f are saddles with stable manifolds of the same dimension. By contrast, 
a Morse-Smale diffeomorphism must have sources and sinks and, usually, 
saddles too. We shall now give a simple and elegant proof, due to Moser [65], 
that f is structurally stable. This proof is very close to the analytic proof of 
the Grobman-Hartman Theorem in Chapter 2. We recall that f is induced by 
an isomorphism L of 1R2 where L is defined by a hyperbolic matrix with 
integer entries and determinant 1. 

4.2 Theorem. The diffeomorphism f: T2 -+ T2 is structurally stable. 

PROOF. Take 9 E Diff'(T2) near f. We claim that there exists a diffeomorphism 
G: 1R2 -+ 1R2 near L that induces 9 on T2. In fact, for each x E 1R2 we can 
consider f1t(x) = 1tL(x) where 1t is the canonical projection from 1R2 to T2. 
As g1t(x) is near f1t(x) there exists a unique point y E 1R2 near L(x) with 
1t(y) = g1t(x). We define G(x) = y and get 1tG(x) = g1t(x). It is easy to check 
that G and L are C'-close. We now write G = L + (J) where (J) is a C'small 
map of 1R2. As L is hyperbolic we know from Lemma 4.3 of Chapter 2 that L 
and L + (J) are conjugate. That is, there exists a homeomorphism H of 1R2 
such that HL = GH. It is, therefore, enough to check that H induces a 
homeomorphism h of T2 with 1tH = h1t because this will imply that hf = gh. 
In fact 1tHL = h1tL = hf1t; similarly 1tGH = g1tH = gh1t and so hf1t = gh1t. 
Since 1t: 1R2 -+ T2 is surjective we obtain hf = gh. Now we check that the 
homeomorphism H of 1R2 induces a homeomorphism h of T2. In solving the 
equation HL = GH we write H = 1 + u and G = L + (J) and obtain 
uL = Lu + (J)(I + u). We want a solution u E Cg(1R2) and, for this theorem, 
we need 1 + u to project to a map of T2. This last requirement is equivalent 
to the following: for each x E 1R2 and each point p with integer coordinates 
there exists q with integer coordinates such that (l + u)(x + p) = q + 
(I + u)(x). That is, u(x + p) = q - p + u(x). But u will be constructed 
with small norm for 9 near f so we deduce that u(x + p) = u(x) for any 
x E 1R2 and any p with integer coordinates. Thus we are led to consider the 
subspace &J of Cg(1R2) consisting of periodic functions u E Cg(1R2) satisfying 
u(x + p) = u(x) for any x and p in 1R2 where p has integer coordinates. It is 
immediate that &J is closed in Cg(1R2) and that 'p(&J) c: &J where the operator 
.P: Cg(1R2) -+ Cg(1R2) is defined by .P(u) = uL - Lu. Moreover, .P is 
invertible because L is hyperbolic. On the other hand, as G = L + (J) does 
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project to a map of T2 and (f) is cr small, we have (f) e f!IJ for the same reason 
as above. Therefore, the map Jl: f!IJ - f!IJ, Jl(u) = !l'-1«f)(I + u» is well 
defined and is a contraction. The unique fixed point u of Jl satisfies the 
equation uL - Lu = <f)(1 + u) or, equivalently, (I + u)L = (L + (f)(1 + u). 
The proof that H = 1 + u is a homeomorphism is as in Lemma 4.3 of 
Chapter 2. As u e f!IJ the homeomorphism H = 1 + u projects to a homeo
morphism h of T2 and hi = gh. This shows that / is structurally stable in 
Diffr(T2), r ~ 1. 0 

This diffeomorphism /: T2 _ T2 is a good example of an Anosov 
diffeomorphism and we now give the general definition. 

Definition. Let M be a compact manifold. We say that / e Diffr(M), r ~ 1, 
is an Anosov diffeomorphism if: 

(a) the tangent bundle of M decomposes as a continuous direct sum, 
TM = E' Ef) E"; 

(b) the subbundles E' and E" are invariant by the derivative D/ of /; that is, 
D/xE~ = Ei(x) and D/x~ = Ej(X) for all xeM; 

( c) there exists a Riemannian metric on M and a constant 0 < A < 1 such 
that liD/xvII :s;; Allvll and IID/; lull :s;; Allull for any x e M, v e E~ and 
ueE~. 

Anosov was the first to prove that these diffeomorphisms are structurally 
stable in Diffr(M) for M of any dimension (see [3], [65] and the appendix by 
Mather in [109]). He also defined an analogous class of vector fields and 
proved their structural stability. The suspension of an Anosov diffeo
morphism is an example of such a vector field. Another important case is 
that of the geodesic flow for a manifold of negative curvature [3]. 

We remark that the definition of Anosov diffeomorphism imposes 
strong restrictions on the manifold. For example, among the compact 
manifolds of dimension two only the torus admits Anosov diffeomorphisms. 
It is even believed that Anosov diffeomorphisms only exist on very special 
manifolds such as the torus Tn and nilmanifolds [109], [113]. By contrast 
there exist Morse-Smale diffeomorphisms on any manifold. It is also known 
that every Anosov diffeomorphism on Tn is conjugate to one induced by a 
linear isomorphism of IRn as in the example described above [55]. It is 
conjectured that any Anosov diffeomorphism has its periodic orbits dense 
in the manifold. On these questions various important results were obtained 
by Franks [20], Manning [55], Newhouse [67] and Farrell-Jones [18]. Re
cently, a very interesting class of Anosov flows was constructed by Franks 
and Williams [24] for which the nonwandering set is not all of the ambient 
manifold. The corresponding question for Anosov diffeomorphisms remains 
open. 

We thus have two classes of structurally stable diffeomorphisms, Morse
Smale and Anosov, that have, as we have already emphasized, very different 
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properties. Smale then introduced a new class of diffeomorphisms en
compassing the previous two. These diffeomorphisms, which we shall soon 
describe, are structurally stable and it is conjectured that they include every 
structurally stable diffeomorphism. 

Consider a compact manifold M. Let f E Diffr(M) and let A c M be a 
closed invariant set, fA = A. We say that A is hyperbolic for f if: 

(a) the tangent bundle of M restricted to A decomposes as a continuous 
direct sum, TAM = E~ E9 EA, which is invariant by Df; 

(b) there exists a Riemannian metric and a number 0 < A < 1 such that 
IIDfxv11 S; Allvll and IIDf; lull S; Allull for any x E A, v E E~ and u E E~. 

Now consider the nonwandering set 0 = O(f), which is closed and 
invariant. 

Definition. We say that f satisfies Axiom A if 0 is hyperbolic for f and 
o = Per(f), that is, the periodic points of f are dense in O. 

If f satisfies Axiom A, Smale showed that 0 = O(f) decomposes as a 
finite disjoint union of closed subsets which are invariant and transitive, 
o = 0 1 U O2 U ... U Ok' For details see [109], [70], [72], [77], [101]. The 
sets 0i are called basic sets. Transitivity means that there exist dense orbits 
in each 0i' In each 0i all the periodic orbits have stable manifolds of the same 
dimension. In the case of Morse-Smale diffeomorphisms the basic sets are 
periodic orbits. In the case of the Anosov diffeomorphisms on T2 there is 
only one basic set, the whole of T2. In general these basic sets can have a 
much more complicated structure as we shall see in examples. As in the 
Morse-Smale case they can be of attractor, repellor or saddle type. In 
Examples 3 through 6 below, we exhibit interesting cases of nonperiodic 
basic sets, which are attractors, repellors and saddles. Examples 5 and 6 can 
be seen as special instances of a quite large class of Axiom A attractors whose 
structure was described by Williams [121]. 

With regard to the above definition of Axiom A it is known that, when 
dim M = 2, O(f) hyperbolic implies Per(f) = O(f) and that this is not 
true in higher dimensions [71], [15]. 

Let us make one last remark about the transitivity requirement for basic 
sets. Since this is a difficult requirement to check directly, the following 
criterion may be more useful, as in Examples 4 and 5, below. If A is a hyper
bolic set for f with periodic points dense and if A=> W'(P) n W"(q) "# 0 
for every p, q E Per(f) n A, then A is transitive. In fact, for any 
p E Per(f) n A, W'(P) will accumulate on Per(f) n A and so W'(p) is 
dense in A. For each p E Per(f) n A choose a base of neighbourhoods 
Uf, U~, ... , Ur, ... of pin A. Then Vr = UneZ rur is open and dense in A. 
As A is closed it satisfies the Baire property and the periodic orbits of f in 
A are countable since they are hyperbolic. Thus, D = np, k Vf, for p E 

Per(f) n A and kEN, is dense in A. It is easy to see that any xED has a 
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dense orbit in A. In fact, given a nonempty open subset A of A, there exists 
some Ur c A and, as x E Vr = Un /"Ur, it follows that f-n(x) E Ur c A 
for some n E 71... 

With structural stability in mind we are going to generalize the concepts 
of stable and unstable manifold to non periodic orbits. Let f E Diffr(M) and 
choose x E M. We define WS(x) = {y E M; d(f"x, /"y)-+O as n-+ oo} and 
W"(x) = {y EM; d(f"x, /"y) -+ 0 as n -+ - oo} where d denotes the metric 
induced by the Riemannian metric on M. When 0 = O(f) is hyperbolic 
and x E 0 then WS(x) and W"(x) are Cr injective immersions of Euclidean 
spaces ~S and ~" of complementary dimensions [39]. That is the justification 
in this case for calling the sets WS(x) and W"(x) manifolds. In each basic set 
0 1 of a diffeomorphism that satisfies Axiom A the stable manifolds of all the 
orbits in OJ have the same dimension. Furthermore, their union coincides 
with the set of points whose co-limit set is contained in OJ, see [9]. In particular, 
if OJ is an attractor then the union of the stable manifolds of points in OJ is 
a neighbourhood of OJ. In the case of an Anosov diffeomorphism of T2 
induced by a linear isomorphism of ~2 the stable manifolds are the projec
tions to T2 of parallel lines in ~2. The corresponding statements hold for 
unstable manifolds. 

Definition. Let f E Diffr(M) satisfy Axiom A. We say that f satisfies the 
transversality condition if WS(x) and W"{y) are transversal for any x, y E O(f). 

Before discussing the structural stability of diffeomorphisms that satisfy 
Axiom A and the transversality condition we shall give some examples of 
them. 

EXAMPLE 1. Morse-Smale diffeomorphisms. 

EXAMPLE 2. Anosov diffeomorphisms of the torus T2 induced by linear 
isomorphisms of ~2. It is also true, although we shall not prove it, that any 
Anosov diffeomorphism satisfies Axiom A and the transversality condition. 

EXAMPLE 3. Let g: S1 -+ S1 be a Morse-Smale diffeomorphism with two 
fixed points, the north pole n is a repellor and the south pole s is an attractor. 
Let f: T2 -+ T2 be an Anosov diffeomorphism induced by a linear iso
morphism of ~2. Consider the product diffeomorphism 9 x f: S1 x T2-+ 
S1 X T2. It is easy to see that its nonwandering set has two parts, 0 1 = 
{n} x T2 and O2 = {s} X T2 and that they are hyperbolic and transitive. 
Here 0 1 is a repellor and O2 is an attractor. Let us check the transversality 
condition. Let (z, w) E S1 X T2 be a point of intersection of W'(x) and 
W"(y) where x E O2 and y E 0 1, Now WS(x) is the product of W~ in S1 x {w} 
and W~ in {z} x T2. Similarly, let us denote by W~ and W~ the factors of 
W"{y) in S1 x {w} and {z} x T2. As W~ = (S1 - n) x {w} and W~ = 
(S1 - s) X {w}, W~ and W~ are transversal in S1 x {w}. Moreover, W~ 
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and W~ are transversal in {z} x T2 because they are the projections of lines 
inIR2 parallel to independent eigenvectors. This proves that W"(x) and 
W"{y) are transversal. If x and y both belong to 0 1 or both to O2 the trans
versality of W"(x) and W"(y) is immediate. Thus the diffeomorphism g x f: 
T3 -+ T3 satisfies Axiom A and the transversality condition. It is clear that 
g x f is neither Morse-Smale nor Anosov. 

EXAMPLE 4. In this example we describe a diffeomorphism f of S2 satisfying 
Axiom A and the transversality condition. The nonwandering set 0 = O(f) 
consists of three basic sets: 0 1 is a repelling fixed point, 0 3 is an attracting 
fixed point and O2 is a Cantor set in which the periodic saddles are dense. 
The important part of this example is the" Smale horseshoe". At the north 
pole of the sphere we put a hyperbolic source 010 and the whole northern 
hemisphere H +, including the equator, belongs to its unstable manifold 
W"(01)' Therefore, if H _ denotes the southern hemisphere f(H _) c: 
Int H _. We now describe f on H _. The map I is linear, compresses hori
zontallines by a compression factor 0 < A. < ! and expands vertical lines by 
an expansion factor J.t > 4. The map g twists the rectangle l(Q) at its middle 
quarter making a horseshoe F and translates it to the position indicated in 
Figure 46. Thus, Q (") fQ has two rectangular components R1 and R2 that 
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are images of the rectangles R1 and R2 in Q. In the rectangles R1 and R2 
the diffeomorphism J is affine (a linear map composed with a translation), 
contracting horizontal lines by A. and expanding vertical lines by /1. Finally, 
at the centre of the disc 151 = J D 1 we put a hyperbolic attracting fixed 
point n3 and 151 c WS(n3)' Let us analyse the set n = nu). If x E H + and 
x is not the north pole then x is wandering, since it belongs to the unstable 
manifold of the source. If x E 151 and x =1= n3 then x is wandering, since it 
belongs to the stable manifold of a sink. If x E D1 then J(x) E V1 and x is 
wandering. If x E D2 then J(x) E D1 and x is again wandering. We conclude 
that, when x E H _ and x =1= n3 , x can only be non wandering if its orbit is 
entirely contained in Q. Therefore, if x E n but x =1= n1 and x =1= n3 we have 
XE nneZ f"Q = A. 

We now describe the set A. As Q n JQ has two rectangular components, 
Q n JQ n FQ has four rectangular components and so on. Schematically 

- - 2 - -we have: Q; Q n JQ = R1 u R2; Q n JQ n J Q = Rll U R12 U 

R21 U R22 ; etc. The suffixes are attached to the rectangles in the following 
way: JR 1 n Q = Rll U R12 and Rll C R 1, R12 n R1 = 0. Similarly, 
JR 2 n Q = R21 U R22 and R21 n R2 = 0, R22 C R2. In general, 
R c JR and (J = (J if R c R and (J 1 =1= (/l .•. t1ptlp+l (/) ..• a p p+l p (/t .•• t1 p (1p+l (fl •.. tlp p+ 

(Jp if they are disjoint. Here each (Ji is 1 or 2. Note that, given any integer 
k > 0, R 1 ::::> R 11 00. 1 where the suffix 1 is repeated k times. That is, R 11 00. 1 C 

J kR1 n Q and, in particular,JkR1 n R1 =1= 0. The same is true for Rala2.ooap 
where each (Ji can be 1 or 2. Consider any horizontal line IX such that IX n 
Q =1= 0 and let [a, b] = IX n Q. Then [a, b] n JQ is two closed segments and 
is obtained from [a, b] by removing three disjoint segments. From each of 
these two segments we remove three more segments to form [a, b] nJQ n 
J2Q, and so on. The reader will recognize that [a, b] n (nn ~o f"Q) is a 



164 4 Genericity and Stability of Morse-Smale Vector Fields 

Cantor set. If we take a vertical line and follow the same reasoning we find 
that the intersection of this line with nn~O rQ is also a Cantor set. As f 
is affine, A = nneZ rQ is a Cantor set, the product of one Cantor set in a 
horizontal line and another in a vertical line. The hyperbolicity of A is clear: 
vertical segments are sent by f to vertical segments with an expansion 
greater than 1 and, dually, horizontal segments remain horizontal and are 
contracted. Now take x E A and let R be a rectangle in Q with two vertical 
sides of the same height as Q and with x E R. Note that however small the 
width of R it always contains one of the rectangles Ra,a,i. ... ap • This is because 
A is contained in the intersection of all the rectangles RtI,tI, ... tip' Let us now 
show that x E A is non wandering. Let Qx c Q be a square containing x in 
its interior and let N be a positive integer. We shall show thatrQx n Qx ¥= 0 
for some n > N. As f expands vertical segments there exists an integer 
m ~ 0 such that fmQx n Q contains a rectangle R f'"(x) of height equal to 
that of the original square Q. A is invariant by f so that fm(x) E A. Thus 
there exists a rectangle RtI,tI, ... tl p c Rf'"x' As we have already noted, it is 
possible to choose an integer k > N + m such that fk RtI,tI, ... tip n RtI,tI, ... tip ¥= 
0. This implies that fkRfmx n Rfmx ¥= 0 and so rQx n Qx ¥= 0 where 
n = k - m > N. This shows that any x E A is nonwandering. Let us next 
prove that the periodic points of f are dense in A. In fact, by the previous 
argument, for any x E A and any square Qx containing x, we have rQx n 
Qx ¥= 0 for some large n. The map r contracts the horizontal sides and 
expands the vertical sides of Qx linearly. From this expansion we deduce 
that there exists a horizontal segment Ih in Qx for which rlh c Ih. From the 
contraction we deduce that there exists a vertical segment Iv in Qx such that 
rlv => Iv' Thus, Ih n Iv is a fixed point of r, that is, a periodic point of f. 
This shows that the periodic points are dense in A. Before we can call A a 
basic set it remains to prove that there is a dense orbit in A. According to the 
criterion which we gave when we defined basic sets, in order to have trans
itivity in A it is sufficient that the stable and unstable manifolds of any 
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periodic orbits should have nonempty intersection. But this is just what 
happens in this example because the stable manifolds contain horizontal 
segments and the unstable manifolds contain vertical segments right across 
the square Q. We deduce that the basic sets of f: S2 - S2 are 01> O2 = A, 
0 3 , The transversality condition is immediate since 0 1 is a repelling fixed 
point and 0 3 is an attracting fixed point. Thus f satisfies Axiom A and the 
transversality condition. 

We remark that a construction like the horseshoe can also be made in 
dimensions greater than two [108], [66], [70], [72]. 

EXAMPLE 5. We describe here another significant example of a COO diffeo
morphism on the torus T2 that satisfies Axiom A and the transversality 
condition. It is due to Smale (see [109], [122]) and known as the DA diffeo
morphism, meaning "derived from Anosov". Its nonwandering set is 
hyperbolic and consists of two basic sets: a repelling fixed point and a one
dimensional attractor which is locally homeomorphic to the product of an 
interval and a Cantor set. We start with an Anosov diffeomorphism g: 
T2 _ T2 induced by a linear isomorphism L of 1R2, via the natural projection 
n: 1R2 _ T2 as in Example 2. Let VS and VU be a contracting and a repelling 
eigenvector of L, respectively. Let e and eU be the vector fields on T2 defined 
by eS(n(x» = dn(x) . VS and eU(n(x» = dn(x) . vU. On T2 we consider a 
Riemannian metric for which {es(p), eU(p)} is an orthonormal basis of 
T(T2)p, for each P E T2. Hence, dg(P)· e(p) = kS(g(p» and dg(P)· eU(p) = 
jleU(g(p», where A and jl = l/A are the eigenvalues of L. Notice that eS and 
eU are Coo vector fields and their orbits, which are the leaves ofthe stable and 
the unstable foliations, respectively, are dense in T2. Now we consider a 
diffeomorphism f of T2 satisfying the following properties: 

(1) f is equal to 9 in the complement of a small neighbourhood U of the 
fixed point Po = n(O) of g; 

(2) f preserves the stable foliation of 9 inducing the same map on the space 
of leaves; i.e. f(Ws(P» = WS(g(p» for each p E T2; 

(3) Po is a repelling fixed point for f ; 
(4) if we define rx, [J: T2 - IR by df(P)· e(p) = rx(p)es(f(p» and df(P)· 

~(P) = [J(p)es(f(p» + jleu(f(p», then /12 < (jl2 - 1){Jl - 1)2, where 
fJ = sup I [J(P) I for p E T2, and there exists a neighbourhood V of Po 
in the unstable manifold of Po such that 0 < rx(p) < a. < 1 for some 
constant a. and all p E T2 - V. 

Before proving the existence of a diffeomorphism f satisfying the four 
properties above, we shall describe its dynamics and show that it satisfies 
Axiom A. Let Lo denote the leaf of the stable foliation of 9 through the 
fixed point Po. From properties (3) and (4), we have that the restriction of f 
to Lo is an expansion near Po, a contraction on Lo - V and V c: WU(po, f). 
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It follows that f has one and only one fixed point in each connected compo
nent of Lo - {Po}. These fixed points, P1 and P2, are saddle points, and since 
Lo - {Po} = WS(Ph f) U W S(P2, f), we have that WS(Pi' f) is dense in the 
torus for i = 1, 2. If we set A = T2 - WU(po, f) and since V c WU(po, f), 
we conclude that D.(f) c {Po} u A and that A contains the closure of the 
unstable manifolds of Pi for i = 1,2. We claim that the converse is also true 
and that, in fact, WU(po, f) is dense in T2 and thus A is the closure of the 
homoclinic points of Pi for i = 1,2. To prove the claim we start by observing 
that, since WS(Pi) is dense in T2, it intersects WU(pj) for i, j = 1,2. Hence, 
WU(Pi) accumulates on WU(P) for i, j = 1, 2. Let now pEA and W be a 
neighbourhood of p. Let leW be any small interval contained in the 
stable manifold of some periodic point for g. Because of property (2), the 
leaf L1 ofthe stable foliation which contains I is preserved under a power off. 
Since f -1 expands L1 in the complement of V and L1 is dense, there exists 
an integer n such that f-n(l) n V '# 0. This proves that P is in the closure 
of WU(po, f). But P does not belong to WU(po, f) and so either WU(Pl, f) 
or W U(P2' f) intersects Wand, therefore, both of them intersect W. This 
proves that WU(po, f) is dense in T2 and that both WU(Ph f) and W U(P2, f) 
are dense in A. From the density of WS(pj, f), we conclude that W contains 
transversal homoclinic points associated to Pi as claimed. In fact, no com
ponent of WU(pj, f) n W can be contained in a stable leaf. Otherwise, by 
taking negative iterates, we get part of the local unstable manifold of WU(Pi' f) 
along the stable foliation, which is clearly impossible. Thus, the homoclinic 
orbits associated to Pi for i = 1,2 are dense in A. In particular, D.(f) = 
{Po} u A. Now let us prove that A has a hyperbolic structure. For a, pER 
with -1;:5; a < a + p < 1 and pEA, consider the cone Cia, p) = 
{xeS(p) + yeU(p); y '# 0 and a ;:5; x/y ;:5; a + pl. From property (4) it follows 
that the image of Cp(a, p) by dfp is the cone Cf(p){a', p'), where a' = 
(rx(p)/Jl.)a + P(p) and p' = (rx(p)/Jl.)p. Since (rx(p)/Jl.) < a./Jl. < 1, we have that 
nn?!o dfj-n(p)(C f-n(p)( -1,1» is a one-dimensional subspace E; c T(T2)p
Clearly, dfp(E;) = Ej(p). Thus, for each pEA, we have a decomposition 
E~ ffi E; of the tangent space of T2 at p, where E~ is the subspace generated 
by e"(p). Such a decomposition is invariant under the derivative of f and ES 
is contracted by a.. It remains to show that dfp uniformly expands vectors in 
E;. To see this, let us estimate the slope of the subspace E;. Let v = 
xe"(p) + yeu(p) be a vector in E; and let Vn = df;n v = xne"(f-n(p» + 
yneu(f-n(p». From the definition of E;, we get that I xJYn I ;:5; 1 for all n ~ o. 
On the other hand, 

Xn-l = rx(f-n(P». Xn + p(f-n(p» 

Yn-l Jl. Yn Jl. 

because Vn-l = df(f-n(p». Vn. Thus, 

I Xn-l I & I Xn I 13 --;:5;--+-
Yn-l Jl. Yn Jl. 

for all n ~ 1. 
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By induction, for all n ~ 1 we conclude that 

-~- -+-L - ~- -+-L-Ixl (~)"I;>c"1 P"-l(~)i (l)"lx"ll1"-l(l)i 
y p. y" P. i=O P. P. y" P. i=O P. 

= (.!.)" I x" I + ~ 1 - (1/p.)". 
p. y" p. 1 - (lip.) 

Hence, Ixlyl ~ 111(p. - 1). Now let us prove that dfp uniformly expands 
vectors in E~. Let v = xe"(p) + yeu(p) be a vector in E~ and let v = xeS(f(p» + 
yeu(f(p» be its image under dfp. By property (4) and the expression above, 
we have that 

IIvl12 x2 + y2 Jl2y2 p.2 Jl2 
IIvl12 = x2 + y2 ~ x2 + y2 = (x2Iy2) + 1 ~ (f32/(Jl- 1)2) + 1 > 1. 

This proves our assertion. We leave the reader to verify that the bundles 
ES and ~ are continuous (see Exercise 44). Let us show that the periodic 
orbits are dense in A. This fact follows from the density of transversal 
homoclinic orbits proved above and Birkhoft"'s Theorem stating that such 
homoclinic orbits are accumulated by periodic ones. However, we are 
going to present a very instructive proof following the so-called Anosov 
Closing Lemma. Let pEA and W be a neighbourhood of p. Let R c: W 
be a closed rectangle, which contains p in its interior, whose boundary 
consists of four intervals: 11 and 12 contained in stable leaves, J 1 and J 2 

transversal to the stable foliation. Each connected component of the inter
section of a stable leaf with R is an interval which we call a stable fibre of R. 
Since pEA, f-"(R) intersects R for infinitely many values of n EN. For n 
sufficiently big, f-"(R) is a very long (in the stable direction) and very thin 
rectangle fibred by intervals contained in the stable leaves. We can assume 
that f-"(R) n R is connected for, otherwise, we can shrink R in the stable 
direction, as indicated in Figure 49. Hence, we may find R and n E N such 

R 

Figure 49 
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Figure 50 

that, for any stable fibre I c: R, f-n(I) contains a stable fibre of R. If Ix 
denotes the stable fibre through x E J 10 then f -"(1 x) intersects J 1 at a point 
a(x). Since q: J 1 -+ J 1 is continuous, it has a fixed point y; i.e. f-n(1y) 
contains 1 y' The restriction of r to the interval f - n(1 y) is a continuous map 
onto Iy and, therefore, has a fixed point q. Thus, we have found a periodic 
point of fin W. Using the same criterion as in Example 4 above, the reader 
can prove the existence of a dense orbit in A. Notice that A contains the one
dimensional unstable manifolds of the points Pi for i = 1, 2 (in fact, it con
tains the unstable manifold of any point pEA). Transversally, along the 
stable foliation, A locally contains a Cantor set. Indeed, let pEA and let I 
be a small interval along the stable leaf through p such that 01 c: W"(Po, f). 
Finally, we prove the existence of a diffeomorphism f: T2 -+ T2, satisfying 
the four properties we mentioned at the beginning. Let U be a neighbourhood 
of Po and 1'1': U -+ 1R2 be the local chart whose inverse is given by 1'1' - l(X 10 X2) = 
n(xltf + X2 v"), where v· and v" are the unit eigenvectors of L. Then, we have 
1'1' 0 9 0 qJ-l(X1o X2) = (Ax1o J.lX2)' Let t/!: IR -+ IR be a Coo function such that 
t/!(IR) c: [0, 1], t/!( - t) = t/!(t) for all t, t/!(t) = 1 for / t I =s;; i, t/!(t) = 0 for 
/ t / ~ * and t/!(t') =s;; t/!(t) for t' ~ t ~ O. Now we set f = 9 in the complement 
of U and f = 1'1'-1 0 F 0 1'1', where F(X1o X2) = (Fl(Xl' X2), F2(Xl' X2» = 
(Axl + (2 - ).)t/!(x2)t/!(kxl)Xl> J.lX2)' In this expression k is a positive real 
number chosen so that /(oF 1/oX2)(X)/ < (p. - 1)~, for all x = 
(Xl> X2)' Clearly, the origin is a repelling fixed point for F.1t remains to show 
the existence of a neighbourhood W c: qJ(U) of the origin such that W is 
contained in the unstable manifold W"(O, F) and supxo!w (oF 1/oXl)(X) = 
ii. < 1. Indeed, since 1'1' is an isometry, after constructing W we just take 
V = qJ-l(W). Let J t = {s;(oF1/oX1XS,t) ~ I} and IX2 = {(Xl,X2);X1E 
JX2 }' We have that J t c: J t , ift ~ t' ~ 0 and J t is either empty or a symmetric 
interval, say J t = [-at,at]. Since (oF1/oXl)(Xl,X2) ~ 1 for all Xl eJX2 and 
Fl( -Xl> X2) = _Fl(Xl' X2), it follows that F- l(1x2) is a symmetric interval 
whose length is smaller than or equal to that of I X2' Therefore, F - 1(1 X2) is 
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contained in I(1/,,)x2' Clearly 10 c W"(O,F) and, thus, IX2 c W"(O,F) for 
X2 small. Hence, IX2 c W"(O, F) for all X2 E [ -1, 1] because F- 1(Ix2) c 
I(1!fJ)X2' Since the union of the intervals IX2 for X2 E [ -1,1] is a compact set 
and W"(O, F) is open, there exists 0 < Ii < 1 such that W = {(Xl> X2); 
(oF 1/oX1)(Xl' X2) > Ii} is a neighbourhood of 0 in waco, F). It is now im
mediate to verify that f = cP -1 0 F 0 cp satisfies properties (1) to (4) listed 
above. Notice that we set V = cp-l(W) as the neighbourhood mentioned 
in property (4). Thus, we have constructed a DA diffeomorphism in the 
torus T2. 

Remark 1. Let Pl be another periodic point of the Anosov diffeomorphism g 
considered above. We can modify g simultaneously on neighbourhoods of 
Po and P1 in order to obtain a diffeomorphism f that satisfies Axiom A with 
a nonwandering set that consists of three basic sets: a repelling fixed point 
Po, a repelling periodic orbit (!)(P1) and a nonperiodic attractor A. Per
forming the same construction along different periodic orbits of g, we can 
get several examples of nonconjugate hyperbolic attractors (the number of 
periodic orbits of a given period might be different ... ). 

Remark,2. The same methods can be used to construct Axiom A attractors in 
higher dimensions. We start with Anosov diffeomorphisms whose stable 
manifolds have dimension one and perform modifications similar to the 
ones above. 

EXAMPLE 6. We now show that, even for the sphere S2, it is possible to 
construct an Axiom A diffeomorphism with a nonperiodic attractor. The 
result is due to Plykin (see [5] for references and a nice picture). Let 4>: 
~2 --+ ~2 be the involution 4>(x) = -x. Since 4>(Z2) = Z2, 4> induces an 
involution '1 of T2 = ~2 /Z2. Notice that '1 has four fixed points: Po = n(O, 0), 
P1 = nC!,O), P2 = nC!,!) and P3 = nCO, i). Let Vi be a small cell neighbour
hood of each of the points Pi> 0 :::;; i :::;; 3, such that '1(Vi) = Vi and let N = 
T2 - U Vi' The restriction of '1 to N is an involution without fixed points. 
Let ~ be the equivalence relation on N that identifies two points if they 
belong to the same orbit of'1. Let M be the quotient space N / ~ and p: N --+ M 
be the canonical projection. Considering M with the differentiable structure 
induced from N by p, we can see that M is diffeomorphic to the complement 
of four disjoint discs in the sphere S2. M corresponds to the shaded region, 
with the identification of the corresponding sides, indicated in Figure 51. We 
have that p is a two-sheet covering map. That is, p is a local diffeomorphism 
with each point having two pre-images. Therefore, if j: N --+ N is a differen
tiable mapping such thatfl1 = '1J, then it induces a differentiable mappingf: 
M --+ M such that pI = fp. As in Example 5 (see Remark 1), we can con
struct a DA diffeomorphism 1 on the torus having Po as a repelling fixed 
point and {Pl> P2, P3} as a repelling periodic orbit (of period three). Further
more, it is easy to see that we may construct 1 so that 1'1 = '11, since we can 
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Figure 51 

start with an Anosov diffeomorphism g which is induced by a linear iso
morphism and, hence, commutes with '1. For instance, start with the diffeo
morphism of T2 induced by the linear isomorphism of [R2 given, in canonical 
coordinates, by L(x 1> X2) = (2x 1 + X2 ' Xl + X2)' Now, we take closed 
neighbourhoods Vj of the points Pi so that '1(Vj ) = Vi' Vi contained in the 
unstable manifold of Pi for 0:::;; j :::;; 3. We have that 1 is a diffeomorphism 
of N = T2 - Ui Vi onto J(N) c N, and A = nn > 0 In(N) is the DA 
attractor. Thus, 1 induces a diffeomorphism f of M onto f(M) c M. We 
can extend f to the sphere S2, by putting a source in each of the four discs 
in the complement of M, one of them being periodic of period three. Then, 
it is not hard to see that Q(J) consists of these repelling fixed or periodic 
orbits and A = p(A), A being a one-dimensional attracting basic set. This 
last assertion follows from the fact that p is a two-sheet covering and pI = f p. 

Now we give the results on structural stability of diffeomorphisms 
satisfying Axiom A and the transversality condition. Let dr(M) c Diff'(M) 
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be the subset of these diffeomorphisms with M compact. First, Robbin 
[92], [93] proved that any IE d 2(M) is structurally stable. Then the same 
result was proved in [61] for IE d 1(M2). This left the question of the 
stability of the diffeomorphisms IE d 1(M) for M of any dimension. This 
was settled positively by Robinson [97], and in [95], [96] he proved the 
corresponding result for vector fields. 

An important question, that still has no general solution, is the converse 
of the above results: if I is structurally stable, does it satisfy Axiom Aand the 
transversality condition? In the particular case where O(f) is finite, IE 
Diff'(M) is structurally stable if and only if I is Morse-Smale [79]. In the 
general case where O(f) is not finite partial results were obtained by Pliss 
[86] and Mane [53]. Using a very original idea, Mane [54] has recently 
solved the question for two-manifolds. Another result in this direction is due 
to Franks [21], Guckenheimer [26] and Mane [52]. They introduced the 
concept below from which they obtained a characterization of stability 
similar to the one we have just formulated. We say that IE Diff'(M) is 
absolutely stable if there exists a neighbourhood V(f) c: Diff'(M) and a 
number K > 0 such that, for every g E V(f), there exists a homeomorphism 
h of M with hI = gh and Ilh - 1110 ~ Kill - gllo. In this expression I is 
the identity map of M and II 110 denotes CO distance. It was shown that if 
IE Difi"(M) is absolutely stable then I satisfies Axiom A and the trans
versality condition. Franks also observed from the proofs of structural 
stability of the diffeomorphisms IE d'(M) that these diffeomorphisms are 
absolutely stable. We can therefore say that IE Diff'(M) is absolutely stable 
if and only if IE d'(M). 

In studying (structural) stability of diffeomorphisms and flows, special 
attention has been devoted to stability restricted to non wandering sets. 
The motivation for such a study is based on the idea that the dynamics of a 
system is ultimately concentrated on the nonwandering sets. There lie all 
limit sets and in particular the periodic and recurrent orbits. We say that 
IE Diff'(M) is a-stable if there exists a neighbourhood V(f) c: Diff'(M) 
such that, for any g E V(f), there exists a homeomorphism h: O(f) ..... n(g) 
with hf(x) = gh(x) for all x E O(f). An important concept here is that of 
cycles in the nonwandering set. Let I satisfy Axiom A and let a = 0 1 U ..• U 

Ok be the decomposition of a = O(f) into basic sets. A cycle in a is a sequence 
ofpointsP1 E Okl ,P2 EOk2 , •.• ,Pk. E Ok. = Okl such that W"(Pi) n WU(Pi+ 1) =F 
o for 1 ~ i ~ s - 1. In [110] Smale proved that if I satisfies Axiom A 
and has no cycles in O(f) then I is a-stable. The corresponding result for 
vector fields is due to Pugh-Shub [91]. Later Newhouse [69] showed that it 
is enough for a-stability to require the hyperbolicity and nonexistence of 
cycles on the limit set. More recently, Malta [50], [51] weakened this 
hypothesis to the Birkhoff centre, which is defined as the closure of those 
orbits that are simultaneously ex- and a)-recurrent. In the opposite direction, 
it is known that if I satisfies Axiom A and there exist cycles in O(f) then I 
is not a-stable [76]. There remains the problem: if I is a-stable does it 
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satisfy Axiom A? There are results for a-stability analogous to those des
cribed above characterizing structural stability. 

Another natural question is whether the structurally stable diffeo
morphisms and vector fields are dense (and, hence, open and dense) in 
Diff'(M) and r(M). The first counter-example to this was given by Smale 
[111]. a-stability is also not generic as is shown by the examples of Abraham
Smale [2], Newhouse [68], Shub and Williams [104] and Simon [105]. 

Although they are not in general dense in Diff'(M) or X'(M) the stable 
systems are still plentiful as we shall indicate. In the first place, they exist on 
any differentiable manifold; the Morse-Smale diffeomorphisms are typical 
examples. More than this, Smale [112] showed that there exist stable 
diffeomorphisms in every isotopy class in Diff'(M). That is, any diffeo
morphism can be joined to a stable one by a continuous arc of diffeomor
phisms. Another interesting fact is that any diffeomorphism can be CO 
approximated by a stable diffeomorphism (Shub [102]). Thus, in the space 
of C' diffeomorphisms, r ~ 1, with the CO topology, the stable diffeo
morphisms are dense. The isotopy classes in Diff'(M) that contain Morse
Smale diffeomorphisms were analysed by Shub-Sullivan [103], Franks
Shub [23] and, in the case of surfaces, by Rocha [94]. In this last work a 
characterization is given in terms of the vanishing of the growth rate of the 
automorphism induced on the fundamental group. The types of periodic 
behaviour possible for stable diffeomorphisms in a given isotopy class are 
studied in [22]. For vector fields, Asimov [8] constructs Morse-Smale 
systems without singularities on every manifold with Euler characteristic 
zero and dimension bigger than three. Of course, this is possible for two
dimensional surfaces (the torus and Klein bottle). Somewhat surprisingly, 
Morgan [60] showed that this cannot be done for certain three-dimensional 
manifolds. 

Perhaps the most important generic property so far discovered in 
Dynamical Systems is due to Pugh. By combining the Kupka-Smale Theorem 
with his Closing Lemma, Pugh [89] proved the following theorem: there 
exists a generic set f§ c Diffl(M) such that, for any f E f§, the periodic 
points of f are hyperbolic, they are dense in a(f) and their stable and un
stable manifolds ate transversal. A very important question is to determine 
whether or not the same result is true in Diff'(M), r ~ 2. This result is known 
as the General Density Theorem. 

Diffeomorphisms that satisfy Axiom A and, in particular, Anosov 
diffeomorphisms have also been studied using measures that are defined on 
their nonwandering sets and are preserved by the diffeomorphisms. The 
branch of Mathematics, related to Dynamical Systems, that uses this 
technique to describe the orbit structure of a diffeomorphism is called Ergodic 
Theory. It has its origin in Conservative Mechanics, where the diffeo
morphisms that occur usually have the property that they preserve volume. 
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The Ergodic Theory of diffeomorphisms that satisfy Axiom A begins with 
the work of Anosov, Sinai and Bowen. The reader will find accounts of this 
theory in [7], [9], [10], [120]. 

Another active area of research is Bifurcation Theory, which has been 
considered by several mathematicians as far back as Poincare. Roughly 
speaking, the theory consists of describing how the phase portrait (space of 
orbits) can change when we consider perturbations of an initial dynamical 
system. In particular, how can we describe the equivalence classes of systems 
near an initial one under topological conjugacies or topological equi
valences (unfolding). Questions of a similar flavour appear in other branches 
of Mathematics, like Singularities of Mappings and Partial Differential 
Equations (see, for instance, [17], [28], [42], [99], [118]), but we will 
restrict ourselves to a few comments on bifurcations of vector fields and 
diffeomorphisms. A common point of view is to determine how the phase 
portrait of a system depending on several parameters evolves when the 
parameters vary. Bifurcation points are values of the parameters for which 
the system goes through a topological change in its phase portrait. An 
increasing number of results is available in this direction, especially for one 
parameter families (arcs) of vector fields and diffeomorphisms. In order to 
give an idea of this topic, we will describe two of these results, the first being 
of a more local nature than the second. Let I = [0, 1] and let M be a compact 
manifold without boundary. We indicate by d the space of C' arcs of vector 
fields ~: I -+ X'(M) with the C' topology, 1 ::;; s ::;; rand r ~ 4. From the 
fact that generically (second category) a vector field is Kupka-Smale, we 
would expect for a generic arc ~ E d that ~(I-') E X'(M) is Kupka-Smale for 
most values of I-' E I. If ~(J-to) is not Kupka-Smale for some 1-'0 E I, then a 
periodic orbit of ~(J-to) is not hyperbolic or a pair of stable and unstable 
manifolds are not transversal. Moreover, if the arc ~ is not "degenerate", 
either only one periodic orbit of ~(J-to) should be nonhyperbolic or all 
periodic orbits should be hyperbolic and only one pair of stable and un
stable manifolds should be nontransversal along precisely one orbit of 
~(J-to). The lack of hyperbolicity of a singularity p of ~(J-to) is due to one 
eigenvalue (or a pair of complex conjugate ones) of D~(I-'o) at p having real 
part zero. The lack ofhyperbolicity of a closed orbit y is due to one eigenvalue 
(or a pair of complex conjugate ones) of DP at p E Y having norm one, where 
P is the Poincare map of a cross section through p. In both cases, let us 
denote this eigenvalue by A. We now describe the phase portrait of~,.. for I-' 
near 1-'0' To do this we must assume certain nondegeneracy conditions on the 
higher order jets of ~(I-'), which are not discussed here. A crucial fact is the 
existence for all I-' near 1-'0 of an invariant manifold for ~(J-t) associated to A. 
It is called the centre manifold and it has dimension one if A is real and 
dimension two if not (see [40]). Essentially, the bifurcation occurs along the 
centre manifold; normally to it we have hyperbolicity (see [80]). In the 
pictures below hyperbolicity is indicated by double arrows. 
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Singularity. 
(a) A. = O. In the central invariant line two saddles collapse and then dis

appear (or vice versa). This is called a saddle-node bifurcation. 

Figure 52 

(b) A. = bi, b =1= O. In the central invariant plane a hyperbolic attracting 
singularity becomes nonhyperbolic but still attracting, then it changes into 
a hyperbolic repellor and an attracting closed orbit appears. This is 
called a Hopf bifurcation. 

---
Figure 53 

Closed Orbit. We will restrict ourselves to the phase portrait of the associated 
Poincare map. 
(a) A. = 1. This is the analogue of the saddle-node singularity. The dots in 

the picture are just to stress the fact that the orbits of the Poincare map 
are discrete. 

Figure 54 
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(b) A. = ei9, 0 < (J < 1t. This is the analogue of the Hopf bifurcation for a 
singularity: after the bifurcation there appears a circle which is left 
invariant by the Poincare map. This circle corresponds to a torus which 
is left invariant by the flow of the vector field. 
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Figure 55 
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(c) A. = -1. In the central invariant line, a hyperbolic attracting fixed 
point becomes nonhyperbolic but still attracting, then it changes into a 
hyperbolic repellor and an attracting periodic point of period two 
appears. This is called a flip bifurcation. 

Figure 56 

A nonhyperbolic singularity or closed orbit as above is called quasi
hyperbolic. 

For a nontransversal orbit of intersection of a stable and an unstable 
manifold, we require the contact to be of second order ( quadratic). Figure 57 

Figure 57 
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Figure 58 

indicates a second-order contact (saddle connection) between a stable and 
an unstable manifold of two singularities of a three-dimensional vector 
field. Figure 58 indicates a saddle connection oftwo closed orbits, drawn in a 
two-dimensional cross-section. 

We can now state the following result, which is mostly due to Sotomayor 
[115]; parts of it have been considered by several other authors, like 
Brunowsky [11]. There is a residual subset of arcs 91 c: .s;I such that if 
e E 91 then e(p.) is Kupka-Smale for JI. E I except for a countable set Jl.1o ••• , 
JI.", ...• For each n E N one of the following two possibilities hold. Either 
e(JI.,,) has all periodic orbits hyperbolic except one which is quasi-hyperbolic 
and their stable and unstable manifolds meet transversally or all periodic 
orbits are hyperbolic and their stable and unstable manifolds meet trans
versally except along one orbit of second-order contact. 

Let us now consider the concept of stability for arcs of vector fields and 
state one of the results that have recently been obtained in this direction. 
Two arcs e, e' E.s;I are equivalent if there is a homeomorphism p: I -+ I 
such that for each JI. E I there is an equivalence h". between e(p.) and e'(p(p.». 
Moreover, we demand that the homeomorphism h". should depend con
tinuously on JI. E 1. Let ~ c: .s;I denote the subset of arcs of gradient vector 
fields on M. The following recent theorem to appear is due to Palls and 
Takens: an open and dense subset of arcs in ~ are stable. 

We refer the reader to [1], [5], [6], [27], [34], [58], [78], [84], [117] for 
accounts of this topic. 

EXERCISES 

1. Show that every Morse-Smale vector field on a compact manifold of dimension n 
has an attracting critical element and a repelling one. 

2. Let X be a Kupka-Smale vector field on a compact manifold of dimension n. Show 
that, if the nonwandering set of X coincides with the union of its critical elements 
then X is a Morse-Smale field. 



Exercises 177 

3. Let f: Mft -+ IR be a C'+ 1 Morse function, that is, f has a finite number of non
degenerate critical points. Suppose that two critical points always have distinct 
images. Show that there exists a filtration for X = grad f. 

4. Let X be a gradient field on a compact manifold of dimension n. Show that X can 
be approximated by a Morse-Smale field. 

5. We say that a differentiable functionf: M -+ IR is a first integral of the vector field 
X E 1'(M) if df(p) 0 X(p) = 0 for all p E M. Show that if X is a Morse-Smale field 
then every first integral of X is constant. 

6. Let M be a compact manifold of dimension n and let X be a C' vector field on M with 
two hyperbolic singularities p and q, p being an attractor and q a repellor. Suppose 
that, for all x E M - {p, q} the w-limit of x is p and the IX-limit is q. Show that M is 
homeomorphic to Sft. 

7. Let X E l'(M2) be a Morse-Smale field. We say that X is a polar field if X has only 
one source, only one sink and has no closed orbits. Let X E l'(M2) be a polar field, 
with sink p and let C x be a circle that is transversal to X and bounds a disc containing 
p. Show that, in an orientable manifold of dimension two, polar fields X and Y are 
topologically equivalent if and only if there exists a homeomorphism h: Cx -+ Cy 

with the following property: x, y E Cx belong to the unstable manifold of a saddle 
of X if and only if h(x), h(y) belong to the unstable manifold of a saddle of Y 
(G. Fleitas). 

8. Show that two polar fields on the torus are topologically equivalent. 

9. Show that there exist two polar fields on the sphere with two handles (pretzel) that 
are not topologically equivalent. 

10. Describe all the equivalence classes of polar fields on the pretzel. 

Hint. See Example 10 in this chapter, Section 1. 

11. Consider a closed disc D c 1R2 and let C be its boundary. A chordal system in D 
is a finite collection of disjoint arcs in D each of which joins two points of C and is 
transversal to C at these points. Show that, for any chordal system in D there exists 
a vector field X transversal to C with the following properties: 

(i) the arcs are contained in the unstable manifolds of the saddles of X and each 
arc contains just one saddle; 

(ii) each connected component of the complement of the union of the arcs contains 
just one source; 

(iii) the IX-limit of a point in C is either a single source or a single saddle. 

12. Let X and Y be vector fields on the discs D 1 and D2 associated to two chordal systems 
as in Exercise 11. Let h: aD1 -+ aD2 be a diffeomorphism such that if p E aD1 is 
contained in the unstable manifold of a saddle of X then h(p) is contained in the 
stable manifold of a sink of - Y. By glueing Dl and D2 together by means of h we 
obtain a field Z on S2 that coincides with X on Dl and with - Y on D2. Show that 
(a) Z is a Morse-Smale field, 
(b) every Morse-Smale field without closed orbits on S2 is topologically equivalent 

to a field obtained by this construction. 
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y 

Figure 59 

13. Let X and Y be Morse-Smale fields on S2 with just one SlllK and such that the orbit 
structure on the complement of a disc contained in the stable manifold of the sink 
is as shown in Figure 59. Show that X and Y have isomorphic phase diagrams but 
are not topologically equivalent. 

14. Describe all the equivalence classes of Morse-Smale fields without closed orbits on 
S2 with one sink, three saddles and four sources. 

15. Describe all the equivalence classes of Morse-Smale fields without closed orbits on 
the torus T2 with one sink, two sources and three saddles. 

16. Consider a vector field X whose orbit structure is shown in Figure 60. The non
wandering set of X consists of the sources 11 and 12, the saddles s 1 and S2 and the 
sinks P1 and P2. Prove that X can be approximated by a field which has a closed 
orbit. This shows that X is not Q-stable. 

17. Let X be a Kupka-Smale vector field with finitely many critical elements on a 
compact manifold of dimension n. Show that, if the limit set of X coincides with the 
set of critical elements then X is a Morse-Smale vector field. 

18. Show that the set of Kupka-Smale fields is not open in r(M2) if M2 is different from 
the sphere, the projective plane and the Klein bottle. 

Hint. Use Cherry's example (Example 13 of this chapter). 

Figure 60 
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19. Let X E ~'(M2) be a field whose singularities are hyperbolic. If G is a graph of X and 
P E M has w(p) = G then there exists a neighbourhood V of p such that w(q) = G 
for every q E V. 

20. Show that, if Ml is an orientable manifold and X E ~'(M2) is structurally stable, 
then X is Morse-Smale. Show also that if M is nonorientable and X E ~1(M2) is 
structurally stable then X is Morse-Smale. 

21. Show that, iff E Diffl(M) is structurally stable and has a finite number of periodic 
points, thenfis Morse-Smale. 

22. Let ~'(R2), r ~ 1, be the set of vector fields on R2 with the Whitney topology (see 
Exercise 17 in Chapter 1). Show that there exist structurally stable vector fields in 
r(R2). 

Hint. Consider a triangulation ofthe plane and construct a field with singularities at 
the centres of the triangles, edges and vertices. 

Remark. In [63], P. Mendes showed that there exist stable vector fields and diffeo
morphisms on any open manifold. 

23. Show that, if y is a nontrivial recurrent orbit of a field X on a nonorientable manifold 
of dimension two, then there exists a transversal circle through a point p E y. 

24. Show that, if h: SI -+ SI is a homeomorphism that reverses orientation, then h has 
a fixed point. 

25. Show that a vector field without singularities on the Klein bottle has only trivial 
recurrence. 

26. Show that the set of Morse-Smale diffeomorphisms is not dense on any manifold 
of dimension two. 

27. Show that the set of Morse-Smale fields is not dense on any manifold of dimension 
greater than or equal to three. 

28. Show that if the limit set of a diffeomorphism or a vector field consists of finitely 
many orbits then the Birkhoff centre consists of (finitely many) fixed and periodic 
orbits. (The Birkhoff centre is the closure of those orbits that are simultaneously 
ro- and lX-recurrent.) 

29. Show that if a diffeomorphism or a vector field has finitely many fixed and periodic 
orbits, all of them hyperbolic, then there can be no cycles between these fixed and 
periodic orbits along transversal intersections of their stable and unstable manifolds. 

30. Show that a structurally stable diffeomorphism or vector field whose limit set 
consists of finitely many orbits must be Morse-Smale. 

31. Show that the sets of Anosov diffeomorphisms and of Morse-Smale diffeo
morphisms are disjoint. 

32. Show that the only compact manifold of dimension two that admits an Anosov 
diffeomorphism is the torus. 

33. Show that the Anosov diffeomorphism of Proposition 4.1 of this chapter has an 
orbit dense in T2. 

34. Give an example of an Anosov diffeomorphism of the torus Tn = SI X ••• X SI. 
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35. Using the General Density Theorem show that an Anosov diffeomorphism satisfies 
AxiomA. 

36. Show that on any manifold of dimension two there exists a diffeomorphism satisfying 
Axiom A and the transversality condition and possessing an infinite number of 
periodic points. 

Hint. Use Smale's Horseshoe in S2 and a Morse-Smale diffeomorphism on M2. 

37. Show that if fl : M 1 -+ M 1 and f2: M 2 -+ M 2 are two diffeomorphisms that satisfy 
Axiom A and the transversality condition then so does f: MIx M 2 -+ MIx M 2 
wheref(p, q) = (ft(P),f2(q». 

38. Letf: M -+ M be a diffeomorphism which is C1 stable and satisfies Axiom A. Prove 
that f must satisfy the Transversality Condition. 

39. Show that any diffeomorphism satisfying Axiom A has an attracting basic set. 

40. Show that, if a diffeomorphismf of a (compact) manifold M satisfies Axiom A, then 
the union ofthe stable manifolds of the points in the attracting basic sets offis open 
and dense in M. 

41. Show that in any manifold there is an open set of Cr (r ~ 1) diffeomorphisms 
isotopic to the identity that do not embed in a flow. 

Recall that a diffeomorphismfis isotopic to the identity if there is a continuous 
arc of diffeomorphisms connectingfwith the identity. A flow of Cr diffeomorphisms 
is a continuous group homomorphism (f': (IR, +) -+ (Diffr(M), 0). We say that f 
embeds in a flow iff = (f'(I) for some flow (f'. 

42. Show that two C' (r ~ 1) commuting vector fields on a surface of genus different 
from zero have a singularity in common (E. Lima). 

Hint. First show that a C' vector field on a surface can only have finitely many 
nontrivial minimal sets. For r ~ 2, this follows from the Denjoy-Schwartz Theorem 
since there can be only trivial minimal sets. Notice that, in Chapter 1, we posed the 
problem above for the 2-sphere. The corresponding question in higher dimensions 
seems to be wide open. 

43. Show that, in an orientable surface M2, the set of vector fields with trivial centralizer 
contains an open and dense subset of );oo(M2) (P. Sad). The vector field X has 
trivial centralizer if for any Y E );oo(M2) such that [X, y] = 0 we have Y = eX 
for some e E IR. Restricting to Morse-Smale vector fields (or, more generally, to 
Axiom A vector fields), the same result is true for an open and dense subset in 
higher dimensions. Notice that a pair of commuting vector fields generates an 
1R2-action. The concept of structural stability for IRk-actions is considered in [12). 

44. Let X be a Coo vector field on a compact manifold M. Suppose X has a first integral 
which is a Morse function. Show that X can be Coo approximated by a Morse-Smale 
vector field without closed orbits. 

Recall that f: M -+ IR is called a Morse function if all of its critical points are 
nondegenerate or, equivalently, if all singularities of gradf are hyperbolic. To be a 
first integral for X means that f is constant along the orbits of X. 

45. Letf E Diffr(M) and A c M be a closed invariant set forf. Suppose that there exist 
a Riemannian metric on M,anumberO < A < 1 and for each x E A a decomposition 
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™x = E~ E9 ~ such that Dfx(E~) = Ej(Xl' Dfx(~) = E'/(xl' liD/xvii ~ Anvil for all 
v E E~ and IID/; 1 wll ~ Allwll for all WE E{(Xl. Show that A is hyperbolic, that is, 
the subspaces E~ and E~ of TMx vary continuously with x. 

46. For all n ~ 2 there exists a diffeomorphism/: S· -+ S·, satisfying Axiom A and the 
Transversality Condition, whose nonwandering set contains a repelling fixed point 
and a nonperiodic attractor. 

Hint. Use Example 6 of Chapter 4, Section 4. 

47. Show that the conclusion of Exercise 46 holds for all manifolds M of dimension 
n ~ 2. 

48. Show that the set of stable diffeomorphisms of S2 is not dense in Diffl(S2). 

Hint. Use Exercise 38 and a modification of Example 6 of Section 4. 

49. Show that the set of stable diffeomorphisms is not dense in Diffl(M) for any manifold 
M of dimension n ~ 2. 

Appendix: Rotation Number and Cherry Flows 

We shall now give the details of the construction of Cherry's example that 
we mentioned in Example 13 of this chapter. Firstly we shall show the 
existence of COO fields on the torus that are transversal to a circle 1: and have 
exactly two singularities: one sink and one saddle, both hyperbolic. The 
Poincare map of such a field is defined on the complement of a closed interval 
in 1: and extends to a monotonic endomorphism of 1: of degree 1. The 
concept of rotation number, introduced by Poincare to study the dynamics 
of homeomorphisms of the circle, extends to such endomorphisms. We 
shall show that these fields have nontrivial recurrence if and only if the 
rotation numbers of the endomorphisms induced on 1: are irrational. As 
the rotation number varies continuously with the endomorphism, the 
existence of fields with nontrivial recurrence follows. 

Let n: ~2 -+ T2 be the covering map introduced in Example 2 of Section 1, 
Chapter 1. Thus n is a COO local diffeomorphism, n{x, y) = n{x', y') if and 
only if x - x' E 7L. and y - y' E 7L. and n{[O, 1] ~ [0,1]) = T2. If X is a 
Coo vector field on the torus we can define a Coo field Y = n*X on ~2 by the 
expression Y{z) = (dn,,)-l X{n{z». Clearly the field Y defined like this 
satisfies the condition 

Y{x + n,y + m) = Y{x,y), 

Conversely, if Y is a Coo vector field on the plane satisfying condition (*) 
then there exists a unique Coo field X on the torus such that Y = n* X. We 
can thus identify the vector fields on the torus with the vector fields on ~2 
satisfying condition ( * ). 
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Figure 61 

Let rc be the set of vector fields X e ,ICXl(R2) satisfying the following 
conditions: 

(i) X(x + n,y + m) = X(x,y);'V(x,y)eR2 ,(m,n)eZ2 ; 

(ii) X is transversal to the straight line {O} x R and has only two singulari
ties p, s in the rectangle [0, 1] x [0,1] where p is a sink and s a saddle, 
both hyperbolic; 

(iii) there exist a, b e R with a < b < a + 1 such that if y e (b, a + 1) then 
the positive orbit of X through the point (0, y) intersects the line {I} x R 
in the point (1, f x(Y» while if y e (a, b) the positive orbit through (0, y) 
goes directly to the sink without cutting {I} x R; 

(iv) lim" .... " f'x(y) = + 00 and lim" .... " + 1 f'x'(y) = + 00. 

In Figure 61 we sketch the orbits of a field X e ~ We remark that it 
follows from condition (iii) that the c.o-limits of the points (0, a) and (0, b) 
are one and the same saddle. If (1, c) denotes the point where the unstable 
manifold ofthis saddle meets the line {1} x R we can extendfx continuously 

Figure 62 
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to the interval [a,a + 1] by defining fx(y) = c if ye[a,b]. Condition (i) 
implies that fx(a + 1) = fx(a) + 1 so we can extend fx continuously to IR 
by defining fx(y + n) = fx(y) + n if y e [a, a + 1] and n e 7L. 

Let us denote by X the vector field on the torus induced by X e ~, that is 
X = 1t* X. Then X has exactly two singularities, both hyperbolic; 1t{p) is a 
sink and 1t(s) is a saddle. Moreover, X is transversal to the circle E = 
1t({0} X IR) and the Poincare map Px defined on 1t({0} x (b,a + 1» can be 
extended continuously to E. The map fx is a lifting of Px. In fact, ft: IR -+ E 
defined by ft(y) = 1t(0, y) is a covering map and ft 0 f x = Px 0 ft. 

Lemma 1. ~ is nonempty. 

PROOF. Consider the vector field Y(x, y) = (2x(x + j), - y). The non
wandering set of Y consists of two singularities, a saddle (0, 0) and a sink 
(-j, 0). It is easy to check that Y is transversal to the unit circle at all points 
of the arc C = {(x, y); x2 + y2 = 1, x:::;;; t}. See Figure 62. Let 

Z(x, y) = (qJ(x, yX2x2 + lx) + (1 - qJ(x, y)Xx2 + 1), - y) 

where qJ is a Coo function such that qJ(1R2) c: [0,1], qJ(x, y) = 1 if x > t 
or if (x, y) e U, qJ(x, y) = ° if x < ! and (x, y) e 1R2 - V. Here U and V are 
small neighbourhoods of C with U c: V. If V is sufficiently small, the non
wandering set of Z is empty. Take T> ° such that Zt(C) c: {(x,y);x > I} 
for all t ~ T. Using the flow of Z we can define a diffeomorphism H: (0, 1) x 
(0,1) -+ W c: 1R2 by H(x, y) = Zxr(h(y» where h: [0,1] -+ C is a diffeo
morphism. If z e (0, 1) x (0, 1) we define X(z) = dH- l(H(z))· Y(H(z». 
As Z = Y in a neighbourhood of C and in {(x, y); x > t} we have X(z) = 
(1,0) if z belongs to a small neighbourhood of the boundary of the rectangle 
[0, 1] x [0, 1]. We can now extend X to 1R2 by defining X(z) = (1,0) if z 
belongs to the boundary of [0, 1] x [0, 1] and X(x + n, y + m) = X(x, y) 
if (x, y) e [0,1] x [0,1] and (n, m) e 7L2• One checks immediately that X 
satisfies conditions (i)-(iii). Condition (iv) follows from the fact that the 
trace of dX(s) is positive as the reader can verify. (Although this is not 
necessary we can assume that X is linear in a small neighbourhood of s.) 0 

Lemma 2. There exists a vector field X e ~ such that df~) > 1 for all 
ye(b,a + 1). 

PROOF. Take Ye~with Y(x,y) = (I,O)ifj:::;;; x:::;;; l.Asfytakestheinterval 
(b, a + 1) diffeomorphically onto an interval of length 1 and, by condition 
(iv),fy(y) > 1 near b and a + 1, it follows that there exists a diffeomorphism 
f: (b, a + 1) -+ (fy(b), fy(a + 1» such that f'(y) > 1, V y e (b, a + 1) and 
f(y) = fy(y) if y is near b or a + l.1t remains to show the existence ofa field 
X e ~ with f x = f. 

Let qJt: (c, c + 1) -+ (c, c + 1) be given by qJb) = (1 - t)y + tqJ(y) 
where qJ = f 0 fi 1 and c = fy(a). For each t e [0,1], qJt is a diffeomorphism 
and qJ,(Y) = Y if y is near c or c + 1. Let IX: [i, 1] -+ [0, 1] be a Coo function 
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such that 0( = 0 in a neighbourhood of i and 0( = 1 in a neighbourhood of 1. 
Consider the map H: (i, 1) x (c, c + 1) -+ (i, 1) x (c, c + 1) given by 
H(x, y) = (x, qJcz(X)(Y»' Then H is a diffeomorphism. Let X be the vector 
field defined by 

X(x, y) = dH(H- 1(x, y». Y(H- 1(x, y» if (x, y) E (i, 1) x (c, c + 1), 

X(x + n,y + m) = X(x,y)if(x,Y)E(i, 1) x (c,c + 1) and (n,m)EZ2, 

X(x, y) = Y(x, y) if «x, y) + Z2) n (i. 1) x (c, c + 1) = 0. 
It is easy to check that X E C(/ and that f x = qJ 0 f y = f. o 
Lemma 3. Let f, g: ~ -+ ~ be monotonic continuous functions such that 
f(x + 1) = f(x) + 1 and g(x + 1) = g(x) + 1 for all x E~. Then 

(i) p(!) = limn-+oo (r(O)ln) exists and l(fn(O)/n) - p(f)1 < lin; 
(ii) limn-+oo (r(x) - x)ln exists for all x E ~ and is equal to pc!); 
(iii) p(f) = min with m, nEZ, n > 0 if and only if there exists x E ~ such that 

rex) = x + m; 
(iv) given e > 0 there exists {) > 0 such that if Ilf - gllo = supxeR If(x) -

g(x) I < {) then IpC!) - p(g)1 < e; 
(v) p(f + n) = p(!) + nfor any integer n. 

PROOF. Let M" = maxxelA (f"(x) - x) and m" = minxelA (f"(x) - x). We 
claim that Mil: - mIl < 1. Infact,asf(x + 1) = f(x) + 1 wehavef"(x + 1)= 
fll:(x) + 1. Therefore, qJ = fll: - id is periodic with period 1. Consequently 
there exist x", X" E ~ with 0 ~ XII: - XII: < 1 such that qJ(xJ = mk and 
qJ(XII:) = M". Since fll: is also monotonic nondecreasing we have P(XJ ~ 
f"(x,,). Hence M" + XII: ~ mIl + x" and so M" - mil: ~ x" - XII: < 1 which 
proves our claim. 

We are now going to prove that 

f"(y) - y - 1 ~ fll:(x) - X ~ fll:(y) - Y + 1, 'v' x, Y E R (1) 

In fact, f"(y) - y - 1 ~ M" - 1 < m" ~ P(x) - x ~ M" ~ m" + 1 ~ 
fll:(y) - Y + 1. We next put y = 0 and x = f"U-l)(O) in (1) and obtain 

f"(O) - 1 ~ Pi(O) - fIl:U-1)(0) ~ f"(O) + 1. 

Thus 
n n 

n(fIl:(O) - 1) = L (f1l:(0) - 1) ~ L (fll:i(O) - f"U-l)(O» ~ n(fll:(O) + 1). 
i= 1 i= 1 

From this we deduce that 

r("(0) - n ~ f"n(o) ~ nf"(O) + n. 

We now divide by kn to obtain 

f"(O) 1 fkn(O) f"(O) 1 
-k- - k ~ kit ~ -k- + k 
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or 

Similarly 

I Jkn(o) Jk(O) I 1 ----- <
kn k - k' 

----- <-I Jkn(o) reO) I 1 
kn n - n' 

185 

(2) 

The sequence Jk(O)/k is a Cauchy sequence because I Jk(O)/k - r(O)/n I :s; 
l/k + l/n and so it converges to some limit p(J). By letting n tend to 00 in 
(2) we see that I p(!) - Jk(O)/k I :s; l/k which proves (i). 

By putting y = 0 in (1) we obtain Jk(O) - 1 :s; Jk(X) - X :s; Jk(O) + 1. 
Thus 

Jk(O) 1 Jl(X) - X Jk(O) 1 
-k- - k :s; k :s; -k- + k' 

This shows that (Jk(X) - x)/k converges to p(!) and proves (ii). 
To prove (iii) suppose that there exists x E IR such that rex) = x + m 

with m, nEZ, n > O. It follows easily by induction that Jkn(x) = X + km. 
Thusp(J) = Iimk-+oo (Jkn(x) - x)/kn = Iimk-+oo km/kn = min. Now let p(J) = 
m/nandsupposeifpossiblethatr(x) =F x + m, '<:/ XE IR. Thusr(x) - x> m, 
'<:/ x E IR (or rex) - x < m, '<:/ x E IR). As r - id is periodic there exists 
a > 0 such that rex) - x ~ m + a (or rex) - x :s; m - a) '<:/ x E IR. Thus 
Jkn(x) - X ~ km + ka (or Jkn(x) - X :s; km - ka) and so p(J) ~ (m + a)/n 
(or p(J) :s; (m - a)/n) which is a contradiction. 

To prove (iv) we remark that 

I gk(O) I Il(O) Jk(O) I I Jk(O) I I p(!) - peg) I:s; peg) - -k- + -k- - -k- + -k- - p(!) 

Fix an integer k such that 2/k < e/2 and choose b > 0 such that I gk(O) -
Jk(O) I < ke/2 if Ilg - Jllo < b. Then Ip(g) - p(J)1 < e if Ilg - Jllo < b. 
It remains to prove that p(J + n) = p(J) + n if n E Z. By induction we have 
(J + n)k(x) = Jk(X) + kn. Thus 

(J ) I· (J + n)k(O) I' P(O) + kn (J) 
p +n=lm =lm =p +n. 

k-+oo k k-+oo k 
D 

Lemma 3 allows us to introduce the rotation number for degree 1 mono
tonic endomorphisms of the circle. In fact, let n: IR --. Sl be the covering 
map net) = exp(2nit). An endomorphism a: Sl --. Sl is monotonic and has 
degree 1 if and only if it has a lift a: IR --. IR which is a continuous monotonic 
function satisfying a(x + 1) = a(x) + 1. We then define the rotation 
number of a as pea) = np(a). This does not depend on the choice of the 
lift a because of Lemma 3(v). 
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Lemma 4. There exists X E f(j such that df x(y) > 1 for all y E (b, a + 1) and 
p(f x) is irrational. 

PROOF. Choose XO E f(j such that df xo(y) > 1 for all y E (b, a + 1) and 
XO(x, y) = (1,0) if t < x < 1. We shall construct a family of vector fields 
X' E f(j such that fx" = fxo + A. Let H: (t, 1) x IR -+ (t, 1) x IR be given by 
H(x, y) = (x, y + IX(X)A) where IX: [t, 1J -+ [0, 1J is a COO function such that 
IX(X) = 0 if x is near t and IX(X) = 1 for x near 1. We define 

X"(x, y) = dH(H- 1(x, y» . XO(H- 1(x, y» if (x, y) E (i, 1) x IR, 

XA(X + n, y) = X\x, y) if x E (i, 1), 

XA(X, y) = XO(x, y) if (x + Z) r. (t, 1) = 0. 
As H(x, y + m) = H(x, y) + (0, m) for all mE Z we have XA E f(j. It follows 
immediately that fx). = fxo + A. Consider the map h: IR -+ IR given by 
h(A) = P(fxA)' By Lemma 3, h is continuous and h(l) = h(O) + 1. Thus there 
exists 1 E [0, 1J such that h(l) is irrational. It now suffices to take X = Xx. 0 

Theorem. There exists a Coo vector field Y on the torus with the following 
orbit structure: 

(1) Y has exactly two singularities, a sink P and a saddle S, both hyperbolic; 
(2) W'(P) is dense in T2 and the compact set A = T2 - W'(P) is transitive, 

that is there exists q E A - {S} with w(q) = lX(q) = A; 
(3) if q E T2 - (A u {P}) then w(q), = P and lX(q) c A; 
(4) there exists a circle l: transversal to Y such that l: r. A is a Cantor set. 

PROOF. Take Y E xoo(T 2 ) such that n* Y = X satisfies the conditions of 
Lemma 4. It is clear that Y satisfies (1) with P = n(p) and S = n(s). The 
circle l: = n({O} x IR) is transversal to Y and fx is the lift of the Poincare 
map P y: l: -+ l:. If Q is the first point of intersection of the unstable manifold 
of S with l: then Q = n(1,c) and P y1(Q) = n({O} x [a,bJ). If w(Q) = S 
or w(Q) = P there exists n E N such that P'Y(Q) = Q. Thus nfx(c) = 
pYn(c) = P'Y(Q) = Q = n(c) and so there exists mE Z such that fx(c) = 
c + m. This contradicts the fact that p(f x) is irrational. Hence Y has no 
saddle connection and A = w(Q) does not contain P. A similar argument 
shows that Y has no closed orbit. 

We now show that W'(P) is dense in T2. For this it is enough to prove 
that the compact set K = l: - W'(P) has empty interior. So we shall 
suppose, if possible, that the interior of K is nonempty and take a maximal 
interval J c K. Let I n = Px(J) = PX(Jn-1)' As J r. W'(P) = 0, I n is a 
compact interval longer than J n _ l' Since J is a maximal interval and Y has 
no closed orbit, the intervals J n are pairwise disjoint. This contradiction 
proves that W'(P) is dense. 

According to the Denjoy-Schwartz Theorem, Y has only trivial minimal 
sets. Let us check this fact directly. Suppose L is a nontrivial minimal set for 
Y. Then L r. l: is a compact set disjoint from both the stable and the unstable 



Appendix: Rotation Number and Cherry Flows 187 

manifolds of the saddle S for otherwise L would contain the saddle. Since 
WS(P) is dense and L n WS(P) = 0, WS(S) is dense in L. Thus if J is a 
maximal interval in :E - L then P'Y(J) n J =F 0 for some n. As the end
points of J belong to L we have P'Y(J) = J which implies the existence of a 
closed orbit. This contradiction shows that P and S are the only minimal 
sets of Y. 

The intervals III = Py"(Q) are pairwise disjoint and U:.. 1 int(/lI) = 
WS(P) n :E is dense in :E. The end-points of the interval In belong to different 
components of WS(S) - {S}. Hence W~(S) and W~(S) are both dense in 

. :E - WS(P), where W~ (S) and W~ (S) denote the components of W'(S) -
{S}. It follows that W~(S) and W~(S) are both dense in A = T2 - WS(P) 
and so the (X-limit of any point in WS(S) - {S} is A. Let q E T2 - (A uP). 
As (X(q) is a compact invariant set and the minimal sets of Y are S and P 
it follows that (X(q) contains S. Thus, either (X(q) = S or (X(q) contains some 
point of the stable manifold of S in which case (X(q) = A. It is easy to see that 
An:E is a perfect set with empty interior. Thus An:E is a Cantor set. 
Finally, since (W'(S) u W"(S» n :E is countable and A n :E is uncountable, 
there exists q E:E - (WS(S) u W"(S». Hence (X(q) = w(q) = A. 0 

Remark. Although the vector field Y in this theorem is not structurally 
stable we can describe completely all the topological equivalence classes of 
vector fields in a small neighbourhood % of Y. In fact, if Z E % and .K is 
small enough then the circle :E is still transversal to Z and the Poincare map 
P z has derivative greater than 1 at all points of its domain. It follows that, if 
Z E .K is Morse-Smale, then Z has just one closed orbit and this is a repellor. 
(There certainly are Morse-Smale fields in .K because they are dense in 
X"'(T 2).) If Z is not Morse-Smale there are two possibilities: either Z has 
a saddle-connection which is a repellor and the non wandering set of Z 
reduces to this saddle connection and the sink or else the rotation number 
of the endomorphism of:E induced by Z is irrational and in this case Z 
satisfies conditions (1) to (4) of the theorem. It can be shown that if the 
endomorphisms of:E induced by two fields Zl and Z2 near to Y have the 
same rotation number and this is irrational then Z 1 and Z 2 are topologically 
equivalent. There is a partial converse: if there is a topological equivalence h 
near the identity between Zl and Z2 and the rotation number of Zl is 
irrational then the rotation number of Z2 is equal to that of Zl' It is actually 
enough to require that h is homotopic to the identity. Thus, in a neighbour
hood of Y we have just one equivalence class of structurally stable fields, 
one equivalence class of fields that have a saddle-connection and infinitely 
many equivalence classes of fields that have nontrivial recurrence. These 
last are characterized by a single real parameter, the rotation number of 
the endomorphism induced on :E. 

It is good to emphasize the impossibility of describing completely the 
topological equivalence classes in a neighbourhood of a field without 
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singularities on the torus having a nontrivial recurrent orbit. In fact, if Y 
is such a field there exists a circle 1: transversal to Y and the Poincare map 
P y is defined on the whole circle 1:. According to an important theorem of 
Herman [37], we can approximate Y by a field X that is COO equivalent to an 
irrational flow. Then we can approximate X by a field with all orbits closed. 
It follows that the number of closed orbits of the Morse-Smale fields in any 
neighbourhood of Y is unbounded. Thus, in any neighbourhood of Y there 
are infinitely many equivalence classes of structurally stable fields. 
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